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Bernoulli Numbers & Bernoulli Polynomials
Bernoulli numbers Bn and Bernoulli polynomials Bn (x)

t

et − 1
=
∞∑
n=0

Bn
tn

n!
and

text

et − 1
=
∞∑
n=0

Bn(x)
tn

n!
.

Examples

1n + 2n + · · ·+ Nn =
1

n + 1

n+1∑
i=1

(
n + 1
i

)
Bn+1−iN

i =
Bn+1 (N + 1)− Bn+1

n + 1
.

Riemann-zeta: for n ∈ Z+

ζ (2n) = (−1)n+1 (2π)2n B2n

2 (2n)!
, ζ (−n) = −Bn+1

n + 1
= (−1)n

Bn+1

n + 1
.

B2n+1 = 0



Bernoulli Symbol (Umbral)
Key Idea:

Bn 7→ Bn : i.e., super index↔lower index.

Why?
Bn (x) =

n∑
k=0

(
n

k

)
Bn−kx

k = (B + x)n .

B ′n (x) = nBn−1 (x)

⇔ [(B + x)n]′ = n (B + x)n−1 .

Probabilitistic Interpretation
Let LB ∼ π

2 sech2(πt), then B ∼ iLB − 1
2

Bn = Bn = E [Bn] =
π

2

∫
R

(
it − 1

2

)n

sech2 (πt) dt.

Bn (x) = (B + x)n =
π

2

∫
R

(
x + it − 1

2

)n

sech2 (πt) dt.
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Probabilitistic Interpretation

I

Bn = Bn = E [Bn] =
π

2

∫
R

(
it − 1

2

)n

sech2 (πt) dt.

I

Bn (x) = (B + x)n =
π

2

∫
R

(
x + it − 1

2

)n

sech2 (πt) dt.

(
t

et − 1
| etx

)
I Norlünd:

(
t

et − 1

)p

etx =
∞∑
n=0

B(p)
n (x)

tn

n!
⇔ B(p)

n =

B1 + · · ·+ Bp︸ ︷︷ ︸
i. i. d.

+ x


n

I Bernoulli-Barnes: for a = (a1, . . . , ap), |a| =
p∏

l=1
al 6= 0, and

~B = (B1, . . . ,Bp),

etx
p∏

i=1

t

eai t − 1
=
∞∑
n=0

Bn (a; x)
tn

n!
⇔ Bn (a; x) =

1
|a|

(
x + a · ~B

)n



Multiple Zeta Values
Riemann-zeta: for n ∈ Z+, the AC ζ (−n) = (−1)n Bn+1

n+1 .
DEF.

ζr (n1, . . . , nr ) =
∑

0<k1<···<kr

1
kn1
1 · · · k

nr
r

=
∞∑

k1,...,kr=0

1
kn1
1 (k1 + k2)

n2 · · · (k1 + · · ·+ kr )
nr

Theorem(L. Jiu, V. H. Moll and C. Vignat)

ζr (−n1, . . . ,−nr ) =
r∏

k=1

(−1)nk Cnk+1
1,...,k ,

where
Cn1 =

Bn
1

n
, Cn1,2 =

(C1 + B2)n

n
, . . . , Cn1,...,k+1 =

(C1,...,k + Bk+1)n

n
Example

ζ2 (−n, 0) = (−1)n Cn+1
1 · (−1)0 C0+1

1,2

= (−1)n
C1 + B2

1
· Cn+1

1

= (−1)n
(
Cn+2

1 + B2Cn+1
1
)

= (−1)n
[
Bn+2

n + 2
− 1

2
Bn+1

n + 1

]
.

ζ (−n) = (−1)n Cn+1 = (−1)n
Bn+1

n + 1
.

Two different ACs.



Analytic Continuation: for n1, . . . , nr positive integers
Theorem(Sadaoui)

ζr (−n1, . . . ,−nr ) = (−1)r
∑

k2,...,kr

1
n̄ + r − k̄

r∏
j=2

( r∑
i=j

ni−
n∑

i=j+1
ki+r−j+1

kj

)
r∑

i=j

ni −
n∑
i=j

ki + r − j + 1

×
∑

l1,...,lr

(
n̄ + r − k̄

l1

)(
k2

l2

)
· · ·

(
kr
lr

)
Bl1 · · ·Blr ,

n̄ =
n∑

j=1
nj , k̄ =

r∑
j=2

kj , k2, . . . kr ≥ 0, lj ≤ kj for 2 ≤ j ≤ r and l1 ≤ n̄ + r + k̄.

Theorem(Akiyama and Tanigawa)

ζr (−n1, . . . ,−nr ) = −ζr−1 (−n1, . . . ,−nr−2,−nr−1 − nr − 1)

1 + nr

−ζr−1 (−n1, . . . ,−nr−2,−nr−1 − nr )

2

+

nr∑
q=1

(−nr )q aqζr−1 (−n1, . . . ,−nr−2,−nr−1 − nr + q) ,

where aq = Bq+1/ (q + 1)!.



Sum of Powers

∑
N>i1>···>ir>0

1
in1
1 · · · i

nr
r

 ∑
N>i1>···>ir>0

in1
1 · · · i

nr
r


Faulhaber’s formula

N∑
k=1

kn =
Bn+1 (N + 1)− Bn+1

n + 1
, n ≥ 1, N ≥ 1

G. H. E. Duchamp, V. H. N. Minh and N. Q. Hoan, Harmonic sums
and polylogarithms at non-positive multi-indices, J. Symbolic
Comput. 83 (2017), 166–186.



H Symbol

(H (N))n = H−n (N) = 1n + 2n + · · ·+ (N − 1)n =
∑

N>k>0

kn.

Faulhaber’s formula

(H (N))n =
N−1∑
k=1

kn =
Bn+1 (N)− Bn+1

n + 1
=

∫ N

0
(B + x)n dx

y ∈ C

(H (y))n =
1

n + 1

n+1∑
k=1

(
n + 1
k

)
Bn+1−ky

k

H−n1,...,−nr (N) =
∑

N>i1>···>ir>0

in1
1 · · · i

nr
r .



Sum of Powers

Theorem(L. J and C. Vignat)

H−n1,...,−nr (N) =
r∏

k=1

Hnk
1,...,k ,

where H1 = H (N) and recursively H1,...k = H (H1,...,k−1). r = 2:

H−n,−m(N) =
∑

N>i>j>0

injm = Hn
1 · Hm

1,2 = Hn
1 [H (H1)]

m

=
Hn

1
m + 1

m+1∑
k=1

(m + 1
k

)
Bm+1−kHk

1 =
1

m + 1

m+1∑
k=1

(m + 1
k

)
Bm+1−kHn+k

1

=
1

m + 1

m+1∑
k=1

(m + 1
k

)
Bm+1−k

[
Bn+k+1 (N)− Bn+k+1

n + k + 1

]

=
m∑

k=0

p−1−k∑
l=0

p−k−l∑
q=0

BkBl

(m + 1)(p − k)

(m + 1
k

)(p − k

l

)(p − k − l

q

)
(N − 1)q



Remarks

I The computation rules for H1,...,k is reminiscent of the chain
rule for differentiation

d
dx

(fr ◦ · · · ◦ f1 (x)) = f ′r (fr−1 ◦ · · · ◦ f1) · · · f ′1 (x) .

I for r polynomials P1, . . . ,Pr without constant terms,

∑
N>i1>···>ir>0

P1 (i1) . . .Pr (ir ) =
r∏

k=1

Pk (H1,...,k)

I Recurrence

H−n1,...,−nr (N) =
1

nr + 1

nr+1∑
k=1

(
nr + 1

k

)
Bnr+1−kH−n1,...,−nr−1−k (N)



Remarks
I Generating function

Fr (w1, . . . ,wr ;N) =
∞∑

n1,...,nr=0

wn1
1 . . .wnr

r

n1! . . . nr !
H−n1,...,−nr (N)

Fr (w1, . . . ,wr ;N) =
Fr−1 (w1, . . . ,wr−1 + wr ;N)−Fr−1 (w1, . . . ,wr−1;N)

ewr − 1
,

where

F1 (w1;N) =
eNw1 − 1
ew1 − 1

.

I S-Sum:

S−n1,...,−nr (N) =
∑

N≥i1≥···≥ir≥1

in1
1 · · · i

nr
r

S−n1,...,−nr (N) =
r∏

k=1

H̄nk
1,...,k ,

where H̄1 = H (N + 1) and H̄1,...k = H
(
H̄1,...,k−1 + 1

)
.



Remarks
I Extended Bernoulli polynomials

Bn+1(x + 1)− Bn+1(x) = (n + 1)xn

Bn1,...,nr (z + 1) = Bn1,...,nr (z) + n1z
n1−1Bn2,...,nr (z)

Theorem (G. H. E. Duchamp, V. H. N. Minh and N. Q. Hoan)

H−n1,...,−nr (N) =
Bn1+1,...,nr+1 (N + 1)−

∑r−1
k=1 b′nk+1,...,nr+1Bn1+1,...,nk+1 (N + 1)∏r

i=1 (ni + 1)
.

I Theorem (L. J and C. Vignat)

βn1,...,nr (z) : = Bn1,...,nr (z)− Bn1,...,nr (0)

=

(
r∏

k=1

∂

∂Bk

)
H−n1,...,−nr (z)

(H (z))n =
Bn+1 (z)− Bn+1

n + 1
=

∫ z

0
(B + x)n dx



Generating Function
Let

βn1,...,nr (z) = Bn1,...,nr (z)− Bn1,...,nr (0) ,

then,

βn1,...,nr (z + 1) = βn1,...,nr (z) + n1z
n1−1βn2,...,nr (z) .

Consider the generating function

Gr (w1, . . . ,wr ; z) =
∞∑

n1,...,nr=0

wn1
1 . . .wn2

r

n1! . . . nr !
βn1,...,nr (z)

Then,

Gr (w1, . . . ,wr ; z) =

wr

(
wr−1

wr−1+wr
Gr−1

(
w1, . . . ,wr−2,wr−1 + wr ; z

)
− Gr−1

(
w1, . . . ,wr−2,wr−1; z

))
ewr − 1

,

where,

G1 (w1; z) =
w (ezw − 1)

ew − 1
.



Current Work

Li−n1,...,−nr (z) =
∑

i1>···>ir>0

in1
1 · · · i

nr
r z i1

=
∑
i1>0

in1
1 z i1

 ∑
i1>i2>···>ir>0

in2
2 · · · i

nr
r


=

∑
i1>0

in1
1 z i1H−n2,...,−nr (i1)

=
∑
i1>0

in1
1 z i1 [H(i1)]n2 [H (H(i1))]n3 · · · [H (· · ·H(i1))]nr .



Current Work

ζr (−n1, . . . ,−nr ) =
r∏

k=1

(−1)nk Cnk+1
1,...,k????H−n1,...,−nr (N) =

r∏
k=1

Hnk
1,...,k



End

Thank you


