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MoB evaluates [;° f (x) dx (most of the time) in terms of SERIES,
with ONLY SIX rules:

|

Defintion [

()" _ (-1
n! M(n+1)

Gn =

and

R
¢1,...,r = ¢n1,‘..,n, = ¢n1¢ng c ¢nr = H ¢n,-~
i=1
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Rules (P-Production; E-Evaluation) / = [3° f (x) dx

oo
Pi: f(x)= Zanxa"‘*'ﬂ—l = fooo f(x)dx — Za,, (an 4 B)=—Bracket Series;

n=0 n

Pai (a o) Y g alt -l Sl

ny,...,nr

P3: For each bracket series, we assign index=# of sums— # of brackets;
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Rules (P-Production; E-Evaluation) / = [3° f (x) dx

Pi: f(x) = Za xontB-1 o f f(x)dx — Za,, (an 4 B)=—Bracket Series;
n=0
Ps: (31 +"'+ar)a g Z ¢1,“.,ral -~~af’%;
N1yeeesny

P3' For each bracket series, we assign index=# of sums— # of brackets;

Ei: S6nf () (an +9) = iy (n")T ("),
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Rules (P-Production; E-Evaluation) / = [3° f (x) dx

Pi: f(x) = Za xontB-1 o f f(x)dx — Za,, (an 4 B)=—Bracket Series;
n=0
Ps: (31 +"'+ar)a g Z ¢1,“.,ral -~~af’%;
N1yeeesny

P3' For each bracket series, we assign index=# of sums— # of brackets;
Z¢n (an+p) = |a f (n*) T (—n*),where n* solves an+ 3 = 0;
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Rules (P-Production; E-Evaluation) / = [3° f (x) dx

Pi: f(x) = Za xontB-1 o f f(x)dx — Za,, an + B)=—Bracket Series;
n=0

a+ni+---+n,
Py (a1 44 a)% — Z ¢17~-7ra1 "‘a?r#;
N1,y

P3: For each bracket series, we assign index=# of sums— # of brackets;
Ei: qu,, (an+B) = |a f (n*) T (—n*),where n* solves an+ 3 = 0;

"1’ 0, Hr

r
Ep: Z @1, (m,. H a,1n1+~~-+airnr+Ci>:T,
Nyy... Ny i=1
aitm+---+awn+ca =0
(ny,...,n;) solves ¢ ... cee

arihy + -+ apnr + cr =0
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Rules (P-Production; E-Evaluation) / = [3° f (x) dx

Pi: f(x) = Za xontB-1 o f f(x)dx — Za,, an + B)=—Bracket Series;
n=0

a+ni+---+n,
Py (a1 44 a)% — Z ¢17~-7ra1 "‘a?r#;
N1,y

P3: For each bracket series, we assign index=# of sums— # of brackets;
Ei: qu,, (an+B) = |a f (n*) T (—n*),where n* solves an+ 3 = 0;

Hrfn)

r
Ep: Z @1, (m,. H a,1n1+~~-+airnr+Ci>:T,
Nyy... Ny i=1
aitm+---+awn+ca =0
(ny,...,n;) solves ¢ ... cee

arihy + -+ apnr + cr =0

E3: The value of a multi-dimensional bracket series of POSITIVE index is obtained by
computing all the contributions of maximal rank by Rule E;. These contributions to
the integral appear as series in the free parameters. Series converging in a common
region are added and divergent series are discarded. Any series producing a non-real
contribution is also discarded.
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Examples

o
)
=
j{u)—‘
X,
—
—
3
x
N
3
U
-

=3 (-1)"2n+1)=> ¢al (n+ 1) (2n+ 1)

n n

i 201 =<} = 1= 4T (4407 (- () =3

Py (1 +X2)71 _ Z b1o1M (x2)"2 <1+|f(11+)nz> _ Z ¢1,2X2n2 (1+ n + m)

ny,n2 ny,n2
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o
)
=
j{u)—‘
X,
—
—
3
x
N
3
U
-

=3 (-1)"2n+1)=> ¢al (n+ 1) (2n+ 1)

n n

i 201 =<} = 1= 4T (4407 (- () =3

-1 i ni—+n: n
OPQZ (1 + X2) = Z ¢1,21"1 (XZ) 2 % = Z ¢1,2X2 2 <1 + nm + n2>
ny,ny ny,n2
oPy: [ = Z (}51,2 <1 —+ n + n2> <2n2 aF 1>

ny,n2
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P o =3 (1) X" = 1=3(-1)"(2n+1) = Y gl (n+1) 20+ 1)

n n

i 201 =<} = 1= 4T (4407 (- () =3

Py (1 +X2)71 _ Z b1o1M (x2)"2 <1+|f(11+)nz> _ Z ¢1,2X2n2 (1+ n + m)

ny,ny ny,n2
oPy: [ = Z(ﬁl,z <1+n1+n2> <2n2+1>
ny,ny
b nfi=n=-1det=2=1/=31-1-T(—n)(-nm) =73
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= /:0 Jo(ax) sin(bx)dx =

Lin Jiu The Method of Brackets ( )



Rules
Introduction Examples
Ramanujan’s Master Theorem (RMT)

0, if 0 < b < a,
1/vVb2—2a%2, if0<a<b,

= /:0 Jo(ax) sin(bx)dx =

Lin Jiu The Method of Brackets ( )



Rules
Introduction Examples
Ramanujan’s Master Theorem (RMT)

E)/—\Mr\lr\t—

0, if 0 < b < a,

= AOOJ ax)sin(bx)dx =
/o o(ax) sin(bx) 1/VB2— 22, if0<a<b,

Bt (np+1)
Jo(ax) = E by — %M and sin(bx) E by 2 b2n2+1 Ayl
(ny + 1)22m r(2np + 2)

n1=0 np=0
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Eynmnine
0, if 0 < b < a,

= AOOJ ax)sin(bx)dx =
/o o(ax) sin(bx) 1/VB2— 22, if0<a<b,

Bt (np+1)
Jo(ax) = E by — %M and sin(bx) E by 2 b2n2+1 Ayl
(ny + 1)22m r(2np + 2)

n1=0 np=0

2 p2m+l

)
1= é 2n1 +2np +2) .
12 2T 2m (g + D) (m + 3/2) 2m )

ny,np
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E)/—\Mr\lr\t—

0, if 0 < b < a,
1/vVb2—2a%2, if0<a<b,

Bt (np+1)
Jo(ax) = E by — %M and sin(bx) E by 2 b2n2+1 Ayl
M(n +1)227 r(2np + 2)

(bx

n1=0 np=0
\/— Z 22n1 p2mp+1
I = 1,2 (2n1 +2ny +2) .
22m+2m (g + 1) (np + 3/2)
ny,np
i) Choose n as the free parameter: ny = —n; — 1.
1 P; > 1

/ VT ) i (a)znl 1
- E m—— | = = .
g r(—n1+%> & b2 — 22
n
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E)/—\Mr\lr\t—

0, if 0 < b < a,
1/vVb2—2a%2, if0<a<b,

Bt (np+1)
Jo(ax) = E by — %M and sin(bx) E by 2 b2n2+1 Ayl
M(n +1)227 r(2np + 2)

(bx

n1=0 np=0
\/— Z 22n1 p2m+1
= 1,2 (2ny 4 2mp +2) .
22m+2m (g + 1) (np + 3/2)
ny,ny
(i) Choose ny as the free parameter: nj = —n; — 1.
2ny
; N3 Z 3 1 (a) 1
— mp——— | = =
L) r(—n1+%> b b2 _ 2
m
(ii) Choose ny free: ny = —ny — 1.

b\ 272
I=b n 2 —o.
\de)z —m) n2+3/2) (a)
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d
X =y le [y >0 Re(a) > 0]

| := /OO J —_—
JO XO(Xy)'az—i—Xz
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dx

P— e . 71 73
/—/0 XJO(Xy)W_y e ¥ [y>0 Re(a)>0]

}: ¥ 1
= ?1,2,3 <n1+n2+—><2n2 +2n3 4+ 2);
r(ns+1 )22"3 2

" (
LpoLls)

n3 42n
r(z
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Examples

=y te ¥ [y >0 Re(a) > 0]

203 42 1
= E ¢112,3—<n1+n2+—><2n2 +2n3 4+ 2);
r(n3+1)r(%) 223 2
ny,n2,n3
ny free
1 - ay 2"1r(%7"1) 1
| == E én | = ————~= = — cosh (ay) .
y 2 r (1) y
n1=0 2
ny free
oo
’ 1 r (,,2 + %) 5\ 2m+1 .
vy Z I (—n2) ay ‘
np=0
n3 free
f= sinh (ay)
L
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Examples

=y te ¥ [y >0 Re(a) > 0]

203 42 1
I = E P123—————F——~——— (m+m+ - (2np + 2n3 + 2) ;
r(n3+1)r(%) 223 2
ny,n2,n3
ny free
oo
1 ay 2m T (% - "1) 1
1= - E bm | — ————~= = — cosh (ay) .
y 2 r (1) y
n1=0 2
ny free
1 o= [ (,,2 + %) 2\ 2m+l
= —— E =/ (& =o0.
VTy I (=n2) ay
np=0
n3 free
f= sinh (ay)
L
1 sinh (a
E3: | = — cosh (ay) — & = y_le_ay.
y y
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Rules (P-Production; E-Evaluation) / = [3° f (x) dx

Pi: f(x) = Za xontB-1 o f f(x)dx — Za,, an + B)=—Bracket Series;
n=0

a+ni+---+n,
Py (a1 44 a)% — Z ¢17~-7ra1 "‘a?r#;
Ny,y..onp

P3: For each bracket series, we assign index=# of sums— # of brackets;
Ei: > ¢af (n) (an+B) = |61Y‘ f (n*) T (—n*), where n* solves an+ 3 = 0;
n

I )

r
. _ i=1
Ep: Z @1, (m,. H a,1n1+~~~+a,‘rnr+cl‘>7W,
ny,...,np i=1
aytm+---+an+c =0
(ny,...,n;) solves ¢ ... S

a1 + -+ arnr +cr =0

E3: The value of a multi-dimensional bracket series of POSITIVE index is obtained by
computing all the contributions of maximal rank by Rule E;. These contributions to
the integral appear as series in the free parameters. Series converging in a common
region are added and divergent series are discarded. Any series producing a non-real
contribution is also discarded.
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Ramanujan’s Master Theorem[RMT]
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Ramanujan’s Master Theorem[RMT]
Theorem[RMT]

/0 x571 {f(O)

_ﬂx+®X2_...}dX:f(_s)r(s)

1! 2!
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Ramanujan’s Master Theorem[RMT]
Theorem[RMT]

°°X571 fO—ﬂx—&—@xz—u- dx = f(—s)l (s
/0 {ro fax=r=9r )

1! 2!

(1)
/ xs1 (Z ¢,,f(n)x"> dx = Z¢nf(n) (n+s)=F(=s)T (s)
0 n

n=0

-
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Ramanujan’s Master Theorem[RMT]
Theorem[RMT]

°°X571 fO—ﬂx—&—@xz—u- dx = f(—s)l (s
/0 {ro fax=r=9r )

1! 2!

(1)
/ xs1 (Z ¢,,f(n)x"> dx = Z¢nf(n) (n+s)=F(=s)T (s)
0 n

n=0

(2) [Hardy]
eH(§) :={s=o+it:0>-60<d<1};
o) (x) € C® (H(5)); 3C, P, A, A < 7 such that [¢ (s)| < cePHAIf\ Vs € H(é)

00 <c <8 W(x)i= S [T W (—s) x—sdx S2se g)p (k) (=x)

2mL Je—1o00 snn(ws)
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Ramanujan’s Master Theorem[RMT]
Theorem[RMT]

°°X571 fO—ﬂx—&—@xz—u- dx = f(—s)l (s
/0 {ro fax=r=9r )

1! 2!

(1)
/ xs1 (Z ¢,,f(n)x"> dx = Z¢nf(n) (n+s)=F(=s)T (s)
0 n

n=0

(2) [Hardy]
eH(§) :={s=o+it:0>-60<d<1};
o) (x) € C® (H(5)); 3C, P, A, A < 7 such that [¢ (s)| < cePHAIf\ Vs € H(é)

00 <c <8 W(x)i= S [T W (—s) x—sdx S2se g)p (k) (=x)

2mL Je—1o00 snn(ws)

W (x) x* " dx = P (=9)-
/0 sm( s)
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Rules Again

Pii f(x) =Y anx™" P = [ (x)dx > Yan(an+ B)s — 1 s |

n=0

Pos (ot o+ ) o B dna e ap e,
Ps: Index=# of sums— # of brackets;

Ei: Y ¢nf (n) (an+ B) = ﬁf (n*)T (=n") | RMT+Change of Variable ‘

E2:’ Iteration of RMT ‘

r f(”fvv”r)nr(*”:*)
i=1

Z o1, ,f(n17...,n,)]i1[<a;1n1+"'+airf7r+Cr‘>: \detA|
ny,...,np =
E3Z
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Rules Again

Pii f(x) =Y anx™" P = [ (x)dx > Yan(an+ B)s — 1 s |

n=0

Pos (ot o+ ) o B dna e ap e,
Ps: Index=# of sums— # of brackets;

Ei: Y ¢nf (n) (an+ B) = ﬁf (n*)T (=n") | RMT+Change of Variable ‘

E2:’ Iteration of RMT ‘

r f(”fvv”r)nr(*”:*)
i=1

Z o1, ,f(n17...,n,)]i1[<a;1n1+"'+airf7r+Cr‘>: \detA|
ny,...,np =
E;: —Well......
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Rules Again

Pii f(x) =Y anx™" P = [ (x)dx > Yan(an+ B)s — 1 s |

n=0

Pos (ot o+ ) o B dna e ap e,
Ps: Index=# of sums— # of brackets;

Ei: Y ¢nf (n) (an+ B) = ﬁf (n*)T (=n") | RMT+Change of Variable ‘

E2:’ Iteration of RMT ‘

r f(”fvv”r)nr(*”:*)
i=1

Z o1, ,f(n17...,n,)]i1[<a;1n1+"'+airf7r+Cr‘>: \detA|
ny,...,np =
E;: —Well......
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oo
— / Xfaflef(al+---+a,)xdx
0

9]
— / Xfaflefalxefazx e %
0

oo r %)
= [ I X on (20" ) o
0 i=1 \ n,=0
00
- / Z ¢17~~-,ra:rl'1 . aern1+...+nr_a_1dX
0 ny,...,Nr
- Z $1,..ra0" Ay (—a+np+ -+ np)
ni,...,Nr
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Things we (don not & want to) know
Comparison

Example

l:/oooz¢,,x”dx:z¢,, (n+1)=T(=(-1))=1.

On the other hand
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Things we know
Things we (don not & want to) know
Comparison

Example

I= [ e dx=1

l:/ooozn:¢,,x”dx:zn:¢,, (n+1)=T(=(-1))=1.

On the other hand

/ (Z ¢n1 3m > (Z ¢n2 2’:n2 2) dx = Z ¢1723:121;:nz <n1 + n + 1>

ny,n2
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Things we (don not & want to) know
Comparison

Example

On the other hand

o0 QM2 5112 on2
o (Z ¢n1 3m > (Z (;bng 3m ) dx = Z ¢1’23"17+"2 <n1 + n + 1>

ny,n2

1.

ny
né:—l—nl: Zd)nlﬁr(nl—f—l):%Z(_%) :]_,
nf:—l_n2: Z¢n23,2n2r(n2+1):3.2(_2)n2A:C
mn ny
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Independence of Factorization
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Things we know
Things we (don not & want to) know
Work Comparison

Independence of Factorization

Theorem (L. J.)

Assume that f (x) admits a representation of the form

Then, the values of the following two integrals

/1:/ f (x) dx and /2:/ 17 (x)dx,
g 0 =1

obtained by applying the Method of Brackets, are the same.
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Work Compa

Foundamental Theorem of Calculus
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Things we know
Things we (don not & want to) know
Work Comparison

Foundamental Theorem of Calculus

Questionl

b pk+1 _ gk+1
I ::/ XkdX = .
R k+1
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Things we know

Things we (don not & want to) know
Work Comparison

Foundamental Theorem of Calculus

Questionl

b pk+1 _ gk+1
I ::/ XkdX = .
R k+1

Consider the change of variables

t= x—a = X= bttjla ’
o __ _b—a
b—x dx = (t+1)2dt
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Things we know

Things we (don not & want to) know
Work Comparison

Foundamental Theorem of Calculus

Questionl

b pk+1 _ gk+1
I ::/ XkdX = .
R k+1

Consider the change of variables

Xx—a X_btt—jla ;
= T T Ydx = dt
— X X = (t+1)2

Then,

B 0o K D I\/IoB bk+1_ak+1
= (b a)/o (bt a) (e + 1)+ 2 22 2 0
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Work Compa

Foundamental Theorem of Calculus
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Things we (don not & want to) know
Work Comparison

Foundamental Theorem of Calculus

Question?2

= /abf’(x)dx: F(b)— f(a).
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Things we know
Things we (don not & want to) know
Work Comparison

Foundamental Theorem of Calculus

b
b :/ ' (x)dx =
a
Assume that

f(x) = qukc k) xk = f'( ZqﬁkC x*1 Z —pC (k+ 1) x¥

Question?2
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Things we know
Things we (don not & want to) know
Work Comparison

Foundamental Theorem of Calculus

Question?2

= /abf’(x)dx: F(b)— f(a).

Assume that

o] [e’s} [ee]

F(x) =3 eC(k)x* = (x) =D ouC (k) k"1 =)~ —6uC(k+1)x".
k=0 k=1 k=0
Again, by the change of variables that t = =2 we have

b

(a_b)/wz¢kC(k+1)(bt+a)’< (t+1)"2dt

Z¢k+1c(k+ 1) (bkﬂ _ aI<+1)
k

[f (b) — £ (0)] — [f (a) — £ (0)]
f(b)—f(a).
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Things we know
Things we (don not & want to) know
Comparison

Multi-dim Integrals

. s B — 2 2
(1) Usual method: Spherical Coordinate r = x{ + - -+ + xp,
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Things we know
Things we (don not & want to) know
Comparison

Multi-dim Integrals

(1) MoB:
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Things we know
Things we (don not & want to) know
Comparison

Multi-dim Integrals

(1) MoB:

f(t):Z¢’/a(/)tI:> Ml (rz) dr o8 %a <7g> F(g) .
1=0

0

On the other hand

oo
E ! MoB m m
| =2" d),a(l)(x12+~--+x;) dxl--~dxm:o:7r23(—;)
rM
T L=
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Things we know
Thing (don not & want to) know
Comparison

Multi-dim Integrals

(1) MoB:

f(t):Z¢/a(/)tI:> Ml (rz) dr o8 %a <7g> F(g) .
1=0

0

On the other hand

oo

E ! MoB m m
| =2" d),a(l)(x12+~--+x;) dxl--~dxm:o:7r23(—;)

1=0

rM

Example

pp—1 Pm—1
Xt Xy T(p1) - T(pm)T(s=p1—p2— - " —pn)
I = dxy - - - dxm = e— .
- (ro + rix1 + - - - + rmxm)® r{’lu_,,I;mrg P1 P (s)

The Method of Brackets (
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Things we know
Things we (don not & want to) know
Comparison

Old Example

0, if 0 < b< a,

/:Z/OOJ in(bx)dx =
J, b(ax) sin(bx)dx {Um* if 0 <a<b,
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Things we know
Things we (don not & want to) know
Comparison

Old Example

0, if 0 < b< a,

/:Z/OOJ in(bx)dx =
J, b(ax) sin(bx)dx {Um* if 0 <a<b,
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Things we know
Things we (don not & want to) know
Comparison

Old Example

~ 0 if0<b<a
Jo(ax)sin(bx)dx =< ’
b(ax) sin(bx)dx 1/Vb2— 22, if0<a<b,

22" (mp + 1)
Jo(ax) = — = x*M and sin (bx) = E ¢n2 2 p2n2tly2n+l
z : M(ng +1 22”1 r(2ny + 2)

1=0 np=0
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Things we know
e (don not & want to) know

Old Example

~ 0 if0<b<a
Jo(ax)sin(bx)dx =< ’
b(ax) sin(bx)dx 1/Vb2— 22, if0<a<b,

22" (mp + 1)
Jo(ax) = — = x*M and sin (bx) = E ¢n2 2 p2n2tly2n+l
z : M(ng +1 22”1 r(2ny + 2)

1=0 np=0

\/7 Z 42Mm p2np+1
I= 1,2 (2n1 4 2m +2) .
22Mm+2M2[(ny + 1) (np + 3/2) !

(il at2
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Things we know
ings we (don not & want to) know

Old Example

~ 0 if0<b<a
Jo(ax)sin(bx)dx =< ’
b(ax) sin(bx)dx 1/Vb2— 22, if0<a<b,

22" (mp + 1)
Jo(ax) = — = x*M and sin (bx) = E ¢n2 2 p2n2tly2n+l
z : M(ng +1 22”1 r(2ny + 2)

1=0 np=0

\/7 Z 42Mm p2np+1
I= 1,2 (2n1 4 2m +2) .
22M+2m [ (ny 4 1) (np + 3/2) !

ny,np

oo oo
() = § :¢"sznﬂ 2n41 duplication formula §:¢ prrit ool VT
r(2n+2) 22041 (n + 3/2)
n=0 n=0
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Things we know
Things we (don not & want to) know
Comparison

Old Example

1% ) 0, if 0 < b < a,
_ 1/vVb2—2a2 if0<a<b,

E an 2n § M(m2 +1) 2ny+1 2my+1
Jo(ax) = x“" and sin(bx) = ¢n2 b2 X2
F(ng + 1)22" r(2m +2)

1=0 npy=0
\/* 42Mm p2np+1
I= E $1,2 5—> (2n 4 2m +2) .
22m+2m [ (ny + 1) (np + 3/2)
Wil o7

oo
sin(bx) § . T(n+1) ,ont1 2nt1 duplication formula 2 :%bznﬂxznﬂL_
2n+2) 22041 (n + 3/2)
n=0 -

[(at+n) o

How about Pochhammer: (a), =a(a+1):--(a+n—1) =

r(a)
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Things we know
Things we (don not & want to) know
Comparison

Old Example

o0 0 if0<b<a
Jo(ax) sin(b =<7 — ’
1/vVb2 —a2, if0<a<b,
Jo(ax) = Z Ci — %™ and sin(bx) = 13 M2 +1) b2"2+1x2"2+1
’ F(ny + 1)22"1 Z "2 [ (2n +2)
= ny=0
\/* Z 2n1 b2n2+1
I= 2n1 +2mp +2) .
1.2 3y M D (a1 3/2) (2n1 + 2m +2)
Wil o7
sin(bx) qu T(n+1) ,ont1 2nt1 duplication formula Z¢"b2n+1x2n+l VT _
2n+2) 22041 (n + 3/2)
n=0 -

How about Pochhammer: (a), = a(a+1)---(a+n—1) = r(l_‘”") ?

F(n+1) 1 1
= =1/
r(2n+2) (n+ 1)n+1
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Things we (don not & want to) know
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Things we know
(don not & want to) know

Pochhammer

Reason:
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Things we know
e (don not & want to) know

Pochhammer

Reason:

Pochhammer is not continous.
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e (don not & want to) know

Pochhammer

Reason: (—1)"
(X)on= o
(1—=x)n
Pochhammer is not continous. Please try
Pochhammer [-2,-2] and Limit [Pochhammer [x,x] ,x—>-2]
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Things we know
Things we (don not & want to) know
Comparison

Pochhammer

Reason:

Pochhammer is not continous. Please try
Pochhammer [-2,-2] and Limit [Pochhammer [x,x] ,x—>-2]

Theorem(l. Gonzales, L. J. and V. H. Moll)
_ (=1)"(km)!  k
lim (=k(m +€))_(m+e) = (k+1)m)! k+1

e—0
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Things we know
Things we (don not & want to) know
Work Comparison

Pochhammer

Reason:

Pochhammer is not continous. Please try
Pochhammer [-2,-2] and Limit [Pochhammer [x,x] ,x—>-2]
Theorem(l. Gonzales, L. J. and V. H. Moll)
. (=1)™(km)! Kk
I —k = : )
limy (=k(m +€)—(mse) = (G r1)m)l k11

Namely, for (—km),,

I
(X,n)%(lﬂm,fm) (X)n k

Direct computing (—km)_ . T k+1
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Things we know
Things we (don not & want to) know
Work Comparison

Pochhammer

Reason:

Pochhammer is not continous. Please try
Pochhammer [-2,-2] and Limit [Pochhammer [x,x] ,x—>-2]
Theorem(l. Gonzales, L. J. and V. H. Moll)
. (=1)™(km)! Kk
I —k = : )
limy (=k(m +€)—(mse) = (G r1)m)l k11

Namely, for (—km),,

I
(X,n)%(lﬂm,fm) (X)n k

Direct computing (—km)_ . T k+1

Especially, when k = 1, the ratio is %
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Things we know
/e (don not & nt to) know

Implementation

Karen Kohl-Sage+Mathematica

~

Ivan Gonzalez—Maple
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e (don not & want to) know
Comparison

E3: The value of a multi-dimensional bracket series of positive index is
obtained by computing all the contributions of maximal rank by Rule E>. These
contributions to the integral appear as series in the free parameters. SERIES
CONVERGING IN A COMMON REGION ARE ADDED and divergent series
are discarded. Any series producing a non-real contribution is also discarded.
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E3: The value of a multi-dimensional bracket series of positive index is
obtained by computing all the contributions of maximal rank by Rule E>. These
contributions to the integral appear as series in the free parameters. SERIES
CONVERGING IN A COMMON REGION ARE ADDED and divergent series
are discarded. Any series producing a non-real contribution is also discarded.
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not & want to) know

Comparison

E3: The value of a multi-dimensional bracket series of positive index is
obtained by computing all the contributions of maximal rank by Rule E>. These
contributions to the integral appear as series in the free parameters. SERIES
CONVERGING IN A COMMON REGION ARE ADDED and divergent series
are discarded. Any series producing a non-real contribution is also discarded.

E3: The value of a multi-dimensional bracket series of positive index is
obtained by computing all the contributions of maximal rank by Rule E>. These
contributions to the integral appear as series in the free parameters. SERIES
CONVERGING IN A COMMON REGION ARE ADDED and divergent series
are evaluated by their analytic continuations, if exist. Divergent series
having the same analytic continuation are combined and treated as the
common analyticn continuation on its domain. Any series producing a
non-real contribution is also discarded.
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Things we (don not & want to) know
Work Comparison

Analytic Continuation (1)
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Work Comparison
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Things we know
Things we (don not & want to) know
Work Comparison

Analytic Continuation (1)

> X" 2mx"™ 2m
’:/O (Zaﬂnl%) (Z% 3 )dx‘z¢1v23m+nz<”l+”2“>

ny,n2
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Things we know
Things we (don not & want to) know
Work Comparison

Analytic Continuation (1)

(Z ¢n1 3 > (Z (;5"2 2n32nz 2) dx = Z (;51723,121%"2 <n1 —+ no + 1>

ny,n2

m

n=-1-—n: ;d)n23 2m[ (np+1) =3- E(_2)n2 AC 1.
2

n

>k E
1
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Things we know
Things we (don not & want to) know
Work Comparison

Analytic Continuation (1)

/ (Z Py 2 e ) (Z P,y 2n32n2 2) dx = Z @;% (m +nm +1)

ny,n2

* n
==L = ;@u%r(”ﬁrl) :%'Z(—%) =1

I= : e
m=—l-ny: Sém3-2mM(nm+1)=3 -2 (-2)2 %1
no 2

x\ 2
ifex=(e78) /= =25 (-1)" %1

m=0
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Things we know
Things we (don not & want to) know
Work Comparison

Analytic Continuation (I1)
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Things we know
Things we (don not & want to) know
Work Comparison

Analytic Continuation (I1)

Theorem (L. J.)

Assume that f (x) admits a representation of the form
f(x)=]]f(x).
i=1

Then, the values of the following two integrals

11:/ f (x) dx and I2:/ Hﬁ-(x)dx,
v 0 =1

obtained by applying the Method of Brackets, are the same.
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Things we know
Things we (don not & want to) know
Work Comparison

Analytic Continuation (I1)

Theorem (L. J.)

Assume that f (x) admits a representation of the form

f(x)=[If().
i=1

Then, the values of the following two integrals

11:/ f (x) dx and I2:/ Hﬁ-(x)dx,
Y 0 =1

obtained by applying the Method of Brackets, are the same.

The proof uses analytic continuation of multinomial coefficients.
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Things we know
Things we (don not & want to) know
Comparison

Divergent Series

OO,X 0o . 2 2n2
I:/0 e dx:/0 e 3e 3dx:z¢1,2w<n1+n2+l).

ni,n2
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Things we know
Things we (don not & want to) know
Comparison

Divergent Series

OO,X 0o . 2 2n2
I:/0 e dx:/0 e 3e 3dx:z¢1,2w<n1+n2+l).

ni,n2

n{:—l—nz*
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Things we know
Things we (don not & want to) know
Comparison

Divergent Series

OO,X 0o . 2 2n2
I:/0 e dx:/0 e 3e 3dx:z¢1,2w<n1+n2+l).

ni,n2

n{:—l—nz*

o2
| = Z¢n23j|_(n2 + 1) = 32(—2)’72 0
ny n
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Things we know
Things we (don not & want to) know
Comparison

Divergent Series

OO,X 0o . 2 2n2
I:/0 e dx:/0 e 3e 3dx:z¢1,2w<n1+n2+l).

ni,n2

n{ =-1- no*
2m -
/:Z%Fr(nﬁl) =3> (-2)™.
ny n

In fact

1=3) (-2)"=3.

n

1—x x=—2
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Things we know
Things we (don not & want to) know
Comparison

Divergent Series

Bessel-K function
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Things we know
Things we (don not & want to) know
Comparison

Divergent Series

Bessel-K function

DEF.

oo

_ 1 X\ 2mty ol (x) = L (x)
b (x) = Z ml (m+v+1) (5) and Ky (x) = 2 sin(px)

m=0
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Things we know
Things we (don not & want to) know
Comparison

Divergent Series

Bessel-K function

DEF.

oo

_ 1 X\ 2mty ol (x) = L (x)
b (x) = Z ml (m+v+1) (5) and Ky (x) = 2 sin(px)

m=0

Fact:

[ cos(xt)
Ko(x)_/o i
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Things we know
Things we (don not & want to) know
Comparison

Divergent Series

Bessel-K function

DEF.

oo

_ 1 X\ 2mty ™ L,, (x) =1L (x)
A= mz:% mil (m+v +1) (5) SRdRICIES sin(vx)

Fact:

[ cos(xt)
Ko (x) = /0 gt

Ko does not have power series expression:

INLW

o () o

Ko == [in (5) +] & (z)+(1lx) +(1+3) (2!)2+(1+%+%) i

Lin Jiu The Method of Brackets ( )



Things we (don not & want to) know
Comparison

Divergent Series

From
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e know
e (don not & want to) know
Comparison

Divergent Series

From
] —1)"x2n oo r 1)x2n
cos (tx) = nZ::O( (2)n))|( 120 = 2:: gbn%ﬂn ’
_1 e k+ >
1+t%) 2= ok {mtkt ’
e o=
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don not & want to) know
Work Comparison

Divergent Series

From

cos (tx) = HZ_:O(T% Z¢n rn;;az)l() 2

-1 m k+ >

141272 = m t2k< & ,

(@472 = 3 omt™
we have

1 F(n+1)x?" < >

= — k 2k + 2 1

Kol =7 2 dmnk Ty \MEKTg) @kt
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don not & want to) know
Work Comparison

Divergent Series

From

cos (tx) = HZ::O(T% Z¢n rn;;az)l() 2

-1 m k+ >

141272 = m t2k< & ,

A4 = 2 om0
we have

1 [(n+1)x2"
K = — m.n k 2k +2 1
)= 7 3 mak f iy (MK g) Gk 20

%ng)nr(—n) )Zn )

1 n
Z¢n (rn+,,)) ﬁ

Lin Jiu The Method of Brackets ( )



Things we know
Things we (don not & want to) know
Comparison

Divergent Series

Mellin Transform of Kjy
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Things we know
Things we (don not & want to) know
Comparison

Divergent Series

Mellin Transform of Kjy

M (Ko) (s) = /OOO 1Ky (x) dx = 2572T (;)2
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Things we know
Things we (don not & want to) know
Comparison

Divergent Series

Mellin Transform of Kjy
00 2
M (Ko) (s) = / X*1Ko (x) dx = 25°2T (5) .

0
M (Ko) (s) M (Ko) (s)

/ xsilKo(x)dx
0
2

o0 r(n+%) an
_ s—1 N 7 T
- /0 X Z‘” rCn e

1 r(—
- -
(=n)

]
S—
8
X
.
|
X
2
&

I
S—
X
b
i
L
N =
=M
o
3
>
|
3
3
N
:‘?
&

= (s —2n—1)
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e know
e (don not & want to) know
Comparison

Divergent Series

Given a function f (x) and its Mellin transform M (f) (s). We could assume f
admits a series representation that

F(x)=> ¢aC(n)x""",
for some o # 0 and 5. Applying the method of brackets yields

M(f)(s) = / x* M (x) dx
0

Py

D é(n) C(n)(an+B+s)
© (),

c(-222) = ke,

m

which implies

and therefore

o) = MO Can =)
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e know
(don not & want to) know
Work Comparison

Product of Two Functions

Assume that in the process of evaluation of the integral

I:/Oﬂ(x)fz(x)dx.
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Things we know
Things we (don not & want to) know
Work Comparison

Product of Two Functions

Assume that in the process of evaluation of the integral

I:/Oﬂ(x)fz(x)dx.

We know an expansion of f; (x) in the form

f) =3 duA (k) X,
k=0
and the Mellin transform of the function £ (x)

./\/l(s):./\/l(fz)(s):/ x* 7 h (x) dx.
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(don not & want to) know
Work Comparison

Product of Two Functions

Assume that in the process of evaluation of the integral

:/ﬂ(x)fz(x)dx.

0
We know an expansion of f; (x) in the form

f) =3 duA (k) X,
k=0
and the Mellin transform of the function £ (x)

./\/l(s):./\/l(fz)(s):/ x* 7 h (x) dx.

f (X) _ Z an |a2| Mr((—_a;)n — BZ)XaQn-%—ﬂz’

which further leads to

I—Z¢ loz AG) ((n)o‘z”_ﬂ” (onk +02n+ By + B +1).
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Things we know
Things we (don not & want to) know
Work Comparison

Product of Two Functions

THM. [I. Gonzalez, L. J. V. H. Moll]

I = /0 fi (x) 2 (x) dx
ST okA (k) M (ark + 1+ 1)

apnt+pB1+Ba+1
el

k

énA(— 22T BB pq(—ovyn—Br)T
Pt
n
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Things we know
Things we (don not & want to) know
Work Comparison

Product of Two Functions
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Things we know
Things we (don not & want to) know
Work Comparison

Product of Two Functions

. 2k+u 2k+,u
fi = J,(ax) = Z 7r(k+,u,+l)22k+ﬂx

M (%) (s) = M(J( X)) (s) = Jo© x* 1y (x) dx m
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Things we know
Things we (don not & want to) know
Work Comparison

Product of Two Functions

2/<+M 2k

h=Ju(ax) = me

M (8)(s) = M (Jy (bx)) (s) =[5~ x* 1y () dx m

Then,

r(e)

/:OO A(KY M (ark 1) = a#p#1 ,
Z_:W (k)M (awk+B+1)=a F(,u—l—l)r(”_%ﬂ)

if b> a.
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Things we know
Things we (don not & want to) know
Work Comparison

Product of Two Functions

I = [5° Ju(ax) 4y (bx) dx

Lin Jiu The Method of Brackets ( )




Things we know
Things we (don not & want to) know
Work Comparison

Product of Two Functions

I = [5° Ju(ax) 4y (bx) dx
And also,

I= ‘%'i r{b_"n)A(-“Q"”;ﬁ?“) M (~azn — )T (%) .
n=0
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Things we know
Things we (don not & want to) know
Work Comparison

Product of Two Functions

I = [5° Ju(ax) 4y (bx) dx
And also,

I= ‘%'i r{b_"n)A(-“Q"”;ﬁ?“) M (~azn — )T (%) .
n=0

Either, we know ax = 2 and 5, = v
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Things we know
Things we (don not & want to) know
Work Comparison

Product of Two Functions

I = [5° Ju(ax) 4y (bx) dx
And also,

= Z'i s (- D) M (g — gy (AL,

Either, we know az = 2 and B> = v or, we choose them so that I’ (%W)

can cancel [ (—n). Then

_ u-l—z/—i-l) . ( u—l—u—i—l)
I = E r( n) ( - M(—2n—v)l nt——s—
_ bl/a—u—l zoo: ¢nr (n “F p,+2u+71) ) E n
— I'(n—l—l/—i-l)l‘(—n—i-i“_gﬂ) a

3 S r(w;fﬂ) u+;+1 v— u+1 b2
= o7y 2t — |, a>b
Mv+1)r(&=2) v+ 1 a
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e know
Things (don not & want to) know
Comparison

Negative Dimension
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e know
(don not & want to) know

Negative Dimension

Idea:

where
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(don not & want to) know
Comparison

Negative Dimension

Idea:
D
g2 T\ 2
/ e ax dDX: o ’
RD (6}
where
D
R :{X13X27"‘7XD}a
X2 =X+ x5+ + xp,
dDX = XmdXQ---dXD.

®  dx
I:/ —_—
0 l—i-X2
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know
(don not & want to) know
Comparison

Negative Dimension
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Things we (don not & want to) know
Comparison

Negative Dimension
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Things we know
Things we (don not & want to) know
Comparison

Negative Dimension
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know
(don not & want to) know
Comparison

Negative Dimension
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b ech _ e
f(x)ax = limf () ————,
/_O:O f(x)dx = Ell_rn) 2nf (—10:) 6 () = 270 (L0:) f (2),
| Feodx = tim-0) -
0 1
/_Oof(x) dx = lim (0.)=,
/O; fx)dx = lim [f(=0:)+f(2:)] %

where 0, = %.
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Note that

1 1 1

—of:/fdszlna—l—c,

0 € €
and

e 0 g (x) =g (x +a).

Therefore,

I:%Eli_rpo[(ln(s—L)—l—c)—(|n(6+L)+C)]:g.
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