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Definition
The Bernoulli numbers (Bn)∞n=0 and Bernoulli polynomials (Bn (x))∞n=0
can be defined by

t

et − 1
=
∞∑
n=0

Bn
tn

n!
and

text

et − 1
=
∞∑
n=0

Bn (x)
tn

n!

with the relation

Bn (x) =
n∑

k=0

(
n

k

)
Bn−kx

k .

The Bernoulli symbol B satisfies the evaluation rule that

Bn = Bn.

Treat t = ∂x , and
t

et − 1
• xn = Bn (x)

Bn (x) =
n∑

k=0

(
n

k

)
Bn−kxk = (B + x)n .



Examples

I

B ′n (x) = nBn−1 (x)⇔ d
dx

(B + x)n = n (B + x)n−1
.

I

eBt =
t

et − 1
⇒ e−Bt =

−t
e−t − 1

=
tet

et − 1
= e(B+1)t

⇒ −B = B + 1
⇒ (−1)n Bn (−x) = (−1)n (B − x)n = Bn (x + 1)



Bernoulli (Random) Symbol

A. Dixit et al. show that letL ∼ π
2 sech2 (πt) and B ∼ ıL− 1

2 , then

Bn = E [Bn] =
π

2

∫
R

(
ıt − 1

2

)n

sech2 (πt) dt

and

Bn (x) =
π

2

∫
R

(
x + ıt − 1

2

)n

sech2 (πt) dt = E
[
(B + x)n

]
.

By omitting expectation operator E, we have

Bn = Bn and Bn (x) = (B + x)n .

Namely
t

et − 1
• = E [•]



Probabilistic Interpretation

For independent random variables X and Y , if E
[
etX
]

= F (x) and
E
[
etY
]

= G (x), then

E
[
et(X+Y )

]
= F (x)G (x) .

Choose X = x and Y = B, then

E
[
etX
]

= etx and E
[
etB
]

=
t

et − 1

E
[
et(x+B)

]
=

tetx

et − 1
=
∞∑
n=0

E
[
(x + B)n

]
n!

tn.

Bn (x) = E
[
(B + x)n

]
=

[tn] eBtext

n!
=

[tn] text

et−1

n!
.



Generalization
I Bernoulli:

t

et − 1
etx =

∞∑
n=0

Bn (x)
tn

n!
⇔ Bn (x) = (x + B)n

I Norlünd:(
t

et − 1

)p

etx =
∞∑
n=0

B(p)
n (x)

tn

n!
⇔ B(p)

n (x) = (x + B1 + · · ·+ Bp)n

I Bernoulli-Barnes: for a = (a1, . . . , ak).

etx
k∏

i=1

t

eai t − 1
=
∞∑
n=0

Bn (a; x)
tn

n!

⇔ Bn (a; x) =
1
|a|

(
x + a · ~B

)n
, where



a = (a1, . . . , ak)
~B = (B, . . . ,Bk)

a · ~B =
k∑

l=1
alBl

|a| =
k∏

l=1
al



Several Results
Bernoulli-Barnes

etx
k∏

i=1

t

eai t − 1
=
∞∑
n=0

Bn (a; x)
tn

n!
⇔ Bn (a; x) =

1
|a|

(
x + a · ~B

)n

Theorem[L. Jiu, V. Moll and C. Vignat]

f
(
x − a · ~B

)
=

n∑
`=0

∑
|L|=`

|a|L∗ f
(n−`)

(
x +

(
a · ~B

)
L

)
.

The multiple zeta function

ζr (n1, . . . , nr ) =
∑

0<k1<···<kr

1
kn1
1 · · · k

nr
r

=
∞∑

k1,...,kr=1

1
kn1
1 (k1 + k2)

n2 · · · (k1 + · · ·+ kr )
nr

Theorem[L. Jiu, V. Moll and C. Vignat]
ζr (−n1, . . . ,−nr ) =

r∏
k=1

(−1)nk Cnk+1
1,...,k ,

where
Cn1 =

Bn1
n
, Cn1,2 =

(C1 + B2)
n

n
, . . . , Cn1,...,k+1 =

(
C1,...,k + Bk+1

)n
n



Uniqueness of Hyperbolic Secant Square
B ∼ ıL− 1

2 . Define B̄n :=
∣∣Bn

( 1
2

)∣∣, then
B̄n =

π

2

∫
R
tn sech2 (πt) dt.

(
x/2

sin (x/2)
=
∞∑
n=0

B̄n
xn

n!

)

Theorem
π
2 sech2 (πt) dt is the UNIQUE density on R for

(
B̄n

)∞
n=0.

Proof.

(−1)n+1 B2n ∼
2 (2n)!

(2π)2n .

Lemma
Uniqueness is equivalent to existence of constants C and D, such that∣∣B̄n

∣∣ ≤ CDnn!.



Cumulants

K (t) :=
∞∑
n=1

κn
tn

n!
= logE

[
etX
]
= log

( ∞∑
n=0

E [X n]

n!
tn

)
.

Theorem
[Faà di Bruno’s formula] For moments (mn)

∞
n=0 and cumulants (κn)

∞
n=1 it holds that

mn = Yn (κ1, . . . , κn) and κn =
n∑

k=1

(−1)k−1 (k − 1)!Yn,k (m1, . . . ,mn−k+1) ,

where, the partial or incomplete exponential Bell polynomial is given by

Yn,k

(
x1, . . . , xn−k+1

)
:=

∑
j1+···+jn−k+1=k

j1+2j2+···+(n−k+1)jn−k+1=n

n!

j1! · · · jn−k+1!

( x1
1!

)j1 · · ·( xn−k+1
(n − k + 1)!

)jn−k+1
,

and the nth complete exponential Bell polynomial is given by the sum

Yn (x1, . . . , xn) :=
n∑

k=1
Yn,k

(
x1, . . . , xn−k+1

)
=

∑

k=

1, . . . , 1︸ ︷︷ ︸
k1

,...,n, . . . , n︸ ︷︷ ︸
kn

`n

n!

k1! · · · kn !

( x1
1!

)k1 · · ·( xn

n!

)kn
.



Cumulants
Theorem

Bn

(
1
2

)
= Yn

(
0,−B2

2
,−B3

3
, . . . ,−Bn

n

)
,

and

Bn = −n
n∑

k=1

(−1)k−1 (k − 1)!Yn,k

(
B0

(
1
2

)
, . . . ,Bn−k+1

(
1
2

))
.

The first result can be reduced to

Yk

(
−B2 · 1!

2 · 2!
, . . . ,− B2k · k!

(2k) · (2k)!

)
=

k!B2k
( 1

2

)
(2k)!

=
k!

(2k)!
·
(
22k−1 − 1

)
B2k .

Theorem (M. Hoffman)

Yk

(
B2 · 1!

2 · 2!
,
B4 · 2!

4 · 4!
, . . . ,

B2k · k!

(2k) · (2k)!

)
=

k!

22k (2k + 1)!
.



Cumulants
Consider different moment generating function

MY (t) = E
[
etY
]

=
sinh t

2
t
2

Theorem
It also holds that

Bn = n
n∑

k=1

(−1)k−1 (k − 1)!Yn,k

(
0,

1
4 · 3

, 0, . . . ,
1 + (−1)n−k+2

2n−k+2 (n − k + 2)

)
.

Yk

(
−B2 · 1!

2 · 2!
, . . . ,− B2k · k!

(2k) · (2k)!

)
=

k!

(2k)!
·
(
22k−1 − 1

)
B2k

Yk

(
B2 · 1!

2 · 2!
,
B4 · 2!

4 · 4!
, . . . ,

B2k · k!

(2k) · (2k)!

)
=

k!

22k (2k + 1)!



Cumulants

Yk

(
−B2 · 1!

2 · 2!
, . . . ,− B2k · k!

(2k) · (2k)!

)
=

k!

(2k)!
·
(
22k−1 − 1

)
B2k

Yk

(
B2 · 1!

2 · 2!
,
B4 · 2!

4 · 4!
, . . . ,

B2k · k!

(2k) · (2k)!

)
=

k!

22k (2k + 1)!

f (x) :=
∞∑
k=0

B2kk!

(2k) (2k)!
= log

(
ex − 1

x

)
− x

2

and
∞∑
k=0

x2k

22k (2k + 1)!
=

sinh
(
x
2

)
x
2

= ef (x).



Continued Fractions & Orthogonal Polynomials

(mn)
∞
n=0 ∼ mn =

∫
R
xndµ (x)

?⇒ (Pn (x))
∞
n=1 ∼

∫
R
Pn (x)Pm (x)dµ (x) = Cnδm,n

⇒ Pn+1 (x) = (x + sn)Pn (x)− tnPn−1 (x)

⇒
∞∑
n=0

mnx
n =

m0

1− s0x − t1x2

1−s1x−
t2x2
1−···

Theorem [J. Touchard]
The polynomial sequence (φn), define by

φn+1 (z) =

(
z +

1
2

)
φn (z) + ωnφn−1 (z)

satisfies for any 0 ≤ r < n, Brφn (B) = 0, where

ωn =
n4

4 (2n + 1) (2n − 1)
.



How

ψ1 (z) := ψ′ (z) := (log (Γ (z)))′′

∞∑
n=0

Bn

zn+1 ∼ ψ1 (z + 1) =
1

z + 1
2 + ω1

z+ 1
2+

ω2
z+ 1

2 +···

ψ (z + x) ∼ log (z)−
∞∑
n=1

(−1)n Bn (x)

nzn

A. Dixie et al. showed

log (B + z) = ψ

(∣∣∣∣z − 1
2

∣∣∣∣+ 1
2

)
.

Theorem

ϕn+1 (z , x) :=

(
z +

1
2
− x

)
ϕn (z , x) + ωnϕn−1 (z , x)

z rϕn (z , x)

∣∣∣∣
z=B+r

= (B + x)r ϕn (B + x , x) = 0, ∀0 ≤ r < n.



(Generalized) Motzkin Numbers

Mn+1,k = Mn,k−1 + skMn,k + tk+1Mn,k+1

∞∑
n=0

Mn,0z
n =

1
1− s0z − t1z2

1−s1z− t2z2
···



Combinatorial Interpretation
Theorem
Define

(
Mx,ω

n,k

)∞
n,k=0

, by Mx,ω
0,0 = 1, Mx,ω

n,k = 0 if k > n, and the recurrence

Mx,ω
n+1,k = Mx,ω

n,k−1 + xkM
x,ω
n,k − ωk+1M

x,ω
n,k+1,

where x = (xn)∞n=0 is given by xn = x − 1
2 , and ω = (ωn)∞n=1 by

ωn = n4

4(2n+1)(2n−1) . Then, M
x,ω
n,0 = Bn (x). In addition, the lattice path

interpretation allows us to define the infinite-dimensional matrix

Rx,ω :=



x − 1
2 −ω1 0 0 · · · 0 · · ·

1 x − 1
2 −ω2 0 · · · 0 · · ·

0 1 x − 1
2

. . . . . .
... · · ·

0 0 1
. . . −ωn 0 · · ·

...
...

...
. . . x − 1

2 −ωn+1 · · ·

0 0 0
. . . 1

. . . . . .
...

...
... · · ·

...
. . . . . .


.



Matrix Computation

Direct computations shows

Rx,ω,4 =


x − 1/2 − 1

12 0 0
1 x − 1/2 − 4

15 0
0 1 x − 1/2 − 81

140
0 0 1 x − 1/2


and

(
R4

x,ω,4
)

=


x4 − 2x3 + x2 − 1

30 ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

 ,

where noting

B4 (x) = x4 − 2x3 + x2 − 1
30
.



Euler Analogue

Definition
Euler numbers (En)∞n=0 and Euler polynomials (En (x))∞n=0

sech (t) =
2et

e2t + 1
=
∞∑
n=0

En
tn

n!
and

2ext

et + 1
=
∞∑
n=0

En (x)
tn

n!
.

In addition,

En (x) =

∫
R

(
x − 1

2
+ ıt

)n

sech (πt) dt.

En = 2nEn

( 1
2

)
⇒ E ∼ 2ıLE , where LE has its density function sech (πt).

En := E [En] = En

Conversely, it holds that E [LnE ] =
(
ı
2

)n
En and E

[
etLE

]
= sec

(
t
2

)
.



Euler Analogue

I Uniqueness of sech (πt) for LE X(−1)n E2n ∼ 8
√

n/π (4n/π/e)2n

I Faà di Bruno’s formula:
E2n = 1−

n∑
k=1

( 2n
2k−1

) 22k(22k−1)B2k

2k

B2n = 2n
22n(22n−1)

n−1∑
k=0

(2n−1
2k

)
E2k

I Orthogonal polynomials, Motzkin number, continued fractions

2β
(
s + 1
2

)
∼
∞∑
j=1

Ej

s j+1



Possible Extension to Nörlund Polynomials

(
t

et − 1

)p

ext =
∞∑
n=0

B(p)
n (x)

tn

n!
⇔ B(p)

n (x) = (B1 + · · ·+ Bp + x)n .

Γ (z + x)

Γ (z + x + 1− p) zp
∼
∞∑
n=0

(p − n)n
n!

B(p)
n (x)

1
zn+1

where (a)n = a (a + 1) · · · (a + n − 1).

log (B1 + · · ·+ Bp + z) = −Hp−1 +
dp−1

dzp−1

[(
z − 1
p − 1

)
ψ
(
z − bp

2
c
)]

where Hn := 1 + 1/2 + · · ·+ 1/n, is the n-th harmonic number and bc is
the floor function.



End

Thank you
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