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Bernoulli Numbers & Bernoulli Polynomials

Bernoulli numbers B,, and Bernoulli polynomials B, (x)
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Bernoulli Symbol (Umbral)
Key ldea:

B" — B, : i.e., super index<lower index.
Why? n
B, (x) = <”> Bpixk = (B+x)".



Bernoulli Symbol (Umbral)
Key ldea:

B" — B, : i.e., super index<lower index.

Why?

n

Bo(x) =Y <Z> Bpixk = (B+x)".

k=0
B, (x) = nBy1 (x) & [(B+x)" = n(B+x)"".

Probabilitistic Interpretation
Let Lg ~ % sech?(wt), then B~ ilg — 1

B,=B"=E[B"] = Z/R (it — i) sech? (rt) dt.

Bn(x):(B+x)”:72r/

1 n
<x + it — > sech? (t) dt.
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Probabilitistic Interpretation
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Multiple Zeta Values
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Theorem(L. Jiu, V. H. Moll and C. Vignat)
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Analytic Continuation: for ny, ..., n, positive integers
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Sum of Powers
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G. H. E. Duchamp, V. H. N. Minh and N. Q. Hoan, Harmonic sums
and polylogarithms at non-positive multi-indices, J. Symbolic
Comput. 83 (2017), 166-186.



‘H Symbol
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Sum of Powers

Theorem(L. J and C. Vignat)
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Remarks

» The computation rules for H; _ x is reminiscent of the chain
rule for differentiation

d
&(fro~~-of1(x)): fl(fr_10--0f) - f(x).
» for r polynomials Py,..., P, without constant terms,

> Pi(i). Pe(ie) =[] Pe(Ma,..i)
k=1

N>ip>-->i>0

» Recurrence
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Remarks

» Generating function
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where H1 = H (N + 1) and 7-_[17,,,;( =H (7-_[1,,,,,;(_1 + 1).



Remarks
» Extended Bernoulli polynomials
Baia(x +1) = Basa(x) = (n+ 1)x"
Boym (z+1) =By 0, (2) + mz™ 1 Boy 0 (2)
Theorem (G. H. E. Duchamp, V. H. N. Minh and N. Q. Hoan)
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Bny+1,... .+ (N+1) = 35,75 b;k+1___,n,+13n1+1 ...... 1 (N +1)
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» Theorem (L. J and C. Vignat)

ﬁnl,...,n, (Z) L= Bnl,...,n, (Z) - Bnl,...,n, (O)
T
- (H 8Bk> anl,...’—nr (Z)
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n__ Bn+1 (Z)_Bn+1 _ “ n
(H(2)" = P —/0 (B+ x)"dx




Generating Function
Let

ﬁnl:-nynr (Z) = B”lan-y”r (Z) - Bnl,...,n, (0) )
then,
ﬁnl,...,n, (Z + 1) = Bnl,...,n, (Z) + nlznlilﬁng,...,n, (Z) .

Consider the generating function
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