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Bernoulli Numbers & Bernoulli Polynomials

Definition

Bernoulli numbers B, and Bernoulli polynomials B, (x) are given by their
exponential generating functions:
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Umbral Calculus

Key ldea:

B" — B, : i.e., super index<lower index.

Why?
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Umbral Calculus

Key ldea:
B" — B, : i.e., super index<lower index.

Why?

Simplification

Faulhaber's formula:

Bn+1 (N + 1) - Bn+1
n+1 '

= (BN op)

= (AN-H : /;) (B + x)" dx
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Umbral Calculus (Cont.)

Visualization

Bl (x) = nB,_1(x) & [(B+x)"]" =n(B+x)"".
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Umbral Calculus (Cont.)

Visualization

Bl (x) = nB,_1(x) & [(B+x)"]" =n(B+x)"".

New Aspect (Probabilitistic Interpretation)

dp(t) on Rs. t. (moment)

B”:/t"p(t)dt.
R
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Probabilitistic Interpretation

Theorem|[Density of ](A. Dixit, V. H. Moll, and C. Vignat)

B~ ulg— % where

1> = —1, Lg has density gsech2 (mt) on R
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Probabilitistic Interpretation

Theorem|[Density of ](A. Dixit, V. H. Moll, and C. Vignat)

B~ (lg — % where

1> = —1, Lg has density gsech2 (mt) on R

Probabilitistic Interpretation

1 n
Bn =B"=FE [Bn] = g/ <Lt — 2) SeCh2 (7Tt) dt.

R

By = (Bl = %/R <x +ot— ;)nsech2 (rt) dt.
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Probabilitistic Interpretation (Cont.)

The uniform symbol U/ is defined by the uniform distribution on [0, 1],
with evaluation/expectation:

1
1
":E n = J = —\
U "] /Otdt e
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Difference

n
For polynomial P, (x) = > axx”
k=0

Po(x+B+U) =) ax(x+B+U)"=> aex" = Py(x).
k=0 k=0

Now let P, ; (x) = x""!, we have

1
x"1 = (x+B+u)”‘1:/ (x+B+u)""du
0
]‘ n n
= E((x+[5‘+1) —(x+B)")
= B, (x+1) — B,(x) = nx"!
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M Bernoulli:
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Norliind: 8 symbol

t \* = £n )
( ) e* =Y BP(x)= o BP =(Bi+ - +B,+x)".

et —1

Theorem [Lucas Formula (1878)]
n n\ o,
™ = (1-2) 6 - n6l2s = (17 p( ") "2 (5),.
where (3), = (8 +1)--- (3 + p—1) is the Pochhammer symbol and

B,
gr==n,
n
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Definition
1 £ 1

Cr(nla'-'anr): Z o nr Z G o m
0<ky <- <k b oo bg Ky erskp=0 bt (ka4 ko) - (ko oo k)™

B. Sadaoui’s analytic continuation is based on Raabe's identity by linking

(n) / dx
n) =
Jit,00)r (xit+a) --(xat+a+-+x+a)"

YB

to the multiple zeta function

1

Z(n =
(n.2) (ki +z1)" (ke + 2o+ + k4 2)"
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MZV: C symbol (Cont.)

Theorem(Sadaoui)

r n
2ni— > kitr—j+1

L BRI
C(*I‘l, ’ n) - (71)f - T !
' ' r kz,Z.,k,n+r7kj:22r:n,'—_n'k,'+r—j+1
i=j i=j
n—+r—k\ rka k
x 3 ( I )(/2) (/:)BllmB”’
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MZV: C symbol (Cont.)

Theorem(Sadaoui)

r n
2ni— > kitr—j+1

1 . = i:j+kl )
C (7’7 ’ ’ n) - (71)r = = g
' ' ' kzz:,k,n+r7kj:22r:n,—zn:'k,+r—1+1
i=j i=j
n—+r—k\ rka k
x 3 ( I )(/2) (/:)B’l Bi

n _ r _
n=>nj,k=>kjky,...ky >0, [ < kjfor2<j<rand h <na-+r+k.
j=1 j=2

Theorem(L. Jiu, V. H. Moll and C. Vignat)

Cr (—”17 cees —”r) - H (_1)nk Cln,kj,lk’
k=1
where = BY Cf,z - (C1+ Bo)"

= —f7-"7cl,...,k+1:
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MZV: C symbol (Cont.)

(-1 eptt - (—1° et
~ (-1 C1+Bz

= (-1)° (c"+2 + B2t

o ( 1) n+2_EBn+1
n—+2 2n+1

¢2 (—n,0)

n+1
Cl
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MZV: C symbol (Cont.)

s (P
~ (-1 Cl—‘rBz

- ot s

_ ( 1) n+2_EBn+1
n+2 2n+1]"

¢2 (—n,0)

n+1
Cl

Cr (7’713 sy T Npy 21, 7Zr) - H( )"k an+1 (217' . '1Zk)

k=1

We have results on recurrence, generating functions, quasi-shuffle identities.
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MZV: Another Approach

S. Akiyama and Y. Tanigawa uses Euler-Maclaurin summation formula to
derive (the recurrence)

Cr—1(—=n1,...,—nr—2,—nr—1 — n, — 1)
—ny,...,—nN = —
Cr ( 1, ) r) 14 n,
o Cr—1 (7”1, ceey T Np—2, —Nr—1 — nr)
2

ne

+ Z (_nr)q aq‘Crfl (_’717 ey —Np—2,—Np—1 — Nr + q) B
q=1

where ag = Bgy1/ (g + 1)L
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MZV: Another Approach

S. Akiyama and Y. Tanigawa uses Euler-Maclaurin summation formula to
derive (the recurrence)

Cr—1(—=n1,...,—nr—2,—nr—1 — n, — 1)
—ny,...,—nN = —
Cr ( 1, ) r) 14 n,
o Cr—1 (7”1, ceey T Np—2, —Nr—1 — nr)
2

ne

+ Z (_nr)q aq‘Crfl (_’717 ey —Np—2,—Np—1 — Nr + q) B
q=1

where ag = Bgy1/ (g + 1)L

Cr (*"17 coo0g *nr) - H (71)nk Cf,k+,1k

k=1
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Hamburger moment problem

Theorem[Density of ](A. Dixit, V. H. Moll, and C. Vignat)

B~ ulg— % where

1“ = —1, Lp has density gsech2 (rt) on R
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Hamburger moment problem

Theorem[Density of ](A. Dixit, V. H. Moll, and C. Vignat)

B~ ulg— % where

1> = =1, Lp has density gsech2 (rt) on R
Question: Whether sech? is unique. (Hamburger< R)
Answer: Yes, (thank to Prof. K. Dilcher)

2n!
(2m)"

bn <
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Jacobi Sequence

Lg ~p(t) = %sech2 (mt) gives a measure on R: dyu (t) = p(t) dt. Then,
it is natural to consider the corresponding orthogonal polynomial
sequence (OPS) {P, (x)} = _,(leading coefficient 1):

Pri1 (x) = xPy (x) — wpPp—1(x).P-1(x) =0, Py(x) = 1.

Sequence {w,},~, is called the Jacobi sequence.
M Existence of OPS; v/
B Computation of w,. Conjecture. [Mathematica]

n4

4(2n—1)(2n+1)

wp =

However, it is just a simple tranform of a known result.
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Perhaps, evaluation of the following series is interesting:

Thank you
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