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1. DEFINITION AND ALGORITHM
The definition, properties and algorithm here follow from [1, pp. 227-237].
Definition 1. Let A be a partition of integer n, i.e., A = (A1, A2, ..., \;) such that
AM>X>--2>N>1 and A+ XA+ + XN =n.

The zonal polynomial Cy(Y) is a symmetric polynomial of degree n, in the eigen-
values y1,...,yn of Y, satisfying

(1.1) Yo =tY)" =+ )"
AEP,

Let P,, be the set of all integer partitions of n. The lexicographical order on P,
is defined as follows. For any p = (p1,...,p;),¢ = (q1,--., @) € Pn,

P> q p1=4q1, Pk—1 = qrk—1,Pk > G for some k.

Now, another family of symmetric polynomials M, which form a basis to express
CA(Y), are defined next.

Definition 2. For A = (A1,...,\;) € P,, define the monomial symmetric function
as
My W5 ym) = Z y{\ll y;\Ll =y -y + symmetric terms.
distinet teems
Example 3. Let Y be an m x m symmetric matrix with eigenvalues 1, ..., Ym:

M(l)(Y):y1+--~+ym;

My (Y) =45 + - + Yo

My (V) = vy

i<j

M@y (Y) = nyyj
]

Here we see the last two functions have the same length of partitions but
different sum ranges, due to the fact that y;y» and y2y; are the same while
y3ys and y3y; are different.
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Remark 4. An explicit expression of M) (Y') is given by
LS
A A
(1'2) M(lm12m2...) (Y) B (H Tnl') Z yill U yill'
i=1 i1yt

Theorem 5. There exist some constants c. x, such that [1, eq. 13, p. 234]

(1.3) Co (V) =) capnMy(Y),

A<k

More over, the constant ¢, x satisfies the recurrence [1, eq. 14, p. 234]

i+t = (= 1)
14 Ci )\ = Ck, s
( ) 2 Z Pr — P :

A<u<lk

where for X = (A1,...,\), the sumis over allpp = (A1, ..., \i+t,..., 0 —t,...,\)
fort = 1,...,); such that by rearranging tuple ;1 in a descending order, it lies
as A < p < k. The initial values are given by ¢y ) = 1 and for any X =

(>\1,-~-,>\l) € Pn,

(n)
n
1. _
(1.5) > <>\1,...7>\l)’
H=A

which is derived from (1.1).

2. PACKAGE

MZonal(}, Y)
Compute specific expression M) (37) for partition A = (Ay,..., ;) and variables
Y = (y1,-..,ym), by (1.2). )
EXAMPLE. Several computations. Note that when m < [, M, (Y) = 0.
load('Zonal .sage')

vvvvvv

(a,b,c)
MZonal([2,2,1],[a,b,c])

a~2%b”~2%c + a”~2xb*c”2 + a*b~2*c”2
MZonal([2,1],[a,b,c])

a~2xb + axb”2 + a~2%c + b~2%c + a*c”2 + bxc~2
MZonal([2,1,1,1],[a,b,c])

Coeffi(kappa,lambda)
Compute specific expression ¢, » for partitions k = (k1,...,kk) > A= (A1,..., \),
by (1.4) and (1.5).
EXAMPLE. Several computations. Note that if A > &, ¢, x» = 0.
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load('Zonal.sage')

Coeffi([5,4],[3,3,3])
82944/1925

Coeffi([5,41,[5,4]1)

768/11

Coeffi([9],[9])
1

Coeffi([3,3,3],[5,4])
0

CZonal(), Y)
Compute specific expression Cy(Y) for partition A = (A1,...,)\;) and variables

Y = (y1,-++,ym), by (1.3). B
EXAMPLE. Several computations. Note that when m < I, Cx(Y) = 0.

load('Zonal.sage')
var('a’,’db’,’c")
(a,b,c)
CZonal([2,2,1],[a,b,c])
32/3%a~2xb~2*xc + 32/3*a~2xbxc~2 + 32/3*axb~2xc”2
CZonal([2,1],[a,b,c])
12/5*%a~2%b + 12/5*a*xb~2 + 12/5%a~2xc + 18/5*axb*c + 12/5*b~2%c +
12/5*%a*xc~2 + 12/5%bxc~2
CZonal([2,1,1,1],[a,b,c])

0

REFERENCES

[1] R. Muirhead, Aspects of Multivariate Statistical Theory. John Wiley & Sons Inc., 1982.



