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Defintion and Results
Connection to Random Walk

Euler Polynomials
DEF.
Euler Polynomials En (x):

∞∑
n=0

En (x) zn

n! = 2
ez + 1exz = ez(x− 1

2 )

cosh
( z
2
) .

Generalized Euler Polynomials: E (p)
n (x):

∞∑
n=0

E (p)
n (x) zn

n! =
(

2
ez + 1

)p
exz = ez(x− p

2 )

coshp ( z
2
) .

THM.

E (p)
n (x) =

∑
k1+···+kp=n

(
n

k1, . . . , kp

)
Ek1 (x) Ek2 (0) · · ·Ekp (0) .
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Defintion and Results
Connection to Random Walk

Euler Polynomials
Question
Reciprocal Formula

En (x) = f
(
E (p1)

n1 (x) , . . . ,E (pk )
nk (x)

)
?

THM.[L. J., C. Vignat, V. H. Moll]

En (x) = 1
Nn

∞∑
n=N

p(N)
l E (l)

n

( l − N
2 + N · x

)
.

Here,
1

TN
(
1
z

) =
∞∑

l=N
p(N)

l z l , Tn (cos θ) = cos (nθ) .
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Defintion and Results
Connection to Random Walk

Random Walk:

0 1 2 Nk k+1k-1
0 is the source and N is the sink;
fair coin;
νN : random number of steps for this process νN ≥ N.

Fact

p(N)
l = P (νN = l) = 1

N

N∑
k=1

(−1)k+1 sin
(
θ

(N)
k

)
cosl−1

(
θ

(N)
k

)
, θ

(N)
k = π

2 ·
2k − 1

N .
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Defintion and Results
Connection to Random Walk

Probabilistic Point of View

Consider random variable L~pL (x), for pL (x) = sech (πx). Then,
1 En (x) = E

[(
x + ιL− 1

2
)n] =

∫
R
(
x + ιL− 1

2
)n sech (πx) dx ;

E = ιL− 1
2 ⇒ En (x) = E

[
(E + x)n]

2 E (p)
n (x) = E

[(
x +

(
ιL1 − 1

2
)

+ · · ·+
(
ιLp − 1

2
))n] for i.i.d {Li}p

i=1;
3 Klebanov et al.1 consider i.i.d. {Li}∞i=1:

E (zνN ) = 1
TN

(
1
z

) , ZN := 1
N

νN∑
n=1

Ln ∼ L;

4 a Brownian motion interpretation exits.

1L. B. Klebanov, A. V. Kakosyan, S. T. Rachev, and G. Temnov.
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DEF.
Bernoulli Polynomials Bn (x):

∞∑
n=0

Bn (x) zn

n! = z
ez − 1exz = zez(x− 1

2 )

sinh
( z
2

) .
Nörlund Polynomials: B(p)

n (x):
∞∑

n=0

B(p)
n (x) zn

n! =
( z

ez − 1

)p
exz = zpez(x− p

2 )

sinhp ( z
2

) .

THM.

B ∼ ιL̃− 1
2 , L̃ ∼ p̃ (x) = sech2 (πx) .

Lin Jiu Random Walk: A Probabilistic and Geometric Approach to Number Theory



Acknowledgement
Introduction

1-dim (finite) RW & (Generalized) Euler Polynomials
3-dim RW and (Generalized) Bernoulli Polynomials

Conclusion

Bernoulli Polynomials
3-dim RW/Brownian Motion

Bernoulli Polynomials

DEF.
Bernoulli Polynomials Bn (x):

∞∑
n=0

Bn (x) zn

n! = z
ez − 1exz = zez(x− 1

2 )

sinh
( z
2

) .
Nörlund Polynomials: B(p)

n (x):
∞∑

n=0

B(p)
n (x) zn

n! =
( z

ez − 1

)p
exz = zpez(x− p

2 )

sinhp ( z
2

) .

THM.

B ∼ ιL̃− 1
2 , L̃ ∼ p̃ (x) = sech2 (πx) .

Lin Jiu Random Walk: A Probabilistic and Geometric Approach to Number Theory



Acknowledgement
Introduction

1-dim (finite) RW & (Generalized) Euler Polynomials
3-dim RW and (Generalized) Bernoulli Polynomials

Conclusion

Bernoulli Polynomials
3-dim RW/Brownian Motion

Bernoulli Polynomials

DEF.
Bernoulli Polynomials Bn (x):

∞∑
n=0

Bn (x) zn

n! = z
ez − 1exz = zez(x− 1

2 )

sinh
( z
2

) .
Nörlund Polynomials: B(p)

n (x):
∞∑

n=0

B(p)
n (x) zn

n! =
( z

ez − 1

)p
exz = zpez(x− p

2 )

sinhp ( z
2

) .

THM.

B ∼ ιL̃− 1
2 , L̃ ∼ p̃ (x) = sech2 (πx) .

Lin Jiu Random Walk: A Probabilistic and Geometric Approach to Number Theory



Acknowledgement
Introduction

1-dim (finite) RW & (Generalized) Euler Polynomials
3-dim RW and (Generalized) Bernoulli Polynomials

Conclusion

Bernoulli Polynomials
3-dim RW/Brownian Motion

Bernoulli Polynomials

DEF.
Bernoulli Polynomials Bn (x):

∞∑
n=0

Bn (x) zn

n! = z
ez − 1exz = zez(x− 1

2 )

sinh
( z
2

) .
Nörlund Polynomials: B(p)

n (x):
∞∑

n=0

B(p)
n (x) zn

n! =
( z

ez − 1

)p
exz = zpez(x− p

2 )

sinhp ( z
2

) .

THM.

B ∼ ιL̃− 1
2 , L̃ ∼ p̃ (x) = sech2 (πx) .

Lin Jiu Random Walk: A Probabilistic and Geometric Approach to Number Theory



Acknowledgement
Introduction

1-dim (finite) RW & (Generalized) Euler Polynomials
3-dim RW and (Generalized) Bernoulli Polynomials

Conclusion

Bernoulli Polynomials
3-dim RW/Brownian Motion

End

O

Hitting Time: the first time it "hits"
Denote:{

Hz := inf {t : |Xt | = z} Hitting Time Sz

Ex (Hz : Requirement) Starting at |Xt | = x

[A. N. Borodin and P. Salminen]
Handbook of Brownian Motion-Facts
and Formulae
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k-loops
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Ex
(
e−αHz ; Hz <∞

)
=

{
z sinh(x

√
2α)

x sinh(z
√
2α) , 0 ≤ x ≤ z

z
x e−(x−z)

√
2α, z ≤ x

Ex

(
e−αHz ; sup

0≤s≤Hz

R(3)
s < y

)
=


z sinh(x

√
2α)

x sinh(z
√
2α) , 0 ≤ x ≤ z ≤ y

z sinh((y−x)
√
2α)

x sinh((y−z)
√
2α) , z ≤ x ≤ y

Ex

(
e−αHz ; inf

0≤s≤Hz
R(3)

s > y ≥ 0
)

=

{
z sinh((x−y)

√
2α)

x sinh((z−y)
√
2α) , y ≤ x ≤ z

z
x e−(x−z)

√
2α, y ≤ z ≤ x

THM.[L.J., C. Vignat]

3n

n + 1

[
Bn+1

(x
6 + 5

6

)
− Bn+1

(x
6 + 1

2

)]
= 1

4
∑
k≥0

1
4k E (2k+2)

n

(x + 2k + 3
2

)
.

REMARK: Results for general r0, . . . , r3 and also for arbitarily finite levels: r0, . . . , rN are also obtained.
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Finding the proper RW is important, or namely, the results
obained are important.
RW on surfaces/manifolds?
Information Geometry on hyperbolic secant (square) density?
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End

Thank You!
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