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Let L ~ Z sech®(nt) and B ~ 1L — 1, then

B, =E[B"] = g/R (zt - ;) sech? (wt) dt

and

1 n
Bn(x):z/ (x-i—zt—) sech’ (rt)dt = E [(B +x)"] .
2 Jr 2
By omitting expectation operator E, we have

B, =B"and B,(x) = (B+x)".
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Proof.

Lemma
Uniqueness is equivalent to existence of constants C and D, such that

|bs| < CD"nl.
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Theorem (Faa di Bruno's formula)
For moments (m,)~, and cumulants (r,)., it holds that

My = Yo (K1, .. 6n) and kp =3 (=1 7 (k= )Y (ma,. .., Ma_ss1),
k=1

where, the partial or incomplete exponential Bell polynomial is given by

nl x1 \ /1 Xn— ki1 Jn—k+1
Yok (0,0 X kia) = DY E— (ﬁ) (m :
it tin—ky1=k

Ji+2ja+ A (n—k+1)jp_ gy q=n

and the nt" complete exponential Bell polynomial is given by the sum

G

Yo, oo s xn) = 3 Yok (xl,.“,x,,_kﬂ): > n' . (Ll)kL..

Pt kgl- - kpt \ 11
k={1,..., 1,0, . ..,n|kFn
—_—

k1 kn
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2n
B n 1 1
2 E — D)!Yan i (Bo (2) yovos Ban_ki <2>> .
k_

The first result can be reduced to

Y, (_Bz-l! By k! ): k!B (3) k! (22k L

221777 (2k) - (2k)! K~ (2K

1) Bax.

Theorem (M. Hoffman)

k! B By-1! By-2! Bay - k!
22k 2k + 1)1 2.217 44177777 (2k) - (2k)!
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Continued Fractions & Orthogonal Polynomials

(mn)nZo ~ mp = AXndﬂ (x) < (Pn (x))521 ~ ,/R Pn (x) Prm (x) dpe (x) = Cndim,n
= Pn1(x) = (x + sn) Pn (x) — taPn—1(x)
= Z mpx" = 1— motlix

ToX
1—s3x— i




Continued Fractions & Orthogonal Polynomials

(M) ~ my = /IR () S (Po ()2 ~ /R Po (%) P () it (x) = Cadim»

= Puy1(x) = (x4 sn) Pn(x) — taPp_1 (x)

mo
= E mpx" =
1_50X_17XH
1—s3x— 712.”

4
Letm,,:b,,:|Bn % | then s, = 0 and tn:m.
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mo  mi -- mp
. my mz2 - Mpp
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Hankel Determinant

det <(m"+l')7,j:o> = det
mn

“Chapter 24"
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Mpt1

m2p



Hankel Determinant

mo m o mn
n my m2 o Mpt1

det ((m,-+j)l.7j:0> = det
mp  Mpy1 te m2p

“Chapter 24" NIST:DLMF

det ((B,-H)ZJ.:O) = (-7 e



Hankel Determinant

mo my Mmp
n my m2 Mpt1
det ((m,-+j)l.7j:0> = det :
mp  Mpy1 m2p

“Chapter 24" NIST:DLMF

(fie)
Hk!)
n ) 1 w k=1

det ((Biﬂ') i,j=0

e 1/6
Z Bk+zxk = #, where §; =
k=0 1-

B2x2
-5

i(i+1)%(+2)
4(2i+1)(2i +3)
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(Generalized) Motzkin Numbers

/N N AA
Al /L AL
SN AN

Mpp1.6 = My k-1 + skcMp ko + ti i My i

- 1
E Mn 0Xn =

) t1x
n=0 1- SoX — ; f2x

1—s1x— 2=
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Example

> If s, =0and t, :=
gives 6B,12:

—%, then the corresponding M, o

)
1/6
§ Bryoxk = %
1 _ t1 X
k=0

2
tox
1-7%=
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Example
> If s, =0and t, := _zf((z,ﬁ?i)z((zﬁjé))v then the corresponding M, o
gives 6B,12:
(oo}
1/6
2 B =
k=0 12X

11—

> If s, =0and t, = W“(M_l), then M, o = |B,, (%)|
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Example
> If s, =0and t, := —ﬁgﬁll)im, then the corresponding M, o
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o0
1
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» In fact, Touchard forms the orthogonal polynomial
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Motzkin Numbers

Example
> If s, =0and t, := —ﬁgﬁll)im, then the corresponding M, o
gives 6B,12:
o0
1
e
k=0 1 B 1_;2_7X_2”
> If S = 0 and ty = W‘(”(_l)' then Mn70 = |Bn (%)|

» In fact, Touchard forms the orthogonal polynomial

n4

i1 () = (2x+1) 0 ()~ oy gy 2t ()

Trick ¢, :=27"Q,,. Moreover,

0, 0<r<m

Kn,, r=n.

B'Q,(B) = {



Motzkin Numbers

Recall the psi function
M (s) _ d(logl (s))

YO =T T s
and
d? (logT (s)) > 1
"(s) = = =((2,s).
W= TN =S e e
On one hand, the asymptotic behavior
Px+1)~ D o
k=0 >

while on the other hand, the continued fractions

W (x) = —5 g, where ap = {17 (m—1)® "
T2 s e oen T M2
Or,
2 nt
¢/(X+1):—)\, where )\, = .
2x + 14—~ 4n2 — 1

2x+1+4+ 22

Then, define the polynomial sequence (Qn (X)):io by Q-1 =0, Q =1 and
Qnr1(x) = (2x +1) Qn (x) + AnQn—1(x).
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oo Bk
!
¥ (XJrl)NZXkH
k=0
Stirling Formula

1 n2r X (-1)"'B, _
Inl — — ) _ \ =) Pn (2n—1)
nl(z) (z 2) nz—z+ > +z::12n(2n71)z
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%) Bk
!
V)~
k=0
Stirling Formula
1 In2r o (-1)""'B, ,—(2n—1)
|nr(z):(z‘5)'”_” Zl "<2"*1 :

(-1)" nlz7n~1

P (2 +1) = ¢ (2) +
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oo Bk
!
P (x+1)NZXk+1
k=0
Stirling Formula
1 In2r &
InT (z) = (z— 5) Inz—z4-——" z:l

P (2 +1) = ¢ (2) +

V(41 = (2) + -~ <1+12
z z 2z

n an —(2n 1)
n(2n*1

(-1)" nlz7n~1

Boy 1
sz+1> + z
-1
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Example
> If s = and & == —4(2k+1"7;(2k71), then the corresponding M, o
gives B, (1) = (-1)" By:
= 1
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Example

> If s = % and t; = —W, then the corresponding M, o

gives B, (1) = (-1)" By:

k=0

> B.(1)x

k:

L — ”
1+3 1+11fi—x.2,
0 0 0
1 0 0
1 1 0
3
8L % 1
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Example
> If s = and & == _4(2k+:{(7)4(2k71)' then the corresponding M, o
gives B, (1) = (-1)" By:
- 1
> By (1)xk = N
k=0 1+ % - tlxt 2
= 1+5— 2
»
O T
11
—3i5 2, } 0 0
S
0 —B 1
1 1 0 0 -5 -t 2 2
_ﬁ 1 1 0 E _ﬁ _Lg 4
Ma := 5 _£ 1o | =M= P B e b
o o _s8f 1 A S T+
140 2 350 1225 196 98
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