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Theorem. [Klebanov et al.]. Let vy be an integer valued random variable
independent of the L; 's, defined by the moment generating function:
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has the same hyperbolic secant distribution (as L;'s).

[Klebanov2012]L. B. Klebanov, A. V. Kakosyan, S. T. Rachev, and

G. Temnov. On a class of distributions stable under random summation.
J. Appl. Prob., 49:303-318, 2012.
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pgN) = P {W, reach the sink in ¢ steps} .
Now write
T=(T—-T—1)+(Te—1— Ty2)+---+(T1 - 0)
and
WT N WT-Ty TWT_ 3T T T WT -0,

each term ~ sech (x). This corresponds Klebanov's random sum
decomposition
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ta—)OHﬁ tbﬂa\/z
t o= tidthtdt ittt
t+t+t+(t+0)+ -+ (E+)+(E+ )+ (t+)
k loops ¢ loops

We can generalize it to n-loop model.

Unfortunately, this is WRONG.....
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tO—)a

t0—>c

ta—)b|¢
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1
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1
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1
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t0—>c

toﬂa ta—>b|¢ tb—)z:|;{
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1
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¢ ¢0~)3 sec ( W) COSh(3W)
1 . sinh(w) . sinh(w) 1
RHS = cosh(w)  sinh(2w)  sinh(2w) _ 4 cosh3 w

(1= iy o) (= 2 T (1 ) (1

2 cosh w 1 1

1
4 cosh? w

(2cosh? w — 1) (4cosh? w — 1) 7 cosh(3w) ~ 4cosh3 w — 3coshw
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° ° L4
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1 1 sinh(w)  sinh(w) (Loops] — 1 [Loops]
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4 cosh® w 1 ad 3 ¢
o ()
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4 cosh® w — 3 cosh w T ZcoshZw —0 4 cosh® w
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Explanation

t0—>c
tO—)a ta%b|¢ tbﬁd}{
° ° [ e
0 a b C
t Lh—sal

a~>0\¢

t=t+t+t+(t+0)+--+(t+0)+(t+ )+ +(t+)

k loops £ loops

For instance,

t=(t+0)+- -+ (+0)+t+(+ )+ +(E+ )F(EF )+ F(EF )+ t+E

ky loops £ loops k2 loops
Let both k; and ky — oo.

1 sinh(w) 3

90+ o0 = cosh(w) sinh(2w) - 4 cosh?® w
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Two-loops

LR Ob Sl

=0 pifPosalpy 1= Pomscipbc iy

> k loops of I followd by / loops of /I, with k,/ = 0,1, ..., which gives

1

DY/ E——
PH]

1—1 1-—1'

> kq loops of I followed by /1 loops of I/, then followed by ko loops of I and finally followed by /> loops of 11,
with ki, > nonnegative and k3, /; positive, which gives

o= Kyl ka2 ok r-n
ey = —— —
1—-n2@a -2

ky.l2=0,kz,ly =1

> the general term will be k; loops of | — /5 loops of Il — - - - — kp loops of I — I, loops of I, with kg, In
nonnegtive and the rest indices positive, which gives

(- mn—1
x—nn@—mn

Therefore, loops | and /I contribute as

> (- =1 1

(=
> = =S u+mk.
k=0

Sa—nr@a—mn o1— 1+
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Two Loops

t0—>c ,
6= ¢-¢-9
Tova ool Toeyd 1-¢0—¢
TN
° ° [ 4
0 a b C

t tbﬁa\}f

u~>0\]§
Proposition. [LJ. and C. Vignat] For any positive integer n,

X >, 3k=n (2k+3) (X
En(g) :;JMH ES <§+k).
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to—a

°
0

tu~>0\]§
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6= ¢-¢-9
ta—)bM Lol 1- o0 — ¢
° [ 4
a b c
tbﬁa\}f

Proposition. [LJ. and C. Vignat] For any positive integer n,

In general

371 (2k43)
4k+1 n

e ()= (Z+4).

[ 3
(x+2cg+c)":quk,g{xw(b—a)su(c—b)B’+a5(4>+2(b—a)u<’>
k=0 ¢=0

e = (%)

n
+ 23" L2 (b — a) B 4 q’k’£:| ,

(b— a)tHl gk—t+1 (¢ — pyk—¢

/ — — —
b (e 3 Gho=c+(k—20)b+ (30— k+1)a,



Two Loops

t0—>c ,
6= ¢-¢-9
Tova ool Toeyd 1-¢0—¢
TN
° ° [ 4
0 a b C

t tbﬁa\}f

u~>0\]§
Proposition. [LJ. and C. Vignat] For any positive integer n,

X >, 3k=n (2k+3) (X
En(g) :;JMH ES <§+k).

In general
[ 3
(x+2cg+c)":quk,g{xw(b—a)su(c—b)B’+a5(4>+2(b—a)u<’>
k=0 ¢=0

n
+ 23" L2 (b — a) B 4 q’k’£:| ,

k) (b — a)ttt gk=t+1 (¢ — p)k—¢
Y pk+1 (C _ a)k*lJrl

aie = ( Gho=c+(2k—20) b+ (3t~ k+1)a,

where

(69 4x)" = P00, (5 +x)" = BP0, wr =

n+1

,UP) = Uyt U
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Consider consecutive loops I1, I, ..., I, it seems like the contribution is

o o] n k
1
l} =— .
Z(;Z) 1—(h+-+1n) )
> |t feels right.

» | can "prove” it by induction.

» In general sites 0,1,..., N:

1 sinh w

1 77 coshw (sinh(2w)>

h(N sinh(w sinh(w) sinh(w
o8 ( W) 1- (cos}}( w) smh((2w)) + (N - 1) sinh((2w)) sinh((2w))>
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Consider consecutive loops I1, I, ..., I, it seems like the contribution is

o o] n k
1
l} =— .
Z(;Z) 1—(h+-+1n) )
> |t feels right.

» | can "prove” it by induction.

» In general sites 0,1,..., N:

1 sinh w
1 7? coshw (sinh(2w)>
h(N o sinh(w sinh(w) sinh(w
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2N coshN+1 w
1-— N+3 cosh w
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n loops?

Consider consecutive loops I1, I, ..., I, it seems like the contribution is

oo n k
1
Z(g’f) STt @

> |t feels right.
» | can "prove” it by induction.

» In general sites 0,1,..., N:
. N
1 sinh w
1 7? coshw (sinh(2w)>
h(N o 1 sinh(w) sinh(w) sinh(w)
cos ( W) 1- (cosh( w) sinh(2w) + (N - 1) sinh(2w) sinh(2w))
_ 2N coshV+1 w
1— N£3 coshV w

This shows () is not correct.

1 1 1 3 1

cosh(Nw) — cos(Niw)  Tw(cos(iw)) _ Tn(coshw))’
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Generalization

» Bessel process in R™:

R .= \/(Wt(”)2 +ot (W}"))2

> Moment generating functions for hitting times:
H, := min {Rs(”) = z}.
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Generalization

» Bessel process in R™:

R .= \/(Wt(”)2 +ot (W}"))2

> Moment generating functions for hitting times:

H, = msin {Rs(”) = z}.

x~ Y1, (xw)
—aH,. . v, )
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> n=2+2vforv>0



Generalization

» Bessel process in R™:

R .= \/<W§1))2 +ot (W}"))2

> Moment generating functions for hitting times:
H, := min {Rs(”) = z}.
s

x~ Y1, (xw) .
]EX (eaHz; sup R(n) < y> _ z—VIl,(zw;7 0 <x<z< i
° <x<

Sy (yw,xw
0<s<H, Sy(yw,zw)7 ZSXXY,

> n=2+2vforv>0

S, (%, y) = (xy) " [L(x)K(y) = K ()b (¥)],

and

B 0o 1 X\ 20+v T /7V(X) - /V(X)
h(x) = ; ar(l+v+1) (5) K= 2 sin(vr)
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x 2m+2
(3) = \/isinh (x)
= mlil (m + %) X7
t i teXe "2 tet(sz)
et —1 e% — e % 2
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m=0 2
> t" t te¥e—5  tet(*~32) t
Bn - = = T T inh (7)
; ( )n| et —1 ez —e 2 2 s
T _x



n=3&v=1/2

>

T _x
Ki(x) = ng

z sinh(xw) 0<x<z<
—aH,. xsinh(zw)’ SX=2%Yy
E. <e H » sup R5(3) < y) = {z:izh&y)x)w) < x <
0<s<H; xsinh((y—z2)w)> Z=SX=VY
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T _x
Ki(x) = ng

z sinh(xw) 0<x<z<
—aH,. xsinh(zw)’ SX=2%Yy
E (e H » sup R5(3) < y) = {z:izh&y)x)w) < x <
0<s<H; xsinh((y—z2)w)> Z=SX=VY

N NN
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n=3&v=1/2

Letrp =1, rn =2, and r=3
Proposition. [LJ. and C. Vignat]

3ntl x 5 x 1 3 (1\* _kia) (X +3+2k
T B (42 ) =B ()= 2 () E ST
n+1{ “<6+6) “(5*2)] ;04(4) ( 2 ) ()

Corollary 1. Take x =0, n=2m — 1 in (&) The LHS is

32m 5 1 32m 11

S B (2) = Bop (=) ]| = 2= |2 (1 —21-2m) (1 —31-2m) B, | (1 —2l=2m) B,
o [ () 20 (3)] = 3 3 ) ) Bam + ( ) B2

32m 1— 3172m
=5 (1—2'2") By, (# + 1)

% (1—2172m) (32" _ 1) By,

3 /1\* (2k+2) 3
ZZ(Z) Ey2s (k+§).

k>0

while the RHS is
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Letrp =1, rn =2, and r=3
Proposition. [LJ. and C. Vignat]

3ntl x 5 x 1 3 (1\* _kia) (X +3+2k
T B (42 ) =B ()= 2 () E ST
e (52) e (5+3)] -2 () (5) ©

k>0

Corollary 1. Take x =0, n=2m — 1 in (&) The LHS is

Eail [Bz,,, (2) — Bom (%)] _ B (1—2172m) (1—-3172M) By + (1 —21727) Bzm}

2m 2m
32m 1 _3172m
= _—(1-21"2") By, [ —— +1
> ) Bam ( A )
3
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Corollary 2. Take n =1 in (&).
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Proposition. [LJ. and C. Vignat] For any positive integer n,
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Several remarks are in order at this point:

» the identities obtained from this approach are not of the usual,
convolutional type. Rather, they are connection-type identities
between the usual Bernoulli and Euler polynomials and their
higher-order counterparts;

» these inherently involve a mixture of higher-order Bernoulli and Euler
polynomials;

» the interest of this approach is that each term in such a
decomposition can be related to a physical object, namely one loop
in a trajectory of a random process;

» this work should be considered as only a first approach to a more
general project in which the richness of the possible setups for
random walks is expected to generate a number of non-trivial
identities about more general special functions.



End

Thank youl

Connection Coefficients for Higher-order Bernoulli and Euler Polynomials:

A Random Walk Approach

https://arxiv.org/abs/1809.04636



