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Sy (n) = # of 1's in the binary expansion of n.
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0<k<n&&some condition

some condition = there is no carry when adding k + (n — k) = n.
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Generalization

(X + Y)Sg(n) _ Z X52(k) YSg(n*k)’

0<k<n&&some condition

some condition = there is no carry when adding k + (n — k) = n.

In fact,
k 4+ (n— k) = nis carry free & Sy (k) + S2 (n— k) = S2(n).
Thus,

(X + y)Sz(n) — Z X S2(k) ySa(n—k)
52(k)+52(n—k):52(n)
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Example

n=6=(110),.
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Example

n=6 = (110),. Therefore,

LHS = (X + Y)2® = (X + Y)?.
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Example

n=6 = (110),. Therefore,
LHS = (X + Y)2® = (X + Y)?.

On the other hand,

k+(n—k) | 04+6 | 1+5|24+4|3+3|44+2|5+1|6+0
000 001 010 011 100 101 110
110 101 100 011 010 001 000

Binary 110 110 110 110 110 110 110
Carry-free v X v X v X v
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Example

n=6 = (110),. Therefore,
LHS = (X + Y)2® = (X + Y)?.

On the other hand,
k+(n—k) | 0+6 | 1+5|2+4|3+3|4+2|5+1|6+0
000 001 010 011 100 101 110

110 101 100 011 010 001 000

Binary T | 1o | we | 7o | we | 1o | dm
Carry-free v X v X v X v
RHS = X920 y%(6) 4 x%(2)yS(4) | xS(4) yS(2) . x52(6) yS:(0)

Y2 + XY + XY + X2.
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= (110),. Therefore,
LHS = (X + Y)2® = (X + Y)?.

On the other hand,
k+(n—k) | 0+6 | 1+5|2+4|3+3|4+2|5+1|6+0
000 001 010 011 100 101 110

110 101 100 011 010 001 000

Binary T | 1o | we | 7o | we | 1o | dm
Carry-free v X v X v X v
RHS = X920 y%(6) 4 x%(2)yS(4) | xS(4) yS(2) . x52(6) yS:(0)

Y2 + XY + XY + X2.

Carry Free < 1 + 1 does not appear.
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m How to generalize this result to other bases rather than 2, for
example 37
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(X + Y)Sz(n) _ Z X52(k) YSg(nfk)'
52(k)+52(n—k):52(n)

m How to generalize this result to other bases rather than 2, for
example 37
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(X + y)Sz(n) _ Z X S2(k) ySa(n—k)
52(k)+52(n—k):52(n)

carry-frees (*2("), iie., distributing 1's in (n),.
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(X + y)Sz(n) _ Z X S2(k) ySa(n—k)
52(k)+52(n—k):52(n)

carry-frees (*2("), iie., distributing 1's in (n),.

m How to generalize this result to other bases rather than 2, for
example 37

m How to define
S3(n) =777

# of 1's? # of 2's? # of non-zero digits?
m In binary, 0+ 1, 0+ 0 are OK and 1+ 1 is not.
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(X + y)Sz(n) _ Z X S2(k) ySa(n—k)
52(k)+52(n—k):52(n)

carry-frees (*2("), iie., distributing 1's in (n),.

m How to generalize this result to other bases rather than 2, for
example 37

m How to define
S3(n) =777

# of 1's? # of 2's? # of non-zero digits?
m In binary, 04+ 1, 0+ 0 are OK and 1 4 1 is not. <Carry Free.
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(X + y)Sz(n) _ Z X S2(k) ySa(n—k)
52(k)+52(n—k):52(n)

carry-frees (*2("), iie., distributing 1's in (n),.

m How to generalize this result to other bases rather than 2, for
example 37

m How to define
S3(n) =777
# of 1's? # of 2's? # of non-zero digits?
m In binary, 04+ 1, 0+ 0 are OK and 1 4 1 is not. <Carry Free.

In base 3,
1+1=27

Lin Jiu Binomial Identity in Arbitrary Bases



Lin Jiu

Binomial Identity in Arbit

Bases




Solitions
(D] = =

Sy (n) = # of 1's in the binary expansion of n = sum of all digits.
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Solitions

DEF.

Sy (n) = # of 1's in the binary expansion of n = sum of all digits.
Thus,

Sp (n) = sum of all digits of n in its expansion of base b.
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Solitions
(D] = =

Sy (n) = # of 1's in the binary expansion of n = sum of all digits.
Thus,
Sp (n) = sum of all digits of n in its expansion of base b.

This also implies 1 + 1 = 2 is allowed.
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Solitions
(D] = =

Sy (n) = # of 1's in the binary expansion of n = sum of all digits.
Thus,

Sp (n) = sum of all digits of n in its expansion of base b.

This also implies 1 + 1 = 2 is allowed.

Unfortunately (X + Y)53(”) £ 3 X S3(k) ySs(n—k)

carry-free
k+(n—k) | 04+2|1+1| 240
0 1 2
53(2) =53((2)3) =2 2 1 0
Binary = 5 n
Carry-free v v v
LHS = (X + Y)* # X*> + XY + Y? = RHS.

v
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Result

(X+Y) Sp(n ZD X Sb(K) ySp(n—k)
01
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Result

(X+Y) Sp(n ZD X Sb(K) ySp(n—k)
01

[0y = carry-free 7
=1 —7
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Result

(X_|_ Y Sp(n ZD XSb(k) YSb(n k)
(]}

[0y = carry-free 7
O =1 —7

Modify [:

b—1 . ) )
(X+v)>»0 = %" <H(J-!)53)(n)—52)(k)—s£><n—k)> X 5Ky So(n—k)

carry-free \ j=0

where

Sl(,j) (m) = # of j's in m.
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Define the b—ary binomial coefficients:

0) 0) 0)
(n) .: Hf;ol (1) (M=5," (=5, ("=k) " if carry-free
k),

0 otherwise
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Result
n=2

k+(n—k)|0+2|14+1|2+0
0 1 2
Binary o % i
Carry-free v v v

LHS = (X + Y)?
RHS = X2+ Y2 4 (21)' 7% Xy

Define the b—ary binomial coefficients:

() ) 0)
(n) — Hf;ol ()% (V=2 =350 it carry-free
k) 0 otherwise
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Result
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Result
n=2

k+(n—k)|0+2|14+1|2+0
0 1 2
Binary o % i
Carry-free v v v

LHS = (X + Y)?
RHS = X2+ Y2 4 (21)' 7% Xy

Define the b—ary binomial coefficients:

() ) 0)
(n) — Hf;ol ()% (V=2 =350 it carry-free
k) 0 otherwise

(X + v)») = (") X56(k) y Se(n=h).
k
k=0 b
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b-ary Binomial Coefficients
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b-ary Binomial Coefficients

Lin Jiu Binomial Identity in Arbitrary Bases



b-ary Binomial Coefficients

b=4
1
1 1
1 2 1
1 3 8 1
1 o 1
1 1 1 1
1 2 1 o 1 2 1
1 3 3 1 1 3 3 1
1 2 1
1 1 2 2 1 1
1 2 1 2 4 2 1 2
1 5 8 1 2 6 6 2 1 5] 3
1 3 8
1 1 5] 3 8 3
1 2 1 3 6 3 3 6 3
1 3 3 1 8 9 9 3 8 9 9 3 1
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b-ary Binomial Coefficients
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b-ary Binomial Coefficients

Generating Function

.
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b-ary Binomial Coefficients

Generating Function

Define

.
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b-ary Binomial Coefficients

Define .
n
f(n b,x):= k
(7,6:%) Z <k> bX ,

k=0
for b = 4,

f (n, 4, x)
1+x
(1 + x)?
(1+x)3
14+ x*
1+ x) (1 + XA)
(14 x)? (1 aF x4)

1+ x)3 (1 + x4)

@D

~N|o|o|rwlNRs

(e}

.
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Result

(X + y)sb(") _ Z (Z) X Sb(k) ysb("*k)7
b

k=0
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Result

(X + y)sb(") _ Z (Z) X Sb(k) ysb("*k)7
b

k=0

where

<n> H DR Y (n)-s; ) (=) carry-free } B s <n,)
kb 0 1=0

otherwise
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Result

(X + y)sb(") _ Z (Z) X Sb(k) ysb("*k)7
b

k=0
where

@ H DR ()= Y (=) carry-free 7N_1 n
k bi 7[! ki)

0 otherwise
In base b,

n=nN—i1nn—2--:np and kK = kN71kN72 0oo ko
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Result

(X + y)sb(") _ Z (Z) X Sb(k) ysb("*k)7
b

k=0
where
n H ("H® ()= o= carry-free | = n
k) = =1I(%):
g 0 otherwise 1=0
In base b,
n=ny_1nn—z---no and k = kn_1kn—2 - - - ko
ie.,
N—1
n=nn_1b" "t ny_ob" 2 4 neb? and k = Z kib'.
j=0
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Result

(X + y)sb(") _ Z (Z) X Sb(k) ysb("*k)7
b

k=0
where
n H ("H® ()= o= carry-free | = n
k) = =1I(%):
g 0 otherwise 1=0
In base b,
n=ny_1nn—z---no and k = kn_1kn—2 - - - ko
ie.,
N—1
n=nn_1b" "t ny_ob" 2 4 neb? and k = Z kib'.
j=0

carry-free & ki < n;
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Result
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Result

n N—1
Sp(n) _ n S(k)ySe(n—k) (M) _ n
e =2 () peeven. () -1

k=0

Implies:
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Result

n N—1
Sp(n) _ n S(k)ySe(n—k) (M) _ n
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End

Thank You! J
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