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Beginning-Partition

Recall for the partition function p(n), the generating function

∞∑
n=0

p(n)qn =
∞∏
n=1

1
(1− qn)

R. Schneider, Partition zeta functions. Research in Number
Theory 2016, 2:8.

Let ϕ∞ (f ; q) =
∞∏
n=1

(1− f (n) qn):

1
ϕ∞ (f ; q)

=
∑
λ∈P

q|λ|
∏
λi`λ

f (λi ) .

λ = (λ1, . . . , λk), |λ| = λ1 + · · ·+ λk
Special cases:

1 f (n) ≡ 1:
1

(q; q)∞
=
∑
n≥0

p (n) qn.

2 q = 1 and f (n) =

{
1/ps , if n = p is prime;
0, otherwise.

ζ (s) =
∏

p prime

1(
1− 1

ps

) .
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Partition zeta functions

Definition
Let λ = (λ1, . . . , λk) be a partition of n, and let ` (λ) = k and nλ = λ1λ2 · · ·λk . Define the partition-theoretic
generalization of Riemann-zeta function as

ζP

(
{s}k

)
:=

∑
`(λ)=k

1
nsλ
.

Theorem (R. Schneider)

ζP

(
{2}k

)
=
∑
`(λ)=k

1
n2
λ

=
22k−1 − 1
22k−2 ζ (2k) .

Remark

Similar results for ζP
(
{2m}k

)
= rational× π2k .

The author wants to study general ζP
(
{s}k

)
and its analytic continuation.

ζP

(
{s}k

)
:=

∑
`(λ)=k

1
nsλ

=
∑

λ1≥···≥λk

1
λs1 · · ·λsk

= Ss, . . . , s︸ ︷︷ ︸
k

(∞)

Notation: a 7→ s:
ζP

(
{a}k

)
:=

∑
`(λ)=k

1
naλ

=
∑

λ1≥···≥λk

1
λa1 · · ·λak
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Harmonic sums

Definition

Sa1,...,ak (N) :=
∑

N≥i1≥···≥ik≥1

sign (a1)i1

i
|a1|
1

· · · sign (ak)ik

i
|ak |
k

Ha1,...,ak (N) :=
∑

N>i1>···>ik≥1

sign (a1)i1

i
|a1|
1

· · · sign (ak)ik

i
|ak |
k

Remark
When a > 0,

ζP

(
{a}k

)
=

∑
λ1≥···≥λk

1
λa1 · · ·λak

= Sa, . . . , a︸ ︷︷ ︸
k

(∞) = Sak
(∞) .

Example

1

S2,1 (∞) =
∑

i1≥i2≥1

1
i21 i2

= 2ζ(3) = 2H3 (∞) = 2S3 (∞)

2

S1k
(N) =

∑
N≥i1≥···≥ik≥1

1
i1 · · · ik

=
n∑
`=1

(−1)`−1
(
n

`

)
1
`k
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Integral representation

Theorem (L. Jiu)

Let m, k ∈ Z>0 and ξm = e2πi/m

Smk
(∞) =

(−1)mk

(m − 1)! (mk)!

∫ 1

0
· · ·
∫ 1−x1−···−xk−2

0
logmk

(
x
ξ0m
1 x

ξ1m
2 · · · x

ξm−2
m

m−1 (1− x1 − · · · − xm−1)ξ
m−1
m

)
dxm−1 · · · dx1

Corollary

1 m = 2

S2k
(∞) =

1
(2k)!

∫ 1

0
log2k

(
1− λ
λ

)
dλ

2 m = 2, k = 1

S21 (∞) =
∑
i1≥1

1
i21

= ζ (2) =
1
2

∫ 1

0
log2

(
1− λ
λ

)
dλ

Theorem (L. Jiu)

Let m, k ∈ Z>0 and ξm = e2πi/m

∞∑
k=0

Smk
(∞) tmk =

m−1∏
j=0

Γ
(
1− ξjmt

)
= (m − 1)!

m−1∏
j=0

Γ
(
1− ξjmt

)
Γ

(
m−1∑̀

=0

(
1− ξjmt

)) = (m − 1)!B
(
1− ξ0mt, 1− ξ1mt, . . . , 1− ξm−1

m t
)
.

Use the integral representation of multiple beta function B (a1, . . . , am).
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Idea

ϕ∞ (f ; q) =
∞∏
n=1

(1− f (n) qn)⇒ 1
ϕ∞ (f ; q)

=
∑
λ∈P

q|λ|
∏
λi`λ

f (λi ) .

Let f (n) = ta

na and q → 1
∞∏
n=1

1
1− ta

na
=
∞∑
k=0

∑
l(λ)=k

tak

naλ
=
∞∑
k=0

Sak
(∞) tak .
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Random walk

S1k
(N) =

∑
N≥n1≥···≥nk≥1

1
n1 · · · nk

•
1

•
2

•
3

· · · •
N−1

•
N

one can only jump to sites that are NOT to the right of the current site, with equal probabilities;
steps are independent

P (6→ 6) = P (6→ 5) = P (6→ 4) = P (6→ 3) = P (6→ 2) = P (6→ 1) =
1
6
.

STEP 1: walk N → n1 (≤ N) with P (N → n1) = 1
N ;

STEP 2: walk n1 → n2 (≤ n1), with P (n1 → n2) = 1
n1
;

· · · · · · · · · · · · · · · · · ·
STEP k + 1: walk nk 7→ nk+1 (≤ nk), with P (nk → nk+1) = 1

nk
.

P (nk+1 = 1) =
∑

N≥n1≥···≥nk≥1

1
Nn1 · · · nk

=
S1k

(N)

N
.

Proposition
Fix N ∈ Z>0,

lim
k→∞

S1k
(N) = N lim

k→∞
P (nk+1 = 1) = N

P (nk+1 6= 1) ≤
(
1− 1

N

)k

−→ 0 as k →∞
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Transition matrix

S =


1 0 0 · · · 0
1
2

1
2 0 · · · 0

...
...

...
. . .

...
1
N

1
N

1
N · · · 1

N



⇒
(
Sk+1

)
N,1

= P (nk+1 = 1) .

Definition
For m,N ∈ Z>0, define

S (f1, . . . , fk ;N,m) :=
∑

N≥n1≥···≥nk≥m
f1 (n1) · · · fk (nk) and A (f1, . . . , fk ;N,m) :=

∑
N>n1>···>nk≥m

f1 (n1) · · · fk (nk) .

Theorem (L. Jiu and D. Shi)
Define three N × N matrices:

Sf :=


f (1) 0 0 · · · 0
f (2) f (2) 0 · · · 0

...
...

...
. . .

...
f (N) f (N) f (N) · · · f (N)

 , Af :=


0 0 · · · 0 0

f (1) 0 · · · 0 0
f (2) f (2) · · · 0 0

...
...

. . .
...

...
f (N − 1) f (N − 1) · · · f (N − 1) 0

 , P =


1 0 0 · · · 0
1 1 0 · · · 0
...

...
...

. . .
...

1 1 1 · · · 1

 .

Then,

S (f1, . . . , fk ;N,m) =

(
P ·

k∏
l=1

Sfl

)
N,m

and A (f1, . . . , fk ;N,m) =

(
P ·

k∏
l=1

Afl

)
N,m

Remark
Af = ∆Sf , where ∆ := (δi−1,j)N×N
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Diagonalization

Sf :=


f (1) 0 0 · · · 0
f (2) f (2) 0 · · · 0
...

...
...

. . .
...

f (N) f (N) f (N) · · · f (N)



Theorem (L. Jiu and D. Shi)
S f has eigenvalues {f (1) , . . . , f (N)}. If all of them are distinct, define D f = (di ,j)N×N and E f = (ei ,j)N×N by

if i ≥ j ,

di ,j =
f (i)

f (N)

N∏
k=i+1

(
1− f (k)

f (j)

)
and ei ,j =

f (N)

f (i)

N∏
k=j
k 6=i

1

1− f (k)
f (i)

;

if i < j , di ,j = 0 = ei ,j

Then, D−1
f = E f and

S f = D f diag {f (1) , . . . , f (N)}E f .

Example
For S1k (N), let f (x) = 1/x , then

S1k (N) = N
(
Sk+1
f

)
N,1

= N

(
D f diag

{
1,

1
2k+1 . . . ,

1
Nk+1

}
E f

)
N,1

Note that: the last row of D f is (1, 1, 1, . . . , 1). By calculation the first column of E f , we eventually have

S1k (N) = N
N∑
`=1

1
`k+1 ·

`

N

N∏
k=1
k 6=`

1
1− `

k

=
N∑
`=1

(−1)`−1
(
N

`

)
1
`k
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S1k (N) = N
(
Sk+1
f

)
N,1

= N

(
D f diag

{
1,

1
2k+1 . . . ,

1
Nk+1

}
E f

)
N,1

Note that: the last row of D f is (1, 1, 1, . . . , 1). By calculation the first column of E f , we eventually have

S1k (N) = N
N∑
`=1

1
`k+1 ·

`

N

N∏
k=1
k 6=`

1
1− `

k

=
N∑
`=1

(−1)`−1
(
N

`

)
1
`k
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