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Motivation & Backgroud Zeta Functions

Bernoulli Numbers

Question

_ — (a)n z"
- W

a
q)a,b (Z) = M(a,a+ b,Z) = 1F1 <a+ b 2

where
(a),=a(a+1)---(a+n—-1)

is the Pochhammer symbol.

Objects

The sequence {A, »} defined by the generating function

1 > z"
=Y A,p—.
®,p(2) 2) 22
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Motivation & Backgroud

Zeta Functions
Bernoulli Numbers

Question (Continued)

The roots of ¢, (z) , denoted by
{Z;,b;n :ne N}

and the corresponding hypergeometric-zeta function

o0

) =3 =

n—0 “a,b;n

Lin Jiu Recursion Rules for The Hypergeometric Zeta Function



Motivation & Backgroud Zeta Functions

Bernoulli Numbers

Zeta Functions

Riemann-Zeta Function

=1
ZE’ > 1.

n=1

A = {1,2, o500 } = {a”}nEN’ Wher‘e an=n
_y L
n=1 af’

sin (7z) — A={zeC:f(z)=0,z>0}.

f(z):=

w4
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Motivation & Backgroud

Zeta Functions
Bernoulli Numbers

Zeta Functions (Continued)

Bessel-Zeta Function

CBes a Z

where A := {j, ,} are the zeros of J, (z) /z? for the Bessel function
of the first kind

NM‘H

> )m Z\ 2m+a
Zm'F (m+a+1) (5) '

m=0
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Motivation & Backgroud Zeta Functions

Bernoulli Numbers

Zeta Functions (Continued)

In general, given (/selected) function f, we could define
{an} =A(f):={zeC:2z#0, f(z) =0}

and

)=t =) =

n=1

Lin Jiu Recursion Rules for The Hypergeometric Zeta Function



Motivation & Backgroud Zeta Functions

Bernoulli Numbers

Bernoulli Numbers

Definition
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Motivation & Backgroud Zeta Functions

Bernoulli Numbers

Bernoulli Numbers (Continued)

L. Carlitz 1961
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Kummer Hypergeometric Function
Hypergeometric Zeta Function Hypergeometric Zeta Function
Main Results

Kummer Hypergeometric Function

a
<I>a,b(Z) = M(a,a+b,z): 1F1 ( Ty

where

n!’
n=0

(a), =a(a+1)---(a+n—-1)
is the Pochhammer symbol.

Fact

21

k1o iy (x)
eX— > g;

s=0
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Kummer Hypergeometric Function
Hypergeometric Zeta Function Hypergeometric Zeta Function
Main Results

Hypergeometric Zeta Function

The Hypergeometric Zeta Function is defined by

=1
H
Ca,b (S) = Z 5 )
n—0 “a,bin

where A := {z, .5 : n € N} is the set of zeros of ®, 4 (z).

Lin Jiu Recursion Rules for The Hypergeometric Zeta Function



Kummer Hypergeometric Function
Hypergeometric Zeta Function Hypergeometric Zeta Function
Main Results

Connection

{A. Bymes, -, v. Moll, C. vignaty By applying Hadamard Factorization Theorem,

o0
P (2) = esib? H (1 S ) e?/Zabik,

Za b
k=1 a,b; k

{A. Byrnes, -, V. Moll, C. Vignat} By Contiguous Relatlon

11 (2) a+b H K
et 1) 2.
cba,b (Z) 1+ b kz::l ga,b (k + )Z
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Kummer Hypergeometric Function
Hypergeometric Zeta Function Hypergeometric Zeta Function
Main Results

Recurrences

Theorem

{A. Bymes, -, V. Moll, C. Vignat[Linear Recurrence|

P

p! H _ bp
;B(a+p+kvb) (p_k)|<a,b(k+1)* (a+b)(a+b+p)B(a+p’b)’
where

1
B(u,v):= / X711 = x)"tdx
0

is the Beta function.
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Kummer Hypergeometric Function
Hypergeometric Zeta Function Hypergeometric Zeta Function
Main Results

Recurrences (Continued)

Theorem

{A. Byrnes, -, V. Moll, C. Vignat}[QuadratiC Recurrence]

a—b

H
=)o),

p
S el k+ )¢y (o= ko4 1) = (2 + bt p+ )¢y (p+ 2+
k=1

which is the analogue of

n—1

(n+1)¢(2n) = ¢ (2k) ¢ (2n—2k), for n > 2.

k=1
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Kummer Hypergeometric Function
Hypergeometric Zeta Function Hypergeometric Zeta Function
Main Results

Hypergeometric Bernoulli Numbers

o

1 (b) 2"
15 (2) - HE: Bn nl’

{A. Byrnes, -, V. Moll, C. Vignat}

1 n=20

(b) _ 1
By’ = e

—3¢fh(n) n>2

It suggests

() = o

Lin Jiu Recursion Rules for The Hypergeometric Zeta Function




Moments & Cumulants
Conjugate Random Variables

A Probabilistic Approach

A Probabilistic Approach
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Moments & Cumulants

onjugate Random Variables
A Probabilistic Approach Conjugate Random Variables

Moments & Cumulants

For a given random variable X with continuous density function

r(x),

(I) the expectation operator is defined by

Eu(X) ::/Ru(x)r(x)dx;

(I1) the moments are E [X"] and the moment generating function
is given by

tX tx = n t"
= = dx = E E[X"] —;
ox (t):=E [e ] /Re r(x) dx 2 [X"] mE
(I11) the cumulants kx (n) are given by
z

log ¢x (t) = Z x (m) .

m=1
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Moments & Cumulants
Conjugate Random Variables

A Probabilistic Approach

Moments & Cumulants (Continued)

[Exponential Distribution] Random variable ' has density function

e x>0
fi = - = E[MP=r(a+1),
() {0 2 —E=T(+D

then

1
E [etr} =17 for |t| < 1.
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Moments & Cumulants

jugate Ra /ariables
A Probabilistic Approach Conjugate Random Variables

Moments & Cumulants (Continued)

[Beta Distribution] Random variable B, ;, has density function

x31(1—x)P~? 0<x<1
fB, (X) = B(a,b) =X
’ 0 otherwise

E [e®a0] = G b)/ e®x (1 —x)P Ldx = d,p (1)
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Moments & Cumulants

‘uzate Ra Jariables
A Probabilistic Approach Conjugate Random Variables

Moments & Cumulants (Continued)

For a general random variable X,

{A. Byrnes, -, V. Moll, C. Vignat}
n

(n—1)!§W(gb(k):jabB(a+n—k,b)—B(a+n,b),

which is just the linear recurrence mentioned before.
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Moments & Cumulants
Conjugate Random Variables

A Probabilistic Approach

Moments & Cumulants (Continued)

{A. Byrnes, -, V. Moll, C. Vignat}

n

(=0t PO 00 =
k=2 :

a+bB(a+nfk,b)fB(aJrn,b).(*)

{A. Byrnes, -, V. Moll, C. Vignat}[Linear ReCU rl’ence]

bp
(a+b)(a+b+p)

P
ZB(a—l—p—i—k,b) B(a+p,b)

k=1

(pfi!k)!d,’b (k+1)=
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Moments & Cumulants

A Probabilistic Approach Conjugate Random Variables

Conjugate Random Variables

Two random variables X and Y are called conjugate random
variables if

1 n=0

0 otherwise

E[(X + Y)”]:5n={

Equivalently,

1—-F |:et(X+Y)i| —F [etX] E [etY] ‘
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Moments & Cumulants

A Probabilistic Approach Conjugate Random Variables

Conjugate Random Variables (Continued)

a 2 e —1

,0 = z .
a+b —1 ‘abik

)

where {T} ;- o is a sequence of i.i.d of exponential distributions, is
the conjugate of B, p, namely

tZab] =1/®,p (t)
E [e bl =1/ ab(t)-
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Moments & Cumulants

A Probabilistic Approach Conjugate Random Variables

Conjugate Random Variables (Continued)

Theorem
{A. Bymes, -, V. Moll, C. VignattLet X and Y be conjugate random variables
and define polynomials

Pn(2) =E[(z + X)"] and Q,(2) =E[(z + Y)"],

then
Poi1(2) — 2Pn(2) = zo (N Ax G +1) Py (2)
£
Qni1(2) = 20 (2) = =2 ()x (+1) @y (2)
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Moments & Cumulants

A Probabilistic Approach Conjugate Random Variables

Conjugate Random Variables (Continued)

{A. Byrnes, -, V. Moll, C. Vignat}[X = Ba7b Y = Za7b]

n (ab)
B a, a,
(1= 11Y G ) = B + B ()
j=2

where B,(,a’b) are the generalized Bernoulli numbers defined by

isﬁab)z 71 .

n—0 a7b (Z)

Lin Jiu Recursion Rules for The Hypergeometric Zeta Function



Moments & Cumulants

A Probabilistic Approach Conjugate Random Variables

Conjugate Random Variables (Continued)

Identity (**) is different from the linear recurrence obtained
through moments and cumulants (*).

(n— 1)'22”"7“’4517(@ 2 B(a+n—kb)—B(a+nb). (x)
ab)

(nfl)'z(,, —LcH, () = 2

Let a=5, b=3and n=3,

{2% (3)+ 3¢5 @)+ % =0
2045(3) — 3¢5 (2) — 35 = 0

B8 4 gl (+%)
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Moments & Cumulants

A Probabilistic Approach Conjugate Random Variables

Conjugate Random Variables (Continued)

We also have some results on generalized Bernoulli polynomials
defined by

XZ

= L (a,b) z" e
nZ:oB" ) = %)

These polynomials satisfy

Z":(a+b+n—1> <a+n_k_1>3,(<a’b)(X)=(a+b)nxn_

k a—1 n!
k=0
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Moments & Cumulants

A Probabilistic Approach Conjugate Random Variables

Future Work

@ Explanation for two different linear recurrences.
@ From 1F; to oF; or even ,Fg.
© Analogue for “Euler Case”
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Moments & Cumulants

A Probabilistic Approach Conjugate Random Variables

The End

Thank you for your patience!
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