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Bernoulli Symbol B
Probabilistic Interpretation
Together with U, the uniform symbol

Easy Beginning

The simple evaluation rule is

eval (Bn) = Bn, the nth Bernoulli number

or more simply
Bn = Bn,

and together with
eBt = t

et − 1 .

Proof.
eBt =

∞∑
n=0

Bntn

n! =
∞∑

n=0
Bn

tn

n! = t
et − 1 .
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Bernoulli Symbol B
Probabilistic Interpretation
Together with U, the uniform symbol

Example1

Sm (n) :=
n∑

k=1
km = 1m + · · ·+ nm

= 1
m + 1

m∑
l=0

(
m + 1

l

)
Blnm+1−l

= 1
m + 1

m∑
l=0

(
m + 1

l

)
Blnm+1−l

= 1
m + 1

[
(B + n)m+1 −Bm+1

]

Lin Jiu The Bernoulli Symbol B and Its Applications

Operator
(∆n ◦

∫
) ◦ (Bm)



Introduction
Applications, Extensions and Results

Future Work

Bernoulli Symbol B
Probabilistic Interpretation
Together with U, the uniform symbol

Example2

Definition
Bernoulli polynomials are defined by

tetx

et − 1
=
∞∑

n=0

Bn (x) tn

n!
,

which is equivalent to

Bn (x) =
n∑

k=0

(n
k
)

Bkxn−k ,

or with the symbol B,
Bn (x) = (B + x)n .

Example

B′n (x) = nBn−1 (x)⇔ [(B + x)n]′ = n (B + x)n−1
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Bernoulli Symbol B
Probabilistic Interpretation
Together with U, the uniform symbol

Probabilistic Interpretation (Not Umbral Calculus)
Recall: Random Variable X ∼ p (x)

P [X < x ] =
∫ x

−∞
p (t) dt.

B ∼ B (x) such thatE [Bn] =
∫
R xnB (x) dx = Bn ,

E
[
eBt

]
=
∫
R extB (x) dx = t

et−1 .

Theorem[Density of B](A .Dixit, V. H. Moll, and C. Vignat)
B ∼ ιLB − 1

2 , where

ι2 = −1, LB has density π

2 cosh2 (πx)
on R
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Bernoulli Symbol B
Probabilistic Interpretation
Together with U, the uniform symbol

Probabilistic Interpretation (Continued)

Any f ∈ L1 (R) ,f (B).

eval [f (B)] = E [f (B)] =
∫
R
f (t)B (t) dt.

•f (x) = xn ⇒ f (B) = E [Bn] = nth moment = Bn
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Bernoulli Symbol B
Probabilistic Interpretation
Together with U, the uniform symbol

Uniform Symbol U

U ∼ U [0, 1].

E [f (U)] =
∫ 1

0
f (x) dx

The following fact is easy but important

E
[
etU
]

=
∫ 1

0
etxdx = et − 1

t ,

the reciprocal of E
[
etB

]
!
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Bernoulli Symbol B
Probabilistic Interpretation
Together with U, the uniform symbol

Important dual (B,U)

Recall: For independent random variables X and Y , ifE
[
etX
]

= F (x) ,

E
[
etY

]
= G (x) ,

then
E
[
et(X+Y )

]
= F (x)G (x) .

Fact

E
et(B+U) = 1
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Bernoulli Symbol B
Probabilistic Interpretation
Together with U, the uniform symbol

(B,U)

f (x + B + U) =
∑
n≥0

an (x + B + U)n

=
∑
n≥0

an

n∑
k=0

(n
k
)

xk (B + U)n−k

=
∑
n≥0

anxn

= f (x)Remark
It does not mean that B + U = 0, but that

(B + U)n = δ0,n
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Bernoulli Symbol B
Probabilistic Interpretation
Together with U, the uniform symbol

(B,U)–Example

Suppose f (x) = xn

On the other hand,

f (x) = f (x + B + U) =
∫ 1

0
f (x + B + u) du.

If letting F (x) = xn+1
n+1 ⇒ F ′ = f , then

xn = F (x + 1 + B)−F (x + B) = 1
n + 1 [Bn+1 (x + 1)− Bn+1 (x)] .

Namely,
Bn (x + 1)− Bn (x) = nxn−1.
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Generalized Bernoulli Numbers/Polynomials
Bernoulli-Barnes Polynomial
Multi-Zeta Values

Generalized Bernoulli Numbers

Definition ( t
et − 1

)p
=
∞∑

n=0
B(p)

n
tn

n! .

Theorem[Recurrence & Lucas Formula(1878)]

B(p+1)
n =

(
1− n

p

)
B(p)

n − nB(p)
n−1

and
B(p+1)

n = (−1)p p
(
n
p

)
βn−p (β)p ,

where (β)p = β (β + 1) · · · (β + p − 1) is the Pochhammer symbol
and

βn = Bn
n .
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Bernoulli-Barnes Polynomial
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Generalized Bernoulli Numbers(Continued)

Proof of Recurrence
We shall prove a polynomial version

B(p+1)
n (x) =

(
1− n

p

)
B(p)

n (x)− n
(
1− x

p

)
B(p)

n−1 (x) ,

where (
t

et − 1

)p
etx =

∞∑
n=0

B(p)
n (x) t

n

n! .

Symbolically,
B(p)

n (x) = (B1 + · · ·+ Bp + x)n

for an i.i.d. sequence {Bi}. First consider p = 1, i.e.,

B(2)
n (x) = (1− n)Bn (x)− n (1− x)Bn−1 (x)
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Bernoulli-Barnes Polynomial
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Generalized Bernoulli Numbers(Continued)

Proof of Recurrence(Continued)
Note that

f (x + 1)− f (x) =
∫ 1

0
f ′ (x + u) du = f ′ (x + U) .

KEY: f (x) := xBn (x)⇒ f ′ (x) = Bn (x) + nxBn−1 (x), then

LHS = (x + 1)Bn (x + 1)− xBn (x) = nxn + nxn−1 + Bn (x) ,

and
RHS = Bn (x + U) + n (x + U)Bn−1 (x + U) .

Now, substitution x 7→ x + B′ yields
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Generalized Bernoulli Numbers(Continued)

Proof of Recurrence(Continued)

LHS = n
(

x + B′
)n + n

(
x + B′

)n−1 + Bn
(

x + B′
)

= nBn (x) + nBn−1 (x) + B(2)
n (x)

and

RHS = Bn (x + B + U) + n (x + B + U) Bn−1 (x + B + U) = Bn (x) + nxBn−1 (x) .

Matching both sides gives the result. Now, for inductive step, in

B(p+1)
n (x) =

(
1− n

p

)
B(p)

n (x)− n
(
1− x

p

)
B(p)

n−1 (x)

replace x by x + B, then{
B(p+1)

n (x + B) = (B1 + · · ·+ Bp+1 + x + B) = B(p+2)
n (x) ,(

1− n
p

)
B(p)

n (x + B) =
(
1− n

p

)
B(p+1)

n (x) .
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Generalized Bernoulli Numbers(Continued, Tricky Part)

Proof of Recurrence(Continued)

n
(
1− x + B

p

)
B(p)

n−1 (x + B) = n
(
1− x

p

)
B(p)

n−1 (x + B)− n
p
BB(p)

n−1 (x + B)

= n
(
1− x

p

)
B(p+1)

n−1 (x)− n
p
BB(p)

n−1 (x + B)

By symmetry,

nBB(p)
n−1 (x + B) = nB

(
B1 + · · ·+ Bp + x + B

)n−1

= n
p + 1

(
B1 + · · ·+ Bp + B

) (
B1 + · · ·+ Bp + x + B

)n−1

= n
p + 1

n−1∑
k=0

(n − 1
k
) (

B1 + · · ·+ Bp + B
)k+1 xn−1−k

[l = k + 1] = n
p + 1

n∑
l=1

(n − 1
l − 1

) (
B1 + · · ·+ Bp + B

)l xn−l
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Generalized Bernoulli Numbers(Continued)

nBB(p)
n−1 (x + B) =

1
p + 1

n∑
l=1

(n
l

)
l
(
B1 + · · · + Bp + B

)l
xn−l

[l = k + 1] =
1

p + 1

n∑
l=0

(n
l

)
(l − n)

(
B1 + · · · + Bp + B

)l
xn−l

+
n

p + 1

n∑
l=0

(n
l

)(
B1 + · · · + Bp + B

)
xn−l

=
1

p + 1

[
−x

d
dx

B(p+1)
n (x) + nB(p+1)

n (x)
]

=
1

p + 1

[
nB(p+1)

n (x)− nxB(p+1)
n−1 (x)

]
The Lucas’ Formula follows by induction

B(p+1)
n = (−1)p p

(n
p

)
β

n−p (β)p
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Bernoulli-Barnes Polynomial

Bernoulli:
t

et − 1e
tx =

∞∑
n=0

Bn (x) t
n

n!

Generalized (Norlünd):( t
et − 1

)p
etx =

∞∑
n=0

B(p)
n (x) t

n

n!

Bernoulli-Barnes

etx
k∏

i=1

t
eai t − 1 =

∞∑
n=0

Bn (a; x) t
n

n! ,

for a = (a1, . . . , ak).
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Symbolic Expressions

Bernoulli:
Bm (x) = (x + B)m

Generalized (Norlünd):

B(p)
m (x) = (x + B1 + · · ·+ Bp)m

Bernoulli-Barnes (∀l = 1, . . . , n, al 6= 0)

Bn (a; x) = 1
|a|
(
x + a · ~B

)n
, where



a = (a1, . . . , ak)
~B = (B1, . . . ,Bk)

a · ~B =
k∑

l=1
alBl

|a| =
k∏

l=1
al

Lin Jiu The Bernoulli Symbol B and Its Applications
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Generalized Bernoulli Numbers/Polynomials
Bernoulli-Barnes Polynomial
Multi-Zeta Values

Main Results

Theorem(A. Bayad and M. Beck)

(1)Difference Formula: Suppose A =
n∑

k=1
ak 6= 0, then

(−1)m Bm (a;−x)− Bm (a; x) = m!
n−1∑
l=1

∑
|L|=l

Bm−n+l (aL; x)
(m − n + l)! ,

where L ⊂ {1, . . . , n} and Bm (aL; x) = xm if L = ∅.
(2) Sequence {(−1)n A−nBn (a)} is self-dual. A self-dual sequence
{sn} satisfies

sn =
n∑

k=0

(
n
k

)
(−1)k sk .

Remark. Authors ask for direct proof of (2).
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Generalized Bernoulli Numbers/Polynomials
Bernoulli-Barnes Polynomial
Multi-Zeta Values

Main Results(More General/Direct Cases)

Theorem(L. Jiu, V. H. Moll and C. Vignat)
•

f
(
x − a · ~B

)
=

n∑
j=0

∑
|J|−j
|a|J∗ f

(n−j)
(
x +

(
a · ~B

)
J

)
,

where J ⊂ {1, . . . , n}, J∗ = {1, . . . , n} \J . In particular,

f
(
x + A + a · ~B

)
= f

(
x − a · ~B

)
.

(1) is the special case for f (x) = xm/m!.
•(2) can be obtained DIRECTLY from the symbolic expression.
•We also recovered more general cased of A. Bayad and M. Beck’s
results
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Generalized Bernoulli Numbers/Polynomials
Bernoulli-Barnes Polynomial
Multi-Zeta Values

Important Fact

Fact

−B = B + 1.

Recall (
x + A + a · ~B

)
= f

(
x − a · ~B

)
.

Proof

e−Bt = eB(−t) = −t
e−t − 1 = et t

et − 1 = eteBt = e(B+1)t .
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Bernoulli-Barnes Polynomial
Multi-Zeta Values

Multi-Zeta Functions

Definition

•Re(nr ) ≥ 1 and
k∑

j=1
Re(nr + 1−j) ≥ k, 2≤k ≤ r

ζr (n1, . . . , nr ) =
∑

0<k1<···<kr

1
kn1
1 · · · k

nr
r

=
∑

k1,...,kr

1
kn1
1 (k1 + k2)n2 · · · (k1 + · · ·+ kr )nr

•B. Sadaoui’s analytic continuation is based on Raabe’s identity by linking

Ya (n) =
∫

[1,∞)r

dx
(x1 + a1) · · · (x1 + a1 + · · ·+ xr + ar )nr

to the multiple zeta function

Z (n, z) =
∑

k1,...,kr>0

1
(k1 + z1)n1 · · · (k1 + z1 + · · ·+ kr + zr )nr

through
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Generalized Bernoulli Numbers/Polynomials
Bernoulli-Barnes Polynomial
Multi-Zeta Values

Analytic Continuation

Y0 (n) =
∫

[0,1]r
Z (n, z) dz.

•When n 7→ −n, Ya (−n) is a polynomial in a.
•The last step is replacing a by ~B to get

Z (−n) .

Symbolic interpretation needs another symbol V that

f (x + V) =
∫ ∞
1

f (x + v) dv =
∞∑

n=1
f (x + n + U) .
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Generalized Bernoulli Numbers/Polynomials
Bernoulli-Barnes Polynomial
Multi-Zeta Values

Main Results

Theorem(Sadaoui)

ζr (−n1, . . . ,−nr ) = (−1)r
∑

k2,...,kr

1
n̄ + r − k̄

×
r∏

j=2

( r∑
i=j

ni−
n∑

i=j+1

ki +r−j+1

kj

)
r∑

i=j
ni −

n∑
i=j

ki + r − j + 1

×
∑

l1,...,lr

(
n̄ + r − k̄

l1

)(
k2
l2

)
· · ·
(

kr

lr

)
Bl1 · · · Blr ,

where n̄ =
n∑

j=1
nj , k̄ =

r∑
j=2

kj , k2, . . . kr ≥ 0, lj ≤ kj for 2 ≤ j ≤ r and

l1 ≤ n̄ + r + k̄.
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Generalized Bernoulli Numbers/Polynomials
Bernoulli-Barnes Polynomial
Multi-Zeta Values

Main Results (Continued)

Theorem(L. Jiu, V. H. Moll and C. Christophe)

ζr (−n1, . . . ,−nr ) =
r∏

k=1

(−1)nk C
nk +1
1,...,k ,

where

Cn
1 = Bn

1
n , Cn

1,2 = (C1 + B2)n

n , . . . ,Cn
1,...,k+1 = (C1,...,k + Bk+1)n

n
Example

ζ2 (−n, 0) = (−1)n Cn+1
1 · (−1)0 C0+1

1,2

= (−1)n C1 + B2
1 · Cn+1

1

= (−1)n (Cn+2
1 + B2C

n+1
1
)

= (−1)n
[ Bn+2

n + 2 − 1
2

Bn+1
n + 1

]
.
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Generalized Bernoulli Numbers/Polynomials
Bernoulli-Barnes Polynomial
Multi-Zeta Values

Main Results (Continued)

Theorem[Polynomial Case](L. Jiu, V. H. Moll and C. Christophe)
Recall that

ζr (n1, . . . , nr , z1, . . . , zr ) =
∑

k1,...,kr>0

1
(k1 + z1)n1 · · · (k1 + z1 + · · · + kr + zr )nr .

Then,

ζr (−n1, . . . ,−nr , z1, . . . , zr ) =
r∏

k=1

(−1)nk C
nk +1
1,...,k (z1, . . . , zi ) ,

where
Cn
1 (z1) = (z1 + B1)n

n ,

and recursively

C1,...,k+1 (z1, . . . , zk+1) = (C1,...,k (z1, . . . , zk ) + zk+1 + Bk+1)n

n .
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Generalized Bernoulli Numbers/Polynomials
Bernoulli-Barnes Polynomial
Multi-Zeta Values

Main Results (Continued)

Theorem[Recurrence](L. Jiu, V. H. Moll and C. Christophe)

ζr (−n1, . . . ,−nr ; z1, . . . , zr )

= (−1)nr

nr + 1

nr +1∑
k=0

(
nr + 1

k

)
(−1)k

×ζr−1 (−n1, . . . ,−nr−1 − k; z1, . . . , zr−1)Bnr +1−k (zr ) .

Symbolically,

ζr (−n; z) = (−1)nr (B−Zr−1)nr +1

nr + 1 = ζ1 (−nr ;−Zr−1) ,

where
Zk

r = ζr (−n1, . . . ,−nr−1,−nr − k; z)
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Generalized Bernoulli Numbers/Polynomials
Bernoulli-Barnes Polynomial
Multi-Zeta Values

Main Results (Continued)

Theorem[Contiguity identities](L. Jiu, V. H. Moll and C.
Christophe)

ζr (−n1, . . . , nr ; z1, . . . , zr−1, zr + 1)
= ζr (−n1, . . . , nr ; z1, . . . , zr−1, zr )

+ (−1)nr (zr −Zr−1)nr .

Recall
Zk

r = ζr (−n1, . . . ,−nr−1,−nr − k; z) .
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Generalized Bernoulli Numbers/Polynomials
Bernoulli-Barnes Polynomial
Multi-Zeta Values

Main Results (Continued)

Theorem[Generating Function](L. Jiu, V. H. Moll and C.
Christophe)
Define that

Fr (w1, . . . ,wr ) :=
∑

n1,...,nr≥0

wn1
1 · · ·wnr

r
n1! · · · nr ! ζr (−n1, . . . ,−nr )

and also denote
FB (w) =

∑
n≥0

Bn
wn

n! = w
ew − 1 .

Then, recursively,

Fr (w1, . . . ,wr ) = 1
wr

[
Fr−1 (w1, . . . ,wr−1)− FB (−wr )

×Fr−1 (w1, . . . ,wr−2,wr−1 + wr )
]
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Code: Mathematica Sage
[Good News] Rules are direct.
[Bad News] Choice of functions are tricky.
Hypergeometric Bernoulli Numbers:

tN

N!
et − 1− t − · · · − tN−1

(N−1)!
= 1

1F1
(

1
N + 1

∣∣∣∣t
) =

∞∑
n=0

BN,n
tn

n!

[Good News] A. Byrnes, L. Jiu, V. H. Moll and C. Vignat,
Recursion Rules for the Hypergeometric Zeta Functions,
International Journal of Number Theory, vol. 10, No 7,
1761-1782, 2014
[Bad News] Needs smart modification of B.
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Euler Version:

1
cosh t = 2

et + e−t =
∞∑

n=0
En

tn

n!

[Good News]

B ∼ ιLB −
1
2 , where LB ∼

π

2 cosh2 (πx)

E ∼ ιLE −
1
2 , where LE ∼

1
cosh (πx)

[Bad News] No U......
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End

Thank You!
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A. Bayad and M. Beck. Relations for Bernoulli-Barnes
Numbers and Barnes Zeta Functions. Int. J. Number Theory,
10:1321-1335, 2014.
A. Dixit, V. H. Moll and C. Vignat. The Zagier Modification of
Bernoulli Numbers and A Polynomial Extension. Part I. The
Ramanujan J, 33:379-422, 2014.

L. Jiu, V. H. Moll and C. Vignat. Recursion Rules for the
Hypergeometric Zeta Functions, Int. J. Number Theory,
10:1761-1782, 2014
L. Jiu, V. H. Moll and C. Vignat. A Symbolic Approach to
Some Identities for Bernoulli-Barnes Polynomials. To Appear
in Int. J. Number Theory,

L. Jiu, V. H. Moll and C. Vignat. A Symbolic Approach to
Multiple Zeta Values at the Negative Integers. Submitted for
Publication.
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E. Lucas. Sur les congruences des nombres Euleriens et des
coefficients différentiels des fonctions trigonometriques, suivant
un modules premier. Bull. Soc. Math. France, 6:49-54, 1878

V. Moll and C. Vignat. Generalized Bernoulli Numbers and A
Formula of Lucas. To Appear in Fibonacci Quarterly.
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