INTRODUCTION TO FOUR SYMBOLIC INTEGRATION
METHODS: TWO EXAMPLES
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1. INTRODUCTION

The following two examples will be used.

Example 1.1.
= =tan™ " (x =—.
o l+a? e=0 2
Example 1.2.
It :/Oo Sinxdx: ™
O (I/.

2. THE METHOD OF BRACKETS (MoOB)

MoB evaluates the definite integral

|t
0
(most of the time) in terms of SERIES, with ONLY SEVEN rules.

Definition 2.1. The indicator is defined by

G N e VI
On = nl T(n+1)

Also, their product is denoted by

T
¢1,...,r = anl,...,nr = ¢n1¢n2 t ¢nr = H¢ni~
=1

Rules
Pll If
,f (JC) _ z:anxoanﬁfl7
n=0
then,
/ f(z)dx — Zan (an + B)
0 n

which is called the bracket series;

P: For a < 0,

(a1 4 +a)* = Y drgafaf ['(~a) 7
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Ps: For each bracket series, we assign index=7# of sums— # of brackets;
Eli

S 60 F () {an + B) = = F (n°) F (~n),

, |

where n* solves an + 3 = 0;

EQZ
Z o1, o F(na,...,n.) H (@irng + -+ + apny +¢;)
MN1yeeesNp =1
F(ny,...,nk) '1:[1F (—=n¥)
B |det A ’
where
ainy +---+an, +cr =0
(n},...,n)) solves -
ariny + -+ apny+c. =0
FEs: The value of a multi-dimensional bracket series of POSITIVE index is

obtained by computing all the contributions of maximal rank by Rule
FE5. These contributions to the integral appear as series in the free
parameters. Series converging in a common region are added and diver-
gent series are discarded. Any series producing a non-real contribution
is also discarded.

Ey: Let k € N be fixed. In the evaluation of series, the rule

_ k(=)™ (km)!
T k+1 ((k+Dm)!

must be used to eliminate Pochhammer symbols with negative index
and negative integer base.

(=km)_m

Example 2.2. We let

F0)= 1 = 20 = 36T+ D

(1) By Plv

00 1 o] oo
/0 dﬂr:—/0 f(x)dx—;qﬁnl“(wrl) (2n+1).

1422
(2) To apply Ej, we solve for n*:
1
2n*—|—1:0:>n*:—§.

By Ei,

I= ﬁf(n* +)P(-n") = 5T <1>2 -
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Alternatively, we can first apply P, to have

1 1+n1+n
T (RTC RED SE AL zm# Zasmg (1411 + ).
ni,n2
Then,

/ Z¢12£L’ 1+TL1+1’L2 dx—z¢12 n1—|—n2+1><2n2+1>

1,2

Solving the linear system:

1 1
ny+ng = —1 det =2
= 0 2

2712 =-1 1 1
(nin3) = (=3, —3)
By Eg,
2
oty 7
12] 2 2
Example 2.3. We let
Sinz )" > F'(n+1)
— = e (2 1).
/(@) g 2n+1 ngo(b Tont2) 2l

Then,
po L D3+ F(l)_%(l)?_w
S RIr2(-Y)+2) \2/) 20\2) 2

3. NEGATIVE DIMENSION INTEGRATION METHOD

Example 3.1. Consider for a > 0,

1 (z=m)?
1= — e 202 duw.
V2ro /R
Let 4 = 0 and 1/(20%) = a. We have

(3.1) J(a) = e_a/Re—a;chx = e_a\/z = ﬁgénan_

e On the other hand, assuming that we can interchange the integration and
summation, we have

(3.2) J(a) = /Rmij:o@nam(l + 23 ™de = mz::oqﬁm (/R(l + xQ)mdx> a™.
Now, define
- 2\m .
I, : /R(l +z*)"dx
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To match (3.1) and (3.2), we see n — 1/2 = m, i.e., n = m + 1/2. Comparing
coefficients indicates

(- 1)m+2 . '(m+1)
(=)™  T(m+32)

— V7

_
Thus, by
(=a)n =(=1)"(a—n+1)
we have
P S,
DF(-m-D), (m-Dy
so that
L1 JE 1 VA«
22 (%)%*2 ra 2

4. INTEGRATION BY DIFFERENTIATION

Theorem 4.1 (A. Kempf, D. Jackson, and A. Morales). Let 0. = 9/0¢.
eeb _ efa
/ f(x = lim f(0.) ——,

e—=0 3

= lim 2 f (—id.) § (c) = 2md (id:) f (€)

e—0 I3

— lim £ (0) 2,

e—=0 IS

/J :
/wa@c)dw — lim f(-0.) L,
[

[ @ = misco)+ @l

e—0
where i2 =1 and 6 is the Dirac-delta function.

Example 4.2. Rewrite

smx 1 1 , .. _..

fo === =)
_ L1 —io. _ ooy L1
1= limy f(=02) - = o lim (7% =€) 50 2.

Note that 1/0; is the inverse operation of derivative, i.e., integration.

1 —id. _ _ib.
I’—Zg%( —€'%)o(lne+c)
Recall that for the derivative operator J,

eaafof(s)—z:—a o f(e Z% fle+a).

n=0 n=0
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Therefore,
/ 1 . . .
I' = —lim[(ln(e —1i)4+c¢)— (In(e+1) + c)]
21 e—0
1. , . 1 (—imr  im T

5. HYPERGEOMETRIC FORM

Proposition 5.1 (P. Blaschke). Let f be holomorphic near the origin, o # —1,
B#0 and —(a+1)/5 ¢ N. Then,
xﬁ> +C,

8 zott N

where

Corollary 5.2. Forp<gq+1,

+1 a+1

ai,...,a ¢ A1y Ap, =5

/xaqu ( ) » Ap ,Yl,[‘3> de = =2 F‘(H_1 B
Cl,...,Cq « C1

Example 5.3. Let

=@,
o~ (), D (=2?)
=z
200, e
1.1
=nF | 7 —w2>
2
= tan" ! (z).
Thus,
. r=00 B I
I =tan™ " (x) T
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Example 5.4. Note that

ol (;
2

1‘2 _ > 1 (—1)”.]32”
_4)_Z(§) C4nql
_ l i (71)n$2n+1
1 St (_1)n1.2n+1

= (2n+1)!

sinx

Thus,

; 1 2
/Smxdxzx By (L2 =2 ) (=si).
x 2

Lemma 5.5. As z — —oo,

Cly..0,Cq ey e (¢; — )
apFa
iff p>q—1 and
o forp>qg—1, a=min(a1,...,ap);
. fm"p:q—l,a:min(al,...,ap)<a—%,where

oY
] I
Let z = —22/4 & o = 2(—2)Y/?, we see

Ll (Y e (33 1)1
aT Ty “\27273) o

Thus,
2
1 2 3
5 x r (*) 0
lim x 1 F: 2 —— ] =2 2 =—.
soot T2 23 4 r(1) 2
On the other hand,
1 2
5 T
limleg 2 - — =0-1=0.
3 3
x—0 515 4
Therefore,
T T
I'==--0=—.
2 2
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