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Example1

Question

12 + 22 + · · ·+ n2 =
n∑

k=1

k2 =
1
6
n(n + 1)(2n + 1). (∗)

1. Induction;

I n = 1:
LHS = 1 =

1 · (1+ 1) · (2+ 1)
6

= RHS ;

I Suppose (∗) holds for n, then for n + 1,

LHS = 12 + 22 + · · ·+ n2 + (n + 1)2

=
1
6
n(n + 1)(2n + 1) + (n + 1)2

= · · · = 1
6
(n + 1)(n + 2)(2n + 3) = RHS .
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Example1
Question

12 + 22 + · · ·+ n2 =
n∑

k=1

k2 =? (∗)

2. Observation:

I n3 − (n − 1)3 = 3n2 − 3n + 1;
I (n − 1)3 − (n − 2)3 = 3(n − 1)2 − 3(n − 1) + 1;
I · · ·
I 23 − 13 = 3 · 22 − 3 · 2+ 1(= 7) and
I 13 − 03 = 3 · 12 − 3 · 1+ 1.

n3 = 3
n∑

k=1

k2 +
n∑

k=1

k + n = 3
n∑

k=1

k2 +
n(n + 1)

2
+ n.

⇒
n∑

k=1

k2 =
n(n + 1)(2n + 1)

6

create telescoping
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Example1


α+ β + γ + δ = 1
8α+ 4β + 2γ + δ = 5
27α+ 9β + 3γ + δ = 14
64α+ 16β + 4γ + δ = 30

⇒


α = 1/3
β = 1/6
γ = 1/2
δ = 0

Proof of the Theorem.

n3 = 3
n∑

k=1

k2 − 3
n∑

k=1

k + n.

Theorem. For any positive integers d and n,

Q(n) := 1d + 2d + · · ·+ nd =
n∑

k=1

kd

is a polynomial in variable n of degree d + 1.

Q(n) = αd+1n
d+1 + αdn

d + · · ·+ α1d + α0.
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Consider the term of j = n (the coefficients of xn on both sides)
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f (n) :=
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F (n, k)

Find G (n, k) such that

F (n + 1, k)− F (n, k) = G (n, k + 1)− G (n, k)

Recall in Question 1

k2 =

[
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2 (k + 1)2 + k+1
2
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[
k3 − 3
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2 + k
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⇒ F (n + 1, k)− F (n, k) = G (n, k + 1)− G (n, k)

We can simply sum for k ∈ Z so that the left hand side becomes

f (n + 1)− f (n).

Other wise, we need to sum for k from 0 to n + 1, giving

f (n + 1)− [f (n) + F (n, n + 1)] .
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Then we have for the term ratio

tk+1

tk
=

�J
j=0 ajF (n + j, k + 1)/F (n, k + 1)

�J
j=0 ajF (n + j, k)/F (n, k)

F (n, k + 1)

F (n, k)
. (6.3.2)

The second member on the right is a rational function of n, k, say

F (n, k + 1)

F (n, k)
=

r1(n, k)

r2(n, k)
,

where the r’s are polynomials, and also

F (n, k)

F (n − 1, k)
=

s1(n, k)

s2(n, k)
,

say, where the s’s are polynomials. Then

F (n + j, k)

F (n, k)
=

j−1�

i=0

F (n + j − i, k)

F (n + j − i − 1, k)
=

j−1�

i=0

s1(n + j − i, k)

s2(n + j − i, k)
.

(6.3.3)

It follows that

tk+1

tk
=

�J
j=0 aj

��j−1
i=0

s1(n+j−i,k+1)
s2(n+j−i,k+1)

�

�J
j=0 aj

��j−1
i=0

s1(n+j−i,k)
s2(n+j−i,k)

� r1(n, k)

r2(n, k)

=

�J
j=0 aj

��j−1
i=0 s1(n + j − i, k + 1)

�J
r=j+1 s2(n + r, k + 1)

�

�J
j=0 aj

��j−1
i=0 s1(n + j − i, k)

�J
r=j+1 s2(n + r, k)

� (6.3.4)

×r1(n, k)

r2(n, k)

�J
r=1 s2(n + r, k)

�J
r=1 s2(n + r, k + 1)

.

Thus we have

tk+1

tk
=

p0(k + 1)

p0(k)

r(k)

s(k)
, (6.3.5)

where

p0(k) =
J�

j=0

aj





j−1�

i=0

s1(n + j − i, k)
J�

r=j+1

s2(n + r, k)



 , (6.3.6)

and

r(k) = r1(n, k)
J�

r=1

s2(n + r, k), (6.3.7)
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s(k) = r2(n, k)
J�

r=1

s2(n + r, k + 1). (6.3.8)

Note that the assumed coefficients aj do not appear in r(k) or in s(k), but only

in p0(k).

Next, by Theorem 5.3.1, we can write r(k)/s(k) in the canonical form

r(k)

s(k)
=

p1(k + 1)

p1(k)

p2(k)

p3(k)
, (6.3.9)

in which the numerator and denominator on the right are coprime, and

gcd(p2(k), p3(k + j)) = 1 (j = 0, 1, 2, . . . ).

Hence if we put p(k) = p0(k)p1(k) then from eqs. (6.3.5) and (6.3.9), we obtain

tk+1

tk
=

p(k + 1)

p(k)

p2(k)

p3(k)
. (6.3.10)

This is now a standard setup for Gosper’s algorithm (compare it with the discussion

on page 76), and we see that tk will be an indefinitely summable hypergeometric term

if and only if the recurrence (compare eq. (5.2.6))

p2(k)b(k + 1) − p3(k − 1)b(k) = p(k) (6.3.11)

has a polynomial solution b(k).

The remarkable feature of this equation (6.3.11) is that the coefficients p2(k) and

p3(k) are independent of the unknowns {aj}J
j=0, and the right side p(k) depends on

them linearly. Now watch what happens as a result. We look for a polynomial solution

to (6.3.11) by first, as in Gosper’s algorithm, finding an upper bound on the degree,

say Δ, of such a solution. Next we assume b(k) as a general polynomial of that degree,

say

b(k) =
Δ�

l=0

βlk
l,

with all of its coefficients to be determined. We substitute this expression for b(k)

in (6.3.11), and we find a system of simultaneous linear equations in the Δ + J + 2

unknowns

a0, a1, . . . , aJ , β0, . . . , βΔ.

The linearity of this system is directly traceable to the italicized remark above.

We then solve the system, if possible, for the aj’s and the βl’s. If no solution

exists, then there is no recurrence of telescoped form (6.1.3) and of the assumed order

J . In such a case we would next seek such a recurrence of order J +1. If on the other
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1. Introduction

The polynomial

Pm(a) =
m∑

�=0
d�(m)a� (1.1)

with

d�(m) = 2−2m
m∑

k=�

2k

(
2m − 2k
m − k

)(
m + k

m

)(
k

�

)
(1.2)

made its appearance in [1] in the evaluation of the quartic integral

∞∫

0

dx

(x4 + 2ax2 + 1)m+1 = π

2m+3/2(a + 1)m+1/2 Pm(a). (1.3)
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I The sequence

d`(m) :=
m∑

k=`

2k−2m
(2m − 2k

m − k

)(m + k

m

)(k
`

)
satiesfies that there exists an index j ≥ 0,
such that

d0(m) ≤ d1(m) ≤ · · · ≤ dj (m)

and
dj (m) ≥ dj+1(m) ≥ · · ·

I
· · ·

I The last step requires the sequence

Tn :=
n+1∑
k=2

(
2k
k

)(
n + 1
k

)
k − 1
2k
(4n
k

)
to be monotonic increasing. (Tn < 1
with lim

n→∞
Tn = 1− 1/

√
2.)
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1. Introduction

The polynomial

Pm(a) =
m∑

�=0
d�(m)a� (1.1)

with

d�(m) = 2−2m
m∑

k=�

2k

(
2m − 2k
m − k

)(
m + k

m

)(
k

�

)
(1.2)

made its appearance in [1] in the evaluation of the quartic integral

∞∫

0

dx

(x4 + 2ax2 + 1)m+1 = π

2m+3/2(a + 1)m+1/2 Pm(a). (1.3)
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I The sequence

d`(m) :=
m∑

k=`

2k−2m
(2m − 2k

m − k

)(m + k

m

)(k
`

)
satiesfies that there exists an index j ≥ 0,
such that

d0(m) ≤ d1(m) ≤ · · · ≤ dj (m)

and
dj (m) ≥ dj+1(m) ≥ · · ·

I
· · ·

I The last step requires the sequence

Tn :=
n+1∑
k=2

(
2k
k

)(
n + 1
k

)
k − 1
2k
(4n
k

)
to be monotonic increasing. (Tn < 1
with lim

n→∞
Tn = 1− 1/

√
2.)
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⇒ anTn − bnTn+1 + cnTn+2 + dn = 0,

where
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+ 2279791176n5 + 1502157312n6 + 586779648n7 + 121208832n8 + 9732096n9

cn =3265920+ 41472576n + 217055232n2 + 618806528n3 + 1062162432n4

+ 1139030016n5 + 762052608n6 + 305528832n7 + 66060288n8 + 5767168n9

dn =− 799470−5607945n−14906040n2−16808745n3−2987520n4

+ 9906360n5 + 8025600n6 + 1858560n7

bn = an + cn + dn.
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integer such that
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