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Objects

Bernoulli polynomials:

Euler polynomials:
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Matrix & Determinants
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Matrix Representation
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If letting w, = —n?/4, we could similarly obain E,(x).



Main Result

Theorem [L. J and D. Shi]
Define M, x by Moo =1 and for n >0

Mn+17k = Mn,k—l + (X - 5

1
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where wy, = fm and M, , =0 if k > n. Then, M, o = B,(x).
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Random Variable
Let X be a random variable with density function p(t) on R and with
moments m,, i.e.,
m, = E[X"] = / t"p(t)dt.
R

Let P,(y) be the monic orthogonal polynomials with respect to X (or
w. r. t. mp), i.e., deg P, = n, LC[P,] =1, and

Cn, fm=n;

[ Pal®Pa(6)p(e)de = 16 = {

0, otherwise.

CnOm.n = Pm(t)Pa(t)

tk:mk
P, satisfies a three-term recurrence: for some sequences (s,),>0 and
(tn)nZL
Por1(y) = (v — sn) Pa(y) — taPa-1(y)-
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Generalized Motzkin Numbers

Mpt1k = Mp 1+ 0xcMp i + Tir i M ki1
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General Identification

Theorem
For random variable X with moments m,, and monic orthogonal
polynomials P, satisfying recurrence

Pot1(y) = (v — sa) Pa(y) — taPa—1(y),

we define generalized Motzkin numbers M, , by letting
(ok, k) = (5K, t). If further assuming mg = 1, we have

Mo = my, = E[X"].

Mnpi1,6 = Mn k-1 + skMp i + tier1 Mp k11
Mpt10 = soMpo + ti My 1.



Probabilistic Interpretation of B,(x)

1
Mn+1,k = Mn,kfl + (X - 2) Mn,k + wk+1Mn,k+1 = Mn,O = Bn(X)-

[Questionl] Are B,(x) moments of some random variable?
[Answer] Let Lg ~ msech?(7t)/2, then

B, (x) = g/R (x+it—;)nsech2(7rt)dt:E [(iLB—&—x—é)n] .

[Question2] What are the monic orthogonal polynomials w. r. t. B,(x)?
[Answer] Well...

> 1st oberservation: B, =E {(iLB — %)"} = B,(0).



One More Setup

Theorem (J. Touchard)

Let ¢, be the monic orthogonal polynomials w. r. t. B,. Then, they
satisfy

b1 ()= (v+5) 60 =rtr10) [t = (3 ).

Moments Monic Orthogonal Polynomials
X Mp Pn+1()’) = (y - Sn)Pn(Y) - tnPnfl(Y)
X+c Z( )mkc Qnt1(y) = (¥ — 50 — ) Qn(y) — taQn-1(y)
k=0
X C"m Rat1(y) = (¥ = Csn)Raly) — C?taRn-1(y)

Recall



Conclusion

For Bernoulli polynomials B,(x), the corresponding orthgonal
polynomials 6,(y) satisfy

() = (v~ (x = 3) ) 0l) ~ nbra()

Thus, we define the generalized Motzkin numbers by

1
Mosi6 = Mpj—1 + (X - 2) Mok 4 w1 Mp k41,

which implies M,, o = B,(x). The matrix presentation follows from the
lattice path interpretation.



Euler Polynoimials

Euler numbers (E,) -, and Euler polynomials (E, (x)) <,
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(x - -+ /t) sech (7t) dt.
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Euler Polynoimials

1
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Currenct Work

» Dyck paths=(Ezn, Gy);

» Norlund polynomials :
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End

Thank you



