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Beginning-Partition

R. Schneider, Partition zeta functions.
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Partition

Partition zeta functions

DEF: partition-theoretic zeta function

For A = (A1,...,Ax) F n, we denote

I(X) :=k and ny := A1 -+ Ak

Define the partition-theoretic generaliztion of Riemann-zeta function as

P ({s1%) Z—

I(\)=
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Partition zeta functions

DEF: partition-theoretic zeta function

For A = (A1,...,Ax) F n, we denote

I(X) :=k and ny := A1 -+ Ak

Define the partition-theoretic generaliztion of Riemann-zeta function as

P {5} Z -~

Theorem
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Partition

Partition zeta functions

DEF: partition-theoretic zeta function

For A = (A1,...,Ax) F n, we denote

I(X) :=k and ny := A1 -+ Ak

Define the partition-theoretic generaliztion of Riemann-zeta function as

P {5} Z -~

Theorem

1 2%kl
= = o=z ¢ (2K).

¢p ({2}k) =

I(\)=k

2
)

W Similar results for (p ({2m}k) = rational x 72K,

B The author wants to study general (p ({s}k) and its AC.
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Partition

Partition zeta functions

Observe: A = (A1,...\k) € P,
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Partition

Partition zeta functions

Observe: A = (A1,...\¢) € P, (assume s > 1)

P ({s}*) Z—f > Ai'%ﬂi:ss’”"s(oo)'

1(0)= A2
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Partition

Partition zeta functions

Observe: A = (A1,...\¢) € P, (assume s > 1)

P ({s}*) Z—f > Ai'%ﬂi:ss’”"s(oo)'

1(0)= A2

DEF: harmonic s-sum

sign (al)i1 sign (ak)i"
531,4--731( (N): Z

lal jlakl
N>i > >ig>1 1 'k
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Partition

Partition zeta functions

Observe: A = (A1,...\¢) € P, (assume s > 1)

P ({s}*) Z—f > Ai'%ﬂi:ss’”"s(oo)'

1(0)= A2

DEF: harmonic s-sum

wo Y st seGt
a (N) = jlarl flal
N> 2>l K

¢p ({a}*) = Sa,...,a(c0) = Sa, ().
N——

,,,,,
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Partition—HarmonicS
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Harmonic S-sums

Partition—HarmonicS

<Poo(f;q)=£[1(1*f(n)q")=> (fq Zq‘”Hf

AEP A
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Harmonic S-sums

Partition—HarmonicS

<Poo(f;q)=1j[(1*f(n)q")=> (fq Zq‘”Hf

AEP A

Letf(n):iandqﬁl

na
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Harmonic S-sums

Partition—HarmonicS

Letf(n):iandqﬁl

na
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Harmonic S-sums

Partition—HarmonicS

Letf(n):iandqﬁl

na

In particular, if a=mé& N and m > 2,
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Harmonic S-sums

Partition—HarmonicS

Letf(n):iandqﬁl

na

In particular, if a=m € N and m > 2, by considering £, := exp (2—,’:)

Zsmk (00) t™ = H L

o] m—1

=|lr(1-é,).
(n— 30 (*5$_1t) g( nt)

n=1
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Harmonic S-sums

Partition—HarmonicS

- 1
()=l -f(n¢g)=> ———= L I EZeNE
e =][a-rma) = —=> M [ rov
n=1 AEP AiEA
Letf(n):;—:and qg—1
oo 1 oo tak o0
D)Lt SENNIS
n=1 " k=0 I(N\=k » k=0

In particular, if a=m € N and m > 2, by considering £, := exp (2—,’:)

[e s} o] o] m—1
S, mk _ " _ n" =JJr(x-é€,).
; k(OO)t gnm_tm " (nigomt)“_(nigg—lt) J_HO ( g t)

from the theorem: (Thank to Armin)

T o) ot an) | T(5)-T (6n)
(k- B0) (k4 ) T ()T (am)’
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Recurrence of S-sums?
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Harmonic S-sums

Recurrence of S-sums?
Thank to Jakob) Blumleim:

E Sal,...,ak == sal “‘Sak + CalAa2,..4ak E Sal/\azsa3 "'sak
perm inv perm
+CalAaz,a3/\a4,a5,...ak E 5a1A32 533/\34535 e Sak
inv perm
+---+ Call\az/\a3,a4,.4.ak E 581/\82/\33584 e Sak
inv perm
+ -+ Gonena, E Sain-nay
inv term
where

“perm” denotes all permuations;

“inv perm” denotes all permutations in which a single index in a
A-contraction is only used once;

each [-fold A-contraction is associated to the factor /;!.
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Harmonic S-sums

Recurrence of S-sums?
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Harmonic S-sums

Recurrence of S-sums?

Thus, when a; = --- = ax = a > 0, we note that
each A-contraction, e.g., aA a, a,...,a, is uniquely determined by one
——

k—2

partition of n, e.g., m= | 2,1,...,1 | - k;
——
k—2
“perm” gives k!;

“inv perm” gives, form = | A1,...,A1,..., A, .. A | o0,
—— ——
h I
k r
(, ; ,)H,—l, where the multinomial comes from all possible
1okl ) L
j=1

permutations while the product is due to uniqueness of single index
contraction;
each [i-fold A-contraction is associated to the factor ([; — 1)! =T (/).
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Harmonic S-sums

Recurrence of S-sums?

Therefore, it is not hard to obtain that

. Saa (N)\ "
Sa (N) = > /Jl.< *JAJ_( )> :
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Harmonic S-sums

Recurrence of S-sums?

Therefore, it is not hard to obtain that

r j
sw= X IH(MY)

re?
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Harmonic S-sums

Recurrence of S-sums?

Therefore, it is not hard to obtain that

. Saa (N)\ "
Sa (N) = > /Jl.< *JAJ_( )> :

a= A1y AL A, A | Rk
—_———  ——

n Ir

I'? By accident and on Wikipedia (containing typos)

e [ ;
(@) = (-1« 2 H% ¢ <a)‘{§(a)’ iy
j=1 U ’ .
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Harmonic S-sums

Recurrence of S-sums?
The poles and resndue:::an be obtained from the formula

F(Z):i(_l)ﬂ 2 +'/]xt"le’fdt‘

n! z+n

(This can be seen by expanding exp(-).)

Moreover, the gamma function has the following Laurent expansion at 1

co I‘(")(l)
o

T(z)=1+).

e

valid for [z - 11< 1.

-1 (73 + ? + 2((3)) 22+ 0(z%)

Fourier series expansion [edit]
The logarithm of the gamma function has the following Fourier series expansion
nz - lnn

2 gin2
lul'(z):(%—m) (7+h)2)+(1—m)]_|177—%lusmwm+%zsmf, 0<z<l,

n=1
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Bell Polynomial

Lin Jiu A Hot Pot



Bell Polynomial

Bell Polynomial

F9 (1) = Y (=7,¢(2),- -, (-1)" (k= 1)1¢ (k)

where, the complete Bell polynomial Y is defined by

_ k! g1 h 8k Ik
Yk(gl,...ygk)—zm<ﬁ) (F) 7
(Fk

where (I) = | k,...,k,k—1,...,k—1,...,1,...,1 | F k, by noticing that /;
—_—— —————

I Ie—1 h
K
could be zero and > jl; = k. In fact, I; denotes the number of j appearing in
=
the partition (/) - k.
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Bell Polynomial

Bell Polynomial

F9 (1) = Y (=7,¢(2),- -, (-1)" (k= 1)1¢ (k)

where, the complete Bell polynomial Y is defined by

_ k! g1 h 8k Ik
Yk(gl,...ygk)—zm<ﬁ) (F) 7
(Fk

where (I) = | k,...,k,k—1,...,k—1,...,1,...,1 | F k, by noticing that /;
—_—— —————

I Ie—1 h
K
could be zero and > jl; = k. In fact, I; denotes the number of j appearing in
=
the partition (/) - k.

Sa, (N) = %Yk (01S, (N), 115, (N), ..., (k — 1)1S54, (N))
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Bell Polynomial

Bell Polynomial
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Bell Polynomial

Bell Polynomial

Ablinger:

Si )= Y (1Y (D)o = 2o =105 (o)),
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Bell Polynomial

Bell Polynomial

Ablinger:
. ool 1 ,
slk(n):;(—l)f HO) g = e G oIS (),

Dilcher:

Nl 1
Soroi T b

J1
n>ji > 2jg>1
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Bell Polynomial

Bell Polynomial

Ablinger:

51,0 =D (0 ()5 = ¥l G- DS ).

J

Dilcher:

ST (= Y i
j=1

) ik
n>j1 > 2j>1

Kirschenhofer:

N

() 0 e = () (0 v (=0t (M 1 i) )

k=0
k#K

,
-y L
_;:j,

Lin Jiu A Hot Pot



Bell Polynomial

Bell Polynomial
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Bell Polynomial

Bell Polynomial

Use
1

Sa, (N) = FYk (0!S, (N), 1155, (N), ..., (k — 1)ISk, (N))

. (1 1
S (Di= ¥ g

to generalize

j=1 n>j > 2>l
and
N
5 (et s = (0 B (o (=0 0) ).
k=0
k#K
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Partial Fractional Decomposition (PFD)

Partial Fractional Decomposition (PFD)
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Partial Fractional Decomposition (PFD)

Partial Fractional Decomposition (PFD)

Thank to Jacob:

Zeng:
5o = 1 7 1
i =2 | === |
I=1 I=1 = a
J
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Partial Fractional Decomposition (PFD)

Partial Fractional Decomposition (PFD)

Thank to Jacob:

Zeng:
N 1 N 1 N 1
/711—3/2:; ]_—a,zH]_ 3 ’
N N i

and compares coefficients of z* of both sides to obtain

N N

S aa = Hl_lﬂ at.

N> > 2i>1
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Partial Fractional Decomposition (PFD)

Partial Fractional Decomposition (PFD)

Thank to Jacob:
Zeng:

N>iy > >ig>1 U al
J

S oaa =Y lﬁ[lla,) at.

Now, letting a) — al/ and a, :=n?

N
_ 1 J’ 1
sw= Y ot s |

N>ip > >ig>1 I
J
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Partial Fractional Decomposition (PFD)
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Partial Fractional Decomposition (PFD)

Special case a = 1(Dilcher’s case)

Lin Jiu A Hot Pot



Partial Fractional Decomposition (PFD)

Special case a = 1(Dilcher’s case)

Proof is straightforward.
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Partial Fractional Decomposition (PFD)

Special case a = 1(Dilcher’s case)

Proof is straightforward.

N N ) /
j J !
j—1 H j—1 /
Jj= Jj=1
J#! J#l
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Partial Fractional Decomposition (PFD)
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Partial Fractional Decomposition (PFD)

Special case a=m €N
Use

=1 = = )G = Eml) - (G €57)

to get

e —
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Partial Fractional Decomposition (PFD)

e —
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Partial Fractional Decomposition (PFD)

=1 = = )G = Eml) - (G €57)

to get
N m—1
H im ym= 1H N! ‘
= =T o 1—5' /—1)—5m) fml((/+1)—§fm/)~-~(N—5§n/)
J#

Case 1: ¢/, =1, it is the same as Dilcher’s.
Case 2: &, # 1,

N

) GRS Y § SR 1 22 VA ol
PP N H TN =&l +1)T (1+&Rl)  sin(n€hl)
1 a

(g',,.\:]/) —1as &l —1
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Partial Fractional Decomposition (PFD)

Theorem[Generalization of Dilcher]

If we define

(/v) e, e =1
T | 1-¢/, . i
Hmy o e fén#L

Then, for m, k, N € N

N
N 1
™ N>i1>Z-:>ik>1 (i k) I; ') iy ™
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Partial Fractional Decomposition (PFD)
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Partial Fractional Decomposition (PFD)

Kirschenhofer uses

N oo N

1 t™ 1
[[——— 1= Yol G- [ > —— .
j=0 l_j—tK m=1 m! j=0 (J_K)
Jj#K i#K
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Partial Fractional Decomposition (PFD)

Kirschenhofer uses

o =, ¢m o
[H——-1=> =V - > —— .
— ! ' ; '
j=0 R T j=0 U—K)
Jj#K i#K
Apparently, it remains hold if letting K =0, t — t°, and j — n?, namely
N oo N oo "
1 ¢am ) 1 B 2 . _
H@:me ..4,(,71)!25,... ,ZM Yoo (= 1)1S5 (N), .. ).
n=1 k=1
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Partial Fractional Decomposition (PFD)

Kirschenhofer uses
N

o =, ¢m 1
[I——-1=> =Yal| - > —— .
__t Z Pm ’ ; il
j=0 1 J= T j=0 (=K)
Jj#K i#K
Apparently, it remains hold if letting K =0, t — t°, and j — n?, namely
N oo N oo "
1 am 1 2
szg tm—lYm ..4,(,'71)!2 e :E %Yk(.‘.,(if1)!5,3,-(1\/),.4.)4
" m— n=1 —

> HJJ_/ = Vel (= IS (V). .).
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Taylor Expansion

Beta function
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Taylor Expansion

Beta function

Bliimleim, Klein, Schneider and Stan:

oo

B(N,1—t) = %Ztkslk (N).

k=0
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Taylor Expansion

Beta function

Bliimleim, Klein, Schneider and Stan:

Note from Blimleim

1 e 1
- - (-1)* K N—1
B(N,lfr)z/ ATt =NV lan = / logh A (1 — )V Lan,
o Z k! o

and

1 K
/ log" A (1 — AN "1dx = wslk (N).
0
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Taylor Expansion

Beta function

Bliimleim, Klein, Schneider and Stan:

Note from Blimleim

1 e 1
- - (-1)* K N—1
B(N,lfr)z/ ATt =NV lan = / logh A (1 — )V Lan,
o Z k! o

and

1 K
/ log" A (1 — AN "1dx = wslk (N).
0

- rv)
NZ s1, N)fB(let)fm.
k=0
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Taylor Expansion

Beta Function

Schneider:

st - 2o T

AEP AiEAX
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Taylor Expansion

Beta Function

Schneider:
e - S T
AEP AiEA
By
H (l—f(n)q Z Hf ), if f(n) =0 when n¢ X.
nEXCN AEPX AiFA
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Taylor Expansion

Beta Function

Schneider:
e - S T
AEP AiEA
| _
H (l—f(n)q Z A|1_[f ), if f(n) =0 when n¢ X.
nEXCN AEPX AiFA
X =[N]={1,...,N} N 1 (1Y?
— ak
f(n);}égl—f;_(la—ta) Zs‘ak N) e
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Taylor Expansion

Beta Function

Schneider:
[l
e - S T
AeP AiFA
[A] _
H (l—f(n)q Z A1_[)‘ ), if f(n) =0 when n¢ X.
nEXCN AEPx AiFA
X =[N =A{1,...,N} N 1 (N1
— ak
f(n)t}jlj[ll—f;_(la—ta) Zsak N) .
na n=
Compare:

N!
m Nl—t Ztslk
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Taylor Expansion

Integral Representation

Consider the case a = 2

B(1+t,1—t):r(l—i—t)r(l—t):iszk (00) t2%.
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Taylor Expansion

Integral Representation

Consider the case a = 2

B(1+t,1—t):r(l—i—t)r(l—t):iszk (00) t2%.

By integral representation

! =tk [ 1—A
B(l—l—t,l—t):/ )\_t(l—)\)tdt:Z—l/ Iogk(T)dA.
0 " JO
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Taylor Expansion

Integral Representation

Consider the case a = 2

B(1+t,1—t):r(l—i—t)r(l—t):iszk (00) t2%.

By integral representation

! =tk [ 1—A
B(l—l—t,l—t):/ )\_t(l—)\)tdt:Z—l/ Iogk(T)dA.
0 " JO

Therefore,
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Taylor Expansion

Integral Representation

Consider the case a = 2

B(1+t,1—t):r(l—i—t)r(l—t):iszk (00) t2%.

By integral representation

! =tk [ 1—A
B(l—l—t,l—t):/ )\_t(l—)\)tdt:Z—l/ Iogk(T)dA.
0 " JO

Therefore,

In particular

c(2)=7’62=s2(oo)=§/01|og2 (}52)
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Taylor Expansion

Integral Representation
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Taylor Expansion

Integral Representation

Consider the multiple beta function, defined by

. M(a1) T (an)
Blow, - san)i= 0 oy

which admits an integral representation, due to the Dirichlet distribution
n
B(ag,...,ap) = I I xl,a"ildx, Q= {(xh“.,xK) E]Rl Xy X1 < landx1+-»-+x,,:1}4
=y

Namely,
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Taylor Expansion

Integral Representation
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Taylor Expansion

Integral Representation

Use
m—1 .
[1r(1-&t) -
0 1 m—1 _J=0 _ 1 mk
B(l_gmt71_£mt7"-7l_£m t)_ (m—l)' _(m_l)lzsmk(oo)t
k=
to obtain

1—xy—--—x
mk 1 k—2 0 1 m—2 m—1
- e [ ] i (s o (1))

and in particular

loxq = —xm_ _
0 m—2 Em 1
¢(m (mfl)lml/ / log" (Xlsm"‘xfﬂl l_xl_”'_x"’_1> K )dx"’_l'“

Lin Jiu A Hot Pot
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Taylor Expansion

Extra:Quasi-Shuffle

awq x bwy = a(w1 * bW2) + b(awl * W2) + [a, b] (Wl * W2)
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Taylor Expansion

Extra:Quasi-Shuffle

awq x bwy = a(w1 * bW2) + b(awl * W2) + [a, b] (Wl * W2)

Z al---am:Z(—l)C’TC7r Z m(a1---am),

per{ai,...,am} wEm inv per{ai,...,am}

where

m
Cﬂ:H(F(j))”f forr=|1,....1,....m,....m|Fm
j=1 ™

m Tm

Lin Jiu A Hot Pot



What to do?

| need your suggestions!
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What to do?

| need your suggestions!

Thank You!
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Taylor Expansion

J. Ablinger, Computer Algebra Algorithms for Special Functions in Particle Physics, PhD Thesis, RISC,
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B
B
B
;
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E
B
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