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Beginning-Partition

R. Schneider, Partition zeta functions.
Research in Number Theory 2016, 2:8.

Let ϕ∞ (f ; q) =
∞∏

n=1
(1− f (n) qn):

1
ϕ∞ (f ; q)

=
∑
λ∈P

q|λ|
∏
λi`λ

f (λi ) .

For λ = (λ1, . . . , λk ) ` n, we denote

|λ| = n, l (λ) := k and nλ := λ1 · · ·λk

Define the partition-theoretic
generaliztion of Riemann-zeta function as

ζP
(
{a}k) :=

∑
l(λ)=k

1
na
λ

.
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Harmonic Sums
DEF: harmonic sum

Sa1,...,ak (N) =
∑

N≥n1≥···≥nk≥1

sign (a1)n1

n|a1|1

· · ·
sign (ak )nk

n|ak |
k

.

k = 1, a1 > 0, N =∞

Sa1 (∞) =

∞∑
n1=1

1

na1
1

= ζ (a1) .

a1 = · · · = ak = a > 0, N =∞
Sak (∞) = Sa, . . . , a︸ ︷︷ ︸

k

(∞) =
∑

n1≥···≥nk≥1

1
(n1 · · · nk )a .

Recall
ζP
(
{a}k
)

:=
∑
l(λ)=k

1
na
λ

=
∑

λ1≥···≥λk≥1

1
(λ1 · · ·λk )a .

Lin Jiu “Random Walks” for Harmonic Sums



“Random”: Integral Representation of Special Harmonic Sums
Random: Random Walk for Harmonic Sums
!Random: Diagonalization & Combinatorics

Generating Function

Fact
ζP
(
{a}k
)

= Sak (∞)

∞∏
n=1

1

1− ta
na

=

∞∑
k=0

∑
l(λ)=k

tak

na
λ

=

∞∑
k=0

Sak (∞) tak
.

In particular, if a = m ∈ N and m ≥ 2, by considering ξm := exp
(

2πι
m

)
(M. Chamberland and A. Straub)

∞∑
k=0

Smk (∞) tmk =

∞∏
n=1

nm

nm − tm =

∞∏
n=1

nm(
n − ξ0mt

)
· · ·
(

n − ξm−1
m t
) =

m−1∏
j=0

Γ
(
1− ξj

mt
)
.
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Integral Representation
Blümlein wrote me a hand writing notes on

B (N, 1 + t) =
1
N

∞∑
k=0

(−t)k S1k (N) .

m = 2
∞∑

k=0

S2k (∞) t2k = Γ (1 + t) Γ (1− t) = B (1 + t, 1− t)

=
∫ 1

0
λ−t (1− λ)t dλ =

∞∑
k=0

tk

k!

∫ 1

0
lnk
(1− λ

λ

)
dλ.

S2k (∞) =
1

(2k)!

∫ 1

0
ln2k
(1− λ

λ

)
dλ.

In particular, k = 1 yields, for Riemann-zeta function ζ:

π2

6
= ζ (2) = S2 (∞) =

1
2

∫ 1

0
ln2
(1− λ

λ

)
dλ.
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Integral Representation

Multiple Beta Function

B (α1, . . . , αm) :=
Γ (α1) · · · Γ (αm)

Γ (α1 + · · ·+ αm)
=
∫

Ωm

m∏
i=1

xαi−1
i dx,

where Ωm =
{

(x1, . . . , xm) ∈ Rm
+ : x1 + · · ·+ xm−1 < 1, x1 + · · ·+ xm = 1

}
.

Prop.

Smk (∞) =
(−1)mk (m − 1)!

(mk)!

∫
Ωm

lnmk

(
m−1∏
j=0

xξ
j
m

j+1

)
dx, ξm = exp

(2πι
m

)

ζ (m) =
(−1)m

m

∫ 1

0

∫ 1−x1

0
· · ·
∫ 1−x1−···−xm−2

0

lnm
(

xξ
0
m

1 · · · x
ξm−2

m
m−1 (1− x1 − · · · − xm−1)ξ

m−1
m

)
dxm−1 · · · dx1.
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S1k (N) = ∑
N≥n1≥···≥nk≥1

1
n1···nk

Label N sites as follows:
•
1
•
2
•
3
. . . •

N−1
•
N

We start a random walk at site “N”, with the rules: (as a pawn)

P (i → j) = the probability from site “i” to site “j” =
{
1/i , if j ≤ i ;
0, if j > i .

namely:
one can only jump to sites that are NOT to the right of the current site, with
equal probabilities;
steps are independent.

For example, suppose we are at site “6”:

•
1
•
2
•
3
•
4
•
5

here
•
6
•
7
•
8
. . . •

N

Then, the next step only allows to walk to sites {1, 2, 3, 4, 5, 6}, with probabilities:

P (6→ 6) = P (6→ 5) = P (6→ 4) = P (6→ 3) = P (6→ 2) = P (6→ 1) =
1
6
.
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S1k (N) = ∑
N≥n1≥···≥nk≥1

1
n1···nk

•
1
•
2
•
3
. . . •

N−1
•
N

Therefore, a typical walk is as follows:

STEP 1: walk from site “N” to some site “n1 (≤ N)”, with P (N → n1) = 1
N ;

STEP 2: walk from site “n1” to some site “n2 (≤ n1)”, with P (n1 → n2) = 1
n1
;

· · · · · · · · · · · · · · · · · ·

STEP k + 1: walk from site “nk” to site “nk+1 (≤ nk )”, with P (nk → nk+1) = 1
nk
.

Focus on P (nk+1 = 1):

P (nk+1 = 1) =
∑

All possible paths

1
N

1
n1
· · ·

1
nk

=
∑

N≥n1≥···≥nk≥1

1
Nn1 · · · nk

=
S1k (N)

N
.
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S1k (N)

On the other hand, the transition matrix of sites {1, . . . ,N} is:

PN|1 =


1 0 · · · 0
1
2

1
2 · · · 0

...
...

. . .
...

1
N

1
N · · · 1

N


i.e.,

PN|1 =
(

p(1)
i,j

)
with p(1)

ij = P (i → j) =
1
i
.

Therefore, after k + 1 steps, entries of Pk+1
N|1 give the transition probabilities among

sites. In particular, (
Pk+1

N|1

)
N,1

= P (nk+1 = 1) =
1
N

S1k (N) ,
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Matrix Representation
S1k (N)→ Smk (N)→ Sak (N)→ Sa1,...,ak (N)

Recall
Sa1,...,ak (N) =

∑
N≥n1≥···≥nk≥1

sign (a1)n1

n|a1|1

× · · · ×
sign (ak )nk

n|ak |
k

For l = 1, . . . , k

PN|al =


sign (al ) 0 · · · 0

1
2|al |

1
2|al |

· · · 0
...

...
. . .

...
sign(al )N

N|al |
sign(al )N

N|al |
· · · sign(al )N

N|al |

 .

THM.
Denote a0 = 1, then

Sa1,...,ak (N) = N ·
(

PN|a0PN|a1 · · ·PN|ak

)
N,1

= N ·

(
k∏

l=0

PN|al

)
N,1

.
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Sak (N) with a > 1

M(N+1)|a =


1 0 · · · 0 0
1
2a

1
2a · · · 0 1− 1

2a−1
...

...
. . .

...
...

1
Na

1
Na · · · 1

Na 1− 1
Na−1

0 0 · · · 0 1

 =

 PN|a

−−−−−−→(
1− 1

la−1

)
(0, . . . , 0︸ ︷︷ ︸

N

) 1



•
1
•
2
•
3
. . . •

N
•
N

with
P (N→ N) = 1 and P (i → N) = 1−

1
ia−1 .(

Pk+1
N|a

)
N,1

=
(

Mk+1
(N+1)|a

)
N,1

= P (nk+1 = 1) =
1

Na Sak (N) .
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Diagonalization
a = 1

PN|1 =

 1 0 · · · 0
1
2

1
2 · · · 0

...
...

. . .
...

1
N

1
N · · · 1

N

 and
(

Pk+1
N|1

)
N,1

=
1
N

S1k (N)

PN|1 = QN|1 diag
{

1, . . . ,
1
N

}
Q−1

N|1 ⇒ Pk+1
N|1 = QN|1 diag

{
1, . . . ,

1
Nk+1

}
Q−1

N|1.

QN|1 =

( (
i−1
j−1

)(
N−1
j−1

)) and Q−1
N|1 =

(
(−1)i+j

(N − 1
i − 1

)(i − 1
j − 1

))
1
N

S1k (N) =
(

Pk+1
N|1

)
N,1

=

N∑
l=1

1
lk+1 (−1)l−1

(N − 1
l − 1

)
,

K. Dilcher:
N∑

l=1

(−1)l−1
(N

l

) 1
lk

=
∑

N≥n1≥···≥nk≥1

1
n1 · · · nk

= S1k (N) .
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Diagonalization
a > 0

PN|a =


1 0 · · · 0
1
2a

1
2a · · · 0

...
...

. . .
...

1
Na

1
Na · · · 1

Na

 and
(

Pk+1
N|a

)
N,a

=
1

Na Sak (N) .

Diagonalization implies:

Sak (N) =

N∑
l=1

 N∏
n=1
n 6=l

na

na − la

 1
lak .

Recall

S1k (N) =

N∑
l=1

(−1)l−1
(N

l

) 1
lk
.

When a = 1,
N∏

n=1
n 6=l

n
n − l

= (−1)l−1
(N

l

)
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More

S (f ; k; N) :=
∑

N≥n1≥···≥nk≥1

f1 (n1) · · · fk (nk ) .

Define f0 (x) = 1
x and for l = 0, . . . , k

PN|fl :=


fl (1) 0 · · · 0
fl (2) fl (2) · · · 0
...

...
. . .

...
fl (N) fl (N) · · · fl (N)

 .

THM.

1 It holds that

S (f ; k; N) = N ·

(
k∏

l=0

PN|fl

)
N,1

.

2 If {fl (1) , . . . , fl (N)} are all distinct, then

PN,fl = QN,fl diag {fl (1) , . . . , fl (N)}Q−1N,fl
.

Entries are calculated explicitly.
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S (f ; k ; N) := ∑
N≥n1≥···≥nk≥1

f1 (n1) · · · fk (nk) .

k = 1 and f1 (x) = x , i.e.

∑
N≥n1≥1

n1 =
N (N + 1)

2
⇒

N∑
l=1

(−1)N−l lN+1
(N

l
)

=
N (N + 1) !

2
;

f1 ≡ · · · ≡ fk = f and f (m) = am, (am)N
m=1 of distinct numbers:

∑
N≥n1≥···≥nk≥1

an1 · · · ank =
N∑

j=1

 N∏
m=1
m 6=j

1
1− am

aj

 ak
j ,

a general result by Zeng: which, when taking aj = a−bqj+i−1

c−zqj+i−1 and N = n− i + 1,
“turns out to be a common source of several q-identities”
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What’s Next?

Is there a systematic “algorithm” to use this “diagonalization
technique”?
The integral representation leads to

B2k = (−1)k+1

(1− 21−2k) (2π)2k

∫ 1

0
ln2k

(
λ

1− λ

)
dλ.

It holds that

lim
k→∞

S2k (∞) = 2⇒ lim
k→∞

1
(2k)!

∫ 1

0
ln2k

(
λ

1− λ

)
dλ = 2.
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End

Thank You!
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