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Y-N-Y
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Random Walk

0 1 2 Nk k+1k-1
I 0 is the source and N is the sink;
I at each k = 1, . . . ,N − 1, it is a “fair coin” walk;
I let νN be the random number of steps for this process.

p
(N)
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N = 2:
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Random Sum

I Lj are independent and identically distributed with hyperbolic
secant density

E
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Hyperbolic Secant
Let L ∼ sech(πt), then the Euler polynomial is given by
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Let {Lj}1≤j≤p be p independent random variables Lj ∼ sech(πt).
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L. B. Klebanov, A. V. Kakosyan, S. T. Rachev, and G. Temnov. On
a class of distributions stable under random summation. J. Appl.
Prob., 49:303–318, 2012.



Probabilistic Interpretation
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Hitting Time

Consider

I a linear Brownian motion Wt starting from 0
I the hitting time T by Wt of level z = 1
I another independent Brownian motion ωt .

Then
ωT ∼ sech (x) .

Denote
T1 < T2 < · · · < Tl = T

the successive epochs at which Wt visits the sites
zi = i

N , 0 ≤ i ≤ N.



Hitting Time

This defines a random walk with

p
(N)
` = P {Wt reach the sink in ` steps} .

Now write

T = (T − T`−1) + (T`−1 − T`−2) + · · ·+ (T1 − 0)

and
ωT ∼ ωT−T`−1 + ωT`−1−T`−2 + · · ·+ ωT1−0,

each term ∼ sech (x) .
This corresponds Klebanov’s random sum decomposition
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1
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Lj .



Generalization
I Bessel process in Rn:
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(2.1.4)

I n = 2 + 2ν for ν ≥ 0

Sν (x , y) := (xy)−ν [Iν(x)Kν(y)− Kν(x)Iν(y)] .
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