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Objects
Bernoulli polynomials:

text

et − 1
=
∞∑
n=0

Bn(x)
tn

n!
.

Euler polynomials:
2ezx

ez + 1
=
∞∑
n=0

En(x)
zn

n!
.

Bernoulli numbers: Bn = Bn(0)

t

et − 1
=
∞∑
n=0

Bn
tn

n!
Bn(x) =

n∑
k=0

(
n

k

)
Bn−kx

k .

n 0 1 2 3 4
Bn 1 − 1

2
1
6 0 − 1

30
Bn(x) 1 x − 1

2 x2 − x + 1
6 x3 − 3

2x
2 + 1

2x x4 − 2x3 + x2 − 1
30

B+
n :=

{
Bn, if n 6= 1;
1/2, if n = 1.

B+
n = Bn(1).



Matrix & Determinants

B+
n =

det (ai,j)n×n
n!

, ai,j :=

{
0, if j > i + 1;(
i+1
j−1

)
, otherwise.

B3 = B+
3 =

det

 1 2 0
1 3 3
1 4 6


3!

= 0.

Bn = (−1)nn! det
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1
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1
n!

1
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(n−2)!

1
(n−3)! · · · 1

1
(n+1)!

1
n!

1
(n−1)!

1
(n−2)! · · · 1
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Matrix Representation

R :=



x − 1
2 ω1 0 0 · · · · · ·

1 x − 1
2 ω2 0 · · · · · ·

0 1 x − 1
2

. . .
. . . · · ·

0 0 1
. . . ωn · · ·

0 0 0
. . . x − 1

2 · · ·

0 0 0
. . . 1

. . .
...

...
...

...
...

. . .


, where ωn = −

n4

4(2n + 1)(2n − 1)
.

For exmaple,

R4 :=


x − 1/2 −1/12 0 0

1 x − 1/2 −4/15 0
0 1 x − 1/2 −81/140
0 0 1 x − 1/2



(R4)
4 =


x4 − 2x3 + x2 − 1

30 ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗


If letting ωn = −n2/4, we could similarly obain En(x).



Main Result

Theorem [L. J and D. Shi]
Define Mn,k by M0,0 = 1 and for n > 0

Mn+1,k = Mn,k−1 +

(
x − 1

2

)
Mn,k + ωk+1Mn,k+1,

where ωk = − k4

4(2k+1)(2k−1) and Mn,k = 0 if k > n. Then, Mn,0 = Bn(x).

R :=



x − 1
2 ω1 0 0 · · · · · ·

1 x − 1
2 ω2 0 · · · · · ·

0 1 x − 1
2

. . . . . . · · ·

0 0 1
. . . ωn · · ·

0 0 0
. . . x − 1

2 · · ·

0 0 0
. . . 1

. . .
...

...
...

...
...

. . .





Random Variable
Let X be a random variable with density function p(t) on R and with
moments mn, i.e.,

mn = E[X n] =

∫
R
tnp(t)dt.

Let Pn(y) be the monic orthogonal polynomials with respect to X (or
w. r. t. mn), i.e., degPn = n, LC[Pn] = 1, and∫

R
Pm(t)Pn(t)p(t)dt = cnδm,n =

{
cn, if m = n;

0, otherwise.

cnδm,n = Pm(t)Pn(t)

∣∣∣∣
tk=mk

.

Pn satisfies a three-term recurrence: for some sequences (sn)n≥0 and
(tn)n≥1,

Pn+1(y) = (y − sn)Pn(y)− tnPn−1(y).

Theorem
∞∑
n=0

mnx
n =

m0

1− s0x − t1x2

1−s1x− t2x2
1−···

.



Generalized Motzkin Numbers

Mn+1,k = Mn,k−1 + σkMn,k + τk+1Mn,k+1

∞∑
n=0

Mn,0z
n =

1
1− s0z − t1z2

1−s1z− t2z2
···



General Identification

Theorem
For random variable X with moments mn and monic orthogonal
polynomials Pn, satisfying recurrence

Pn+1(y) = (y − sn)Pn(y)− tnPn−1(y),

we define generalized Motzkin numbers Mn,k by letting
(σk , τk) = (sk , tk). If further assuming m0 = 1, we have

Mn,0 = mn = E[X n].

Mn+1,k = Mn,k−1 + skMn,k + tk+1Mn,k+1

Mn+1,0 = s0Mn,0 + t1Mn,1.



Probabilistic Interpretation of Bn(x)

Mn+1,k = Mn,k−1 +

(
x − 1

2

)
Mn,k + ωk+1Mn,k+1 ⇒ Mn,0 = Bn(x).

[Question1] Are Bn(x) moments of some random variable?
[Answer] Let LB ∼ π sech2(πt)/2, then

Bn (x) =
π

2

∫
R

(
x + it − 1

2

)n

sech2 (πt) dt = E
[(

iLB + x − 1
2

)n]
.

[Question2] What are the monic orthogonal polynomials w. r. t. Bn(x)?
[Answer] Well...

I 1st oberservation: Bn = E
[(
iLB − 1

2

)n]
= Bn(0).



One More Setup

Theorem (J. Touchard)
Let φn be the monic orthogonal polynomials w. r. t. Bn. Then, they
satisfy

φn+1 (y) =

(
y +

1
2

)
φn (y)− ωnφn−1 (y)

[
(sn, tn) =

(
1
2
, ωn

)]
.

Moments Monic Orthogonal Polynomials
X mn Pn+1(y) = (y − sn)Pn(y)− tnPn−1(y)

X + c
n∑

k=0

(
n
k

)
mkc

n−k Qn+1(y) = (y − sn − c)Qn(y)− tnQn−1(y)

CX C nmn Rn+1(y) = (y − Csn)Rn(y)− C 2tnRn−1(y)

Recall

Bn(x) =
n∑

k=0

(
n

k

)
Bnx

n−k .



Conclusion

For Bernoulli polynomials Bn(x), the corresponding orthgonal
polynomials θn(y) satisfy

θn+1(y) =

(
y −

(
x − 1

2

))
θn(y)− ωnθn−1(y).

Thus, we define the generalized Motzkin numbers by

Mn+1,k = Mn,k−1 +

(
x − 1

2

)
Mn,k + ωk+1Mn,k+1,

which implies Mn,0 = Bn(x). The matrix presentation follows from the
lattice path interpretation.



Euler Polynoimials

Euler numbers (En)
∞
n=0 and Euler polynomials (En (x))

∞
n=0

sech (t) =
2et

e2t + 1
=
∞∑
n=0

En
tn

n!
and

2ext

et + 1
=
∞∑
n=0

En (x)
tn

n!
.

In addition,

En (x) =

∫
R

(
x − 1

2
+ it

)n

sech (πt)dt.

En = 2nEn

(
1
2

)
Mn+1,k = Mn,k−1 +

(
x − 1

2

)
Mn,k −

(k + 1)2

4
Mn,k+1



Euler Polynoimials

En = 2nEn

(
1
2

)
⇒ Mn+1,k = Mn,k−1 −

(k + 1)2

4
Mn,k+1

n = 6, E6 Dyck paths

C3 =
1
4

(
6
3

)
=

6 · 5 · 4
4 · 3 · 2 · 1

= 5.

−61 = E6 = (−1)3
(
322212 + 222212 + 122212 + 221212 + 121212)



Currenct Work

I Dyck paths⇒(E2n,Cn);
I Nörlund polynomials :(

t

et − 1

)p

ext =
∞∑
n=0

B(p)
n (x)

tn

n!
;

(R4)
4
x4 − 2x3 + x2 − 1

30 − 1
3x

3 + 1
2x

2 − 2
15x −

1
135

2
15x

2 − 13
135x −

89
45360 − 9

175x + 57
2800

4x3 − 6x2 + 8
5x + 4

45 x4 − 2x3 − 3
5x

2 + 52
45x −

37
3780 − 16

15x
3 + 14

15x
2 + 127

189x −
1673
6480

162
175x

2 − 117
175x −

267
19600

6x2 − 13
3 x − 89

1008 4x3 − 7
2x

2 − 635
252 x + 1673

1728 x4 − 1
3x

3 − 845
168x

2 + 6809
3024x + 2221841

5080320 − 81
35x

3 + 81
40x

2 + 4959
3920x −

867
1792

4x − 19
12 6x2 − 13

3 x − 89
1008 4x3 − 7

2x
2 − 551

252x + 1445
1728 x4 − 2x3 − 69

35x
2 + 281

140x + 205
3136





End

Thank you


