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MoB evaluates the definite integral

/Ooof(x)dx

(most of the time) in terms of SERIES, with ONLY SIX rules:

Defintion [ |

_ =) (=1)°
o= T (n+1)

and

R
¢1,...,r = ¢n1,...,n, = ¢n1¢n2 c ¢n, = H (lsn,w
i=1

MoB
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Rules (P-Production; E-Evaluation) / = /5 f (x) dx

oo
Pi: f(x)= z:anx"‘"‘*'ﬁ_1 = foo f(x)dx — Za,, an + B)=—Bracket Series;

n=0
Poi Fora <0, (a1 4 +a)" = Y ¢u.. 3y ap odptoctnd,

nye.snp
P3: For each bracket series, we assign index=# of sums— # of brackets;

Ex: > ¢nf (n) {an+ ) = IDC\ f (n*)T (—n*), where n* solves an+ 3 = 0;

.
. f(nf,.“,n:‘)nr(—n?)
B 30 ¢rof(n,on) [[anm + -+ aiwne + 6) = ——57——
ni,...,Nr i=1
aunm+---+ayn+ca =0
(n},...,ny) solves ¢ ... e

aam—+---+apn+c =0

E3: The value of a multi-dimensional bracket series of POSITIVE index is obtained by
computing all the contributions of maximal rank by Rule E,. These contributions to
the integral appear as series in the free parameters. Series converging in a common
region are added and divergent series are discarded. Any series producing a non-real
contribution is also discarded. @28
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Ramanujan’s Master Theorem[RMT]

Theorem[RMT]

o (1) ﬂxzf... X — a(—s S
/o {(0) X+ }d_( e

/ &= (Zqﬁna(n)X”) dx = a(—s)l(s)
0 n=0
(2) [Hardy]

eH(§):={s=o+it:0>-6,0<d<1};
o) (x) € C= (H(5)); 3C, P, A, A < 7 such that [¢ (s)| < CeP5+Alf\ Vs € H(5)

00<C<(5 \U(X) :27”‘/15-%%00 o w( ) —sdx 0<x<e Z¢(k)( X

c—too sin(ms)

- v (x Xs 1(I'X = —S).
/0 (*) sin (7s) ¥(=s)
MoB
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Rules Again
Theorem[RMT]

oo

/ x571 Zd)na(n)x" dx =a(—s)l(s)
0

n=0

(1) Integrand—Power Series;
(2) Keep Track of s;
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Rules Again
Pu £ (x) = a7 = [F (x) o Yanfan+ 5= 1 5]

n=0

[Just a definition
[RvT |
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Rules Again

Theorem[RMT]

/°° X1 {Z dna(n) X"} dx =a(—s)l(s)

(1) Integrand—Power Series;
(2) Keep Track of s;
(3) Apply the Formula;




Rules

The method of brackets (MoB) Ramanujan’s Master Theorem (RMT)
Examples
Recent result

Rules Again

P f(x)= z:éinxom_*—ﬁ_1 = fooo f(x)dx — Za” <an+6>

n=0

[Just a definition
Ev: 3 ¢nf (n) (an+B) = %(\_n*)v n” solves an+ 3 =0;
| |
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Rules Again

Theorem[RMT]

1) Integrand—Power Series;
2) Keep Track of s;

3) Apply the Formula;

4) Multiple Integrals;

/ / Z a(m, n) x"y"dxdy =?
o Jo

(
(
(
(
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Rules Again
Za xonth=1l o fo x) dx Zan an—|—6)

[ Just a definition ]
Ei: Y 0uf (n) (an+ ) = CIT) o colves an+ 5 = 0

E2:’ Iteration of RMT ‘

r f(niﬁ77n;k)Hr(7n;k)
Z o1,..., rf(n17~~~7nr)H<ai1nl + -t apn +c) = \det/l\Tl

ny,...,np i=1
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Rules Again

Theorem[RMT]

) Integrand— Power Series;
) Keep Track of s;

) Apply the Formula;

) Multiple Integrals;

/ / Z a(m, n) x"y"dxdy =?
o Jo

(5) More Sums than Integrals (brackets);

/Oofl(x)fz(x)dx:/wZa(m,n)medX:Za(m,n)(m—}—n—i—l) =7

m,n

(1
(2
3
(4

MoB
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Rules Again
Za xonth=1l o fo x) dx Zan an—|—6)

Ps: Index=+# of sums— # of brackets;
Ei: Y ¢af (n) {an+ B) = %, n* solves an+ 3 = 0;

E2:’ Iteration of RMT ‘

r f(niﬁ77n;k)Hr(7n;k)
Z o1,..., rf(n17~~~7nr)H<ai1nl + -t apn +c) = \det/l\Tl

ny,...,np i=1
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Rules Again
Za xonth=1l o fo x) dx Zan an—|—6)

Ps: Index=+# of sums— # of brackets;
Ei: Y ¢af (n) {an+ B) = W, n* solves an+ 3 = 0;

E2:’ Iteration of RMT ‘

r f(niﬁ77n;k)Hr(7n;k)
Z o1, F(n1,...,nr) H (aipni + -+ + awnr + ¢) = \det/l\Tl

i=1

E3: The value of a multi-dimensional bracket series of POSITIVE index is obtained
by computing all the contributions of maximal rank by Rule E>. These contributions
to the integral appear as series in the free parameters. Series converging in a common
region are added and divergent series are discarded. Any series producing a non-real
contribution is also discarded. a5

[e]
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Rules Again

Theorem[RMT]

) Integrand— Power Series;
) Keep Track of s;

) Apply the Formula;

) Multiple Integrals;

/ / Z a(m, n) x"y"dxdy =?
o Jo

(5) More Sums than Integrals (brackets);

/Oofl(x)fz(x)dx:/wZa(m,n)medX:Za(m,n)(m—}—n—i—l) =7

m,n

(1
(2
3
(4

(6) Extra. ok
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Rules Again

Za xonth=1l o fo x) dx Zan an—|—6)

ny (—a+nm+---+n.) .

Pz.Foroc<O, (al+-~~+a,)°‘ — Z ¢1,.4.,r 1 st ay S

ny,...,ne

Ps: Index=+# of sums— # of brackets;
Ei: Y ¢af (n) {an+ B) = W, n* solves an+ 3 = 0;

E2:’ Iteration of RMT ‘

r f(niﬁ77n;k)Hr(7n;k)
Z o1, F(n1,...,nr) H (aipni + -+ + awnr + ¢) = \det/l\Tl

i=1

E3: The value of a multi-dimensional bracket series of POSITIVE index is obtained
by computing all the contributions of maximal rank by Rule E;. These contributions
to the integral appear as series in the free parameters. Series converging in a common
region are added and divergent series are discarded. Any series producing a non-real
contribution is also discarded. a5

[e]
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M (~a)
(@t +a)

00
_ / X—a—le—(al+~~~+ar)xdx
0

—a "

> 1
— / x—OTlgmax gmax | g=manX gy
0

r o0
= / x| DC o (ax)™ | dx
0 i=1 \ n;j=0
Y n L oane mAen—a—1
[ S o
0 ni,...,Nr
= > At a (—at+m+-40,)
ni,...,Nr
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SETIES
= /OO xJo(xy)L =y te ¥ [y >0 Re(a) > 0]
Jo v a2 + x2
Rule P;:
1 _ (2 -3 2m 2n2<%+n1+ng>
vFa - @) ‘%"”’23 T
Jo (xy) .
y " .
0 (Xy) = Z¢n3mx2 3
n3
Rule Py
2n3 am 1 2np+2n3+1
/ 2. s n3+1)r()22n3<"1+"2+5>x dx
ny,n2,n3

2n332n1 1
Z 01,23 ili v ;”l+”2+9><h2ﬂ2’§+2”3f2>_



SETIES

ny free: "2*

ny free : | =

Es:
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1
| = — cosh (ay) —
y

2n3 2m 1
I'= E <f>1,2,3—12 "1+"2+£ (23 + 2n3 +2) ;
rns+ 1)1 (}) 223
ny,na,ng ( : ) 2
—% —nl;n; = —%+n1;det:2:
1 y2m—1,2m 1 1
I = - d),,l Fr{m+-|r{—n+-
22 r(n1+;)r(;)2znr1 2 2
ny 2 2
oo
1 ay 2n (% = nl)
S E Pnp | — ————— = —cosh(ay);
y 2 r(l) y
ny=0 2
ad r("2+%) 2np+1 i)
ﬁ T(=r) (%) =0; n3 free :I:Series:7¥;
—m
=0
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Multi-dim

I:/ f(x12+---+x,3,) dxi - - dXm
Rm
() Usual method: By the n-dim spherical coordinate that r = x 4 - - - 4+ x2 and

x1 = rcos(¢1), 0< ¢ <m,
x2 = rsin(¢2) cos(¢2), 0< ¢ <,

Xp—2 = rsin(¢1) -+ - sin (¢m—3) cos (pm—2), 0 < pm—2 <,
Xp—1 = rsin ((]31) ---sin (¢m—2) Ccos ((]3,,,71) s 0 S ¢m71 S 27l',
Xn—1 = rsin(¢1) - -sin (¢pm—2)sin (pm-1), 0<r < oo,

we have

dxi - dxm = r" T sin™ 2 (1) - - - sin (Gm_2) drdy - - - dpm_1.

I = 27% /Oor'"flf r? dr} ! .
{0 ) r(%)Mog oz

Thus,




Rules

The method of brackets (MoB) Ramanujan’s Master Theorem (RMT)
Examples
Recent result

Multi-dim

I:/ f(x12+---+x,2,,)dx1--~dxm
]Rm

(I1) The method of brackets: Suppose

FR) =3 et
=0
then,

/oo () dr = Y dra () @1 m) = Y dra () @1+ m) = 5a (-5 T (5)
0 / !

So it suffices to show that

=t (D) (3)] g e (D)
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Multi-dim

Direct computation shows:

I = 2"’/ ¢,a(/)(xf+-..+x,3,)’ dxi - - - dxXm
L
m - / 2n 2n
= 2 1... m m
/Rm dia(l) Z e X1 X ™dxy -+ - dx,
A Moo
ny 4 Anm=I
/ 1
= 27 / m - .
Sowal) Y e I ,mH<2nj+1>
I=n+---+nm niy...,Nm j=1
= AC..
(-9
= 5 )
as desired.
VioB
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Multi-dim

- 1
| xPm ™ dxy - - - dXm

m
1
= S Gonm? i s+ o+t nm) [ (om o+ )

no,Ni,...,Nm j=1
1 1 1 1 no s 8
ORI ROM N N o I Il I B
0 0 0 0 1 Nm Pm 0

detA=1, nfzfpj,ijl,...,m and ng =p1 +---+ pm—s.

MoB
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Null/Dive gent Series

)di
o) = [ el

2
1 5P 4"
Ko (x) = = I'(—n) — and K| C—_—
0 (x) 2Z¢n (—n) T o ( Zd’n r(_n —E
e 2
s
/ x* 7 Ky (x) dx = 2°72T (5)
0
oo oo
/ x571K0 (x) dx / x571K0 (x) dx
0 0

o r (n+ l)2 n T et x2N
= X1 ¢ N2 de E énl (—n) ﬁdx
E : " T (=n) 2n+1 0 2 4
0
n

) ¢"r(n+§)24" PR = E 30" (204 5)
> r(=n)
n 2
2 - 2572r <s>
2572[_ (§> '

Lin Jiu
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Connection

A. Kempf et al. study Dirac-delta function to obtain the following

formulas:

b . eab_eaa
/af(x)dx = lim F(0) =,
/OO Fx)dx = lim 2 (~10.)8(c) = 270 (10:) £ (<)
o e—

00 _ 1
/0 f(x)dx = E||_r:10f(—8€) o
0 ) 1
me(x)dx = lim F(0.)=,

00 _ 1
| feode = limr(=0.) +f (@] -

where 0. denotes the derivative with respect to €.

MoB
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Example

Recall that for the derivative operator 0., so that
e of(e)=Ff(e+a).

I = g lmn(e— o) +c) = (In(e+0)+ o)

= 2llim [In(s—L)—In(e—&—L)]:Z(_T—?):5,

L e—0
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Remark

| = / 12¢nr(n+1)x2n+1dx

0 X7 F(2n+2)
_ Xn:¢nrr((2'11—:_12))<2n+1)
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Proofs

D. Jia, E. Tang, A. Kempf, “present a list of propositions that put
the above integration by differentiation methods on a rigorous
footing.”

/OO Fx)edx = lim F(—0,) ¢
0 a—o0 Y y ’

provided that f : R — R is entire and Laplace transformable on
Ry. Formal/Key idea:

/ f(x)e¥dx = / Z cax"e Y dx
0 0 _
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Formal Connection

_— o0 = -1
|_ _€Xf d _ | —E&X an - d
i, 0 =ty e (3 e ’

n=0
00 )
= lim an/ e~ xntB-1 gy
e—0 =0 0
o0 [e%e]
_ Iimoz an/ ((_8E)an+ﬂ—1 o e—sx) dx
e— —0 0
o o0
— lim an (_8E)an+ﬁflo/ e~ dx
e—0 =0 0
_ 1
= limf(=0:)o~.
e—0 &

MoB
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Formal Connection

Recall P;:

e}

f(x)= Z anx P 1:>/ an(anJrﬂ).

= n

Formally,
(a) ::/ x*ldx.
0
and -
(a). ::/ x*le™dx = lim (a), = (a).
0 e—0
Therefore

Yoanfan+ ) = lim> alan+t p),

n
oo
. —1 —
= lim an XAl gmex gy
e—0
- 0

lim e f (x) dx.

£—0 MoB
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Possible Future Work

m Connect MoB to IbD, and provide rigorous proofs of the
former.

m Ramanujan’s Master Theorem.
m Extension to other intervals.

m etc.
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