
Visualization of Bernoulli Numbers

Lin JIU

October 12, 2017



Outlines

Experimental Mathematics

Bernoulli Numbers and Polynomials



NOT



NOT



Game



Game



Round 1



Round 1



Round 1

π = 3.141592653589793238462643383279 · · ·

π − 3 = 0.141592653589793238462643383279 · · ·
[base 4] = 0.02100333122220202011220300203103010301212022023200000 · · ·

0→ E, 1→ S, 2→W, 3→ N



Round 1

π = 3.141592653589793238462643383279 · · ·
π − 3 = 0.141592653589793238462643383279 · · ·

[base 4] = 0.02100333122220202011220300203103010301212022023200000 · · ·

0→ E, 1→ S, 2→W, 3→ N



Round 1

π = 3.141592653589793238462643383279 · · ·
π − 3 = 0.141592653589793238462643383279 · · ·

[base 4] = 0.02100333122220202011220300203103010301212022023200000 · · ·

0→ E, 1→ S, 2→W, 3→ N



Round 1

π = 3.141592653589793238462643383279 · · ·
π − 3 = 0.141592653589793238462643383279 · · ·

[base 4] = 0.02100333122220202011220300203103010301212022023200000 · · ·

0→ E, 1→ S, 2→W, 3→ N



Round 1

π = 3.141592653589793238462643383279 · · ·
π − 3 = 0.141592653589793238462643383279 · · ·

[base 4] = 0.02100333122220202011220300203103010301212022023200000 · · ·

0→ E, 1→ S, 2→W, 3→ N



Normal Number

For number n, consider in any base b,

n = NlNl−1 · · ·N1N0︸ ︷︷ ︸
Integer Part

.n1n2n3 · · · .

Then, for any a ∈ {0, 1, . . . , b},

1
b
= lim

k→∞

# of a appearing in {Nl , . . . ,N0, n1, . . . , nk}
l + k

.

Champernowne’s number : 0.12345678910111213 · · ·
Copeland–Erdős constant : 0.2357111317 · · ·

Only in base 10.

Chaitin’s Constant halting probability
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tan (x + y) =
tan x + tan y

1− tan x tan y

xn := tan

(
n∑

k=1

tan−1 (k)

)
⇒ xn =

xn−1 + n

1− nxn−1
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Partition Function
The partition function p (n) =# of ways to write n as a sum of integers.

p (5) = 7, since

n = 5
= 4+ 1
= 3+ 2
= 3+ 1+ 1
= 2+ 2+ 1
= 2+ 1+ 1+ 1
= 1+ 1+ 1+ 1+ 1

Ramanujan’s Congruences

p (5n + 4) ≡ 0 (mod 5),
p (7n + 5) ≡ 0 (mod 7),
p (11n + 6) ≡ 0 (mod 11).
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Definition

The Bernoulli numbers (Bn)
∞
n=0 and Bernoulli polynomials (Bn (x))

∞
n=0

can be defined by

t

et − 1
=
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n=0

Bn
tn

n!
and

text

et − 1
=
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n=0

Bn (x)
tn

n!

with the relation

Bn (x) =
n∑

k=0

(
n

k

)
Bn−kx

k .

B0 = 1, B1 = −1
2
, B2 =

1
6
, B3 = 0, B4 = − 1

30
, . . .

B0 (x) = 1, B1 (x) = x − 1
2
B2 = −x2 + x +

1
6
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Bernoulli (Random) Symbol

Let L ∼ π
2 sech2 (πt) and B ∼ ıL− 1

2 , then

Bn = E [Bn] = π

2

∫
R

(
ıt − 1

2

)n

sech2 (πt) dt

and

Bn (x) =
π

2

∫
R

(
x + ıt − 1

2

)n

sech2 (πt) dt = E
[
(B + x)n

]
.

By omitting expectation operator E, we have

Bn = Bn and Bn (x) = (B + x)n .

B ′n (x) = nBn−1 (x) ⇔
d
dx

(B + x)n = n (B + x)n−1
.
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Faulhaber’s formula

1+ 2+ · · ·+ n =
n (n + 1)

2

12 + 22 + · · ·+ n2 =
n (n + 1) (2n + 1)

6

13 + 23 + · · ·+ n3 =

(
n (n + 1)

2

)2

· · ·

1k + 2k + · · ·+ nk =
Bk+1 (n + 1)− Bk

k + 1
.

Example
B1(n+1)−B1(1)

n+1 = n(n+1)
2 counts number of integer points in the triangle

(0, 0), (0, n) and (n, 0).
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(Generalized) Motzkin Numbers

Mn+1,k = Mn,k−1 +Mn,k +Mn,k+1

Generalization:

Mn+1,k = Mn,k−1 + skMn,k + tk+1Mn,k+1
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Let sk = 1/2 and tk = − (k − 1)4 / (4 (2k − 3) (2k − 1))

Mn+1,k = Mn,k−1 +
1
2
Mn,k −

k4

4 (2k + 1) (2k − 1)
Mn,k+1

Then, Mn,0 = Bn for n ≥ 2, but M1,0 = 1
2 and B1 = − 1
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Bernoulli Numbers

M =
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1
2 1 0 0 0 · · ·
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2 1 0 0 · · ·

0 − 4
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1
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...

...
...

...
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7 2
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4
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1470 − 25
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− 9
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1225
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196 − 31

98
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Fibonacci Number

1, 1, 2, 3, 5, 8, 13, . . .

Fn+1 = Fn + Fn−1

Fn =
1√
5

[(√
5+ 1
2

)n

−
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5− 1
2

)n]
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Fn+1
Fn
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=

(
1 1
1 0

)(
Fn

Fn−1
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End

Thank you!
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