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Definition

The Bernoulli numbers (B,),-, and Bernoulli polynomials (B, (x))

can be defined by

The Bernoulli symbol B satisfies the evaluation rule that
B" = B,.

Treat t = Oy, and

oo
n=0



Examples

oy




Bernoulli (Random) Symbol

A. Dixit et al. show that letL ~ 7 sech? (mt) and B ~ 1L — 1, then

—E[B"] = g/R (u - ;)nsechz (rt)dt

and

B,,(x):g/}R(x—i—zt—;)nsechz(wt)d E[(B+x)"].
By omitting expectation operator [, we have
B, =B"and B,(x) = (B+x)".
Namely

t
et —1

o =[[o]



Probabilistic Interpretation

For independent random variables X and Y/, if E [eX] = F (x) and
E [e?] = G (x), then

E [ef<x+y>} — F(x) G ().

Choose X = x and Y = B, then

t
et —1

E [etx] =e¥and E [etB] =

E [et(x+6):| _ o te™ i E [(x +B)"] o

et —1 n!
n=0

B [t”] eBtext _ [t"] et.;e:tl

B, (x)=E[(B+x)"] - -




Generalization

» Bernoulli:

» Norliind:

A #n
(et—1> eX:ZBr(rp)(X)H<:>Br(1p)(x)=(x+51+~-~

n=0
» Bernoulli-Barnes: for a = (ay, ..., ax).
k oo
; t t"
et ea;tfl_ZBn(a'X)H
i= n=0
a—= (31,
B = (B,

1 2\ F_
@Bn(a;x):H(X—l—a-B) s where ¢a.B =3 aB,




Several Results

Bernoulli-Barnes

k [e9) n

etXHIeat_]_ Z ¢>B,,(ax) T(x-&-a.g)n

n=0

Theorem[L. Jiu, V. Moll and C. Vignat]

f(xfa-B> ZZ\alL* "’f>(x+(a B))

=0 |L|=¢
The multiple zeta function
R S e D :
ny,...,n) = —_— =
r 1 r 0k kfl---kfr k) Rt kfl (k1+k2)"2"'(k1+---+k,)m

Theorem[L. Jiu, V. Moll and C. Vignat]
¢ (=m,. o, —n) =[] (1™t

k=1

where
n Bn (Cl + 82) n
= nl C12 0 k1 =

.....



Uniqueness of Hyperbolic Secant Square
B~al — % Define B, := |B,, (%)| then

s n 2 > = X
B, == h . B,—
5 /Rt sech” (wt) dt (sm =/2) Z o )

n=

Theorem i,
T sech® (rt) dt is the UNIQUE density on R for (B"):io

Proof.

n+1 2 (2”)'
(1) By ~ e

Lemma
Uniqueness is equivalent to existence of constants C and D, such that

|B,| < CDnl.



Cumulants

oo oo
— " _ x] _ EX" .,
K (t) .—nz:;mnﬁ—log]E [e ] = log (;n!t .
Theorem
[Faa di Bruno's formula] For moments (mp);2q and cumulants (kg)ne, it holds that

n
mp = Yn(K1,...,kn) and knp = Z (fl)k_1 (k=Y (m1,. .., mp_gi1),
k=1

where, the partial or incomplete exponential Bell polynomial is given by

nl X1 \j1 Xp_ k1 \In—k+1
Vo (a0 ki) = > 7(;> N i L i

Jate i ka=k At dn—ksa! (n—k+1)!
J1t+2jp+ s H(n—k+1)jp_piq=n

and the nth complete exponential Bell polynomial is given by the sum

Xn

Yol om) = 32 Yok (a0 k) = > ﬁ(;)kl(f)k

et Kyl 1 nl

k=|1,...,1,...n,...,n|Fn
—— ———
ky kn



Cumulants

Theorem

and

B, = ﬂi (=) 7t (k= 1)1 Yoi <Bo (;) Y- S <;)> .

k=1

The first result can be reduced to

11 . k! k'B i !
v, <_Bz 1! By k! >_ 2k (3) _ K ~(22k*1—1) Bog.

2.2077 7 (2K) - (2k)! 2K~ (2k)!

Theorem (M. Hoffman)

v (B2l Bi-2! Bo -kl \ k!
K\ 220 4 A (2k) - (2K))) T 22K 2k + 1)1




Cumulants

Consider different moment generating function

e
My (t) =[] = 202
2
Theorem
It also holds that
1 1+(_1)I‘I k+2
B, = k—1)IY, —=_0,..., .
"Z ) k<04-30 20—k+2 (n — k + 2)
B, - 1! Boy - k! k! ot
Ve[ -222 . = = (2% t-1)B
k( 2.2 (2k)-(2k)!) (2k)! ( ) B

y, (Ba-1! Ba-2 Boc- k! '\ k!
2.2 44177777 (2k) - (2k)! ) 22k (2k + 1)!



Cumulants

B, - 1! sz kl et
i el (2
Yk( 2.2
v (B2l Bi-2! ng k'
220 4410 ~ 22k 2k+1)

and




Continued Fractions & Orthogonal Polynomials

(ma)io~ma= [ du() 2 (B (s ~ [ o) P ()i () = Gam
= Pnt1(x) = (x +5n) Pn(x) = tnPp—1(x)
= f: man = = tg x2
n=0 T X2

1— sox —

1—s3x—

tox2
[ ——

Theorem [J. Touchard]
The polynomial sequence (¢,), define by

bos2(2) = (24 3 ) 60 (2) + 0601 2

satisfies for any 0 < r < n, B ¢, (B) = 0, where

n4

4(2n+1)(2n—-1)°

Wp =



How

V1 (2) = ' (2) = (log (T (2)))"

)
B, 1
Yoo~z =
1
n:02n+ z+3 +Z++
z+1 +
— (=1)" Bn (x)

b2+ ~log(z) = > &
=1
A. Dixie et al. showed

|og(B+z):¢(‘z—l‘+l).
Theorem
1
Pn+1 (ZaX) = <Z + 5 - X> ®n (ZaX) + Wn¥n-1 (ZaX)

=B+x) pp(B+x,x)=0,V0O<r<n.
z=B+r

Z"pn(z,x)




(Generalized) Motzkin Numbers

Mpt1,6 = Mnk—1 + skcMp i + tir 1 Mp g1




Combinatorial Interpretation

Theorem
Define (M:f) o’ by Mys =1, M. =0 if k > n, and the recurrence
* ) k=0 ; :

X,W %W X, W X, W
Mn+17k - Mn,kfl + Xan,k - wk+1Mn,k+17

where x = (xn)oeq is given by x, = x — %, and w = (wn)io; by
4

Wy = W. Then, M::g = B, (x). In addition, the lattice path
interpretation allows us to define the infinite-dimensional matrix

X — % —w1 0 0 0
1 X — % —Ww» 0 0
0 1 X — %
Ry = 0 0 1 —wp 0
: x—3 —wpn
0 0 0 1 ’




Matrix Computation

Direct computations shows

1

X—1/2 12 04

Rewa = 1 x—1/2 -1
o 0 1 x—1/2

0 0 1
and

x4—2x3+x2—3—10 *
4 * *
(Rewa) = . .
* *

where noting

1
B — 4_23 2_7.
4 (x) = x x> 4+ x 30

0
0
81
140
x—1/2
*  *
*
*
o



Euler Analogue

Definition
Euler numbers (E,) -, and Euler polynomials (E, (x));,
oo Xt o0
h(t) = En E,(x PR

In addition, .
E,(x)= / (X ! + zt) sech (wt) dt.
R 2
E,=2"E, (%) = & ~ 21Lg , where L has its density function sech (t).
£ =E[€" = E

Conversely, it holds that E[L2] = (3)" E, and E [et!f] = sec (£).



Euler Analogue

> Uniqueness of sech (t) for Lg v'(—1)" Eay ~ 8+/n/7 (4n/m/e)*"

» Faa di Bruno's formula:

n 5 22k(22k71)52k
Eop=1-3" (2k11) 2k

BZn = 22n 22n 1) i ( )EZk

» Orthogonal polynomials, Motzkin number, continued fractions
o0

E.

Jj=1




Possible Extension to Nérlund Polynomials

(e ) :i B ( & BP (x)=(By+ -+ B, +x)".

n=0

M(z+ x) Nz(p_n)”B(P)(x) 1

MNz+x+1-—p)zr prd

where (a), =a(a+1)---(a+n—1).

log (By + -+ + By +2) = —H,_ 1+;zpp 11 [(;:1>w(Z_L§J)]

where H, :=1+41/2+---41/n, is the n-th harmonic number and [] is

the floor function.



End
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