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B,(x + 1) — By(x) = nx""1.
Umbral Calculus B: B" = B,
B,(x) = Z (Z) Bix" % = (B+x)" = (B+x+1)"—(B+x)" = nx""1.
k=0

Probabilistic interpretation of B,(x):Let Lg be a random variable with
density function

2

T ekt = (L
pa(t) = 5 sech®(wt) = 5 (cosh(wt)) teR
Then

B.(x) = E [(iLB +x— ;)] _ /R (it+x _ ;)npg(t)dt.

In particular,
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B" =B, = / <it - ) pa(t)dt.
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Random Variable

let X be an arbitrary random variable on R, with probability density
function p(t) and moments m,, namely,

m, = E[X"] = /IR t"p(t)dt

We also let P,(y) denote the monic orthogonal polynomials w. r. t. X.
» deg P, = n;
» the leading coefficient of P, is 1;
» and for positive integers u and v,

E [P, (X)P,(X)] :/RPu(t)Pv(t)p(t)dt = by

In fact, letting P,(y)P,(y) = Zz;rg au7v7kyk,

u+v u+v
Cu(su,v = Z au,v,k (/ tkp(t)dt> = Z au,v,kMk = Pu()/)Pv()/)
k=0 R k=0 yh=mk

» Moreover, P, satisfies a three-term recurrence: for n > 1,

Poi1(y) = (v + sn)Pa(y) + taPa-1(y).
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B,=E [(iLB - ;)n} = /R (it - ;)npg(t)dt.

Theorem. (J. Touchard) For B, the orthogonal polynomials 8, satisfy

n4

) = (v +3) ) + 3 ira gyt

In particular, for 0 < r < n,

yren(y) = Cn(Sn,r e Bran(B) = Cplpn,r-

)
yk=Bx

r=0and n>0:
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Ba(x +1) — Ba(x) = "l e (B+x+1)"—(B+x)"= nx"L.

P(niy)=(y+x+1)"—(y+x)" = nx""" (= Pr_1(y))

P(n; B) = P(n;y) = 0.
yk=Bx

Recall that deg 6, = n, and 6,(B) = 0 for n > 0.
Proposition.

P(my) = 3 anih(y).
k=1

Proof. By induction on the degree of P.
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> P(2;y)=(y +x+1)2—(y +x)% —2x =2y + 1 = 20;;

> P(3y)=3y2+ (3+6x)y +3x+1=3(y2+y+1)+6xy+3x
= 30, + 6x071;

> P(4;y) = 403 + 12x6, + (12x> — 2)6;.
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only) = it pLE) <—2'y 72r>
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