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1. Introduction

The following two examples will be used.

Example 1.1.

I :=

∫ ∞
0

dx

1 + x2
= tan−1(x)

∣∣∣∣x=∞
x=0

=
π

2
.

Example 1.2.

I ′ :=

∫ ∞
0

sinx

x
dx =

π

2

2. The method of brackets (MoB)

MoB evaluates the definite integral∫ ∞
0

f (x) dx

(most of the time) in terms of SERIES, with ONLY SEVEN rules.

Definition 2.1. The indicator is defined by

φn :=
(−1)

n

n!
=

(−1)
n

Γ (n+ 1)
.

Also, their product is denoted by

φ1,...,r := φn1,...,nr = φn1
φn2
· · ·φnr =

r∏
i=1

φni .

Rules
P1: If

f (x) =

∞∑
n=0

anx
αn+β−1,

then, ∫ ∞
0

f (x) dx 7→
∑
n

an 〈αn+ β〉

which is called the bracket series;
P2: For α < 0,

(a1 + · · ·+ ar)
α 7→

∑
n1,...,nr

φ1,...,ra
n1
1 · · · anrr

〈−α+ n1 + · · ·+ nr〉
Γ (−α)

;
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P3: For each bracket series, we assign index=# of sums− # of brackets;
E1: ∑

n

φnF (n) 〈αn+ β〉 =
1

|α|
F (n∗)F (−n∗) ,

where n∗ solves αn+ β = 0;
E2: ∑

n1,...,nr

φ1,...,rF (n1, . . . , nr)

r∏
i=1

〈ai1n1 + · · ·+ airnr + ci〉

=

F (n∗1, . . . , n
∗
r)

r∏
i=1

Γ (−n∗i )

|detA|
,

where

(n∗1, . . . , n
∗
r) solves


a11n1 + · · ·+ a1rnr + c1 = 0

. . . · · ·
ar1n1 + · · ·+ arrnr + cr = 0

;

E3: The value of a multi-dimensional bracket series of POSITIVE index is
obtained by computing all the contributions of maximal rank by Rule
E2. These contributions to the integral appear as series in the free
parameters. Series converging in a common region are added and diver-
gent series are discarded. Any series producing a non-real contribution
is also discarded.

E4 : Let k ∈ N be fixed. In the evaluation of series, the rule

(−km)−m =
k

k + 1
· (−1)m(km)!

((k + 1)m)!

must be used to eliminate Pochhammer symbols with negative index
and negative integer base.

Example 2.2. We let

f(x) =
1

1 + x2
=

∞∑
n=0

(−1)nx2n =

∞∑
n=0

φnΓ(n+ 1)x2n.

(1) By P1,∫ ∞
0

1

1 + x2
dx =

∫ ∞
0

f(x)dx =

∞∑
n=0

φnΓ(n+ 1) 〈2n+ 1〉 .

(2) To apply E1, we solve for n∗:

2n∗ + 1 = 0 =⇒ n∗ = −1

2
.

By E1,

I =
1

|2|
Γ(n∗ + 1)Γ(−n∗) =

1

2
Γ

(
1

2

)2

=
1

2

(√
π
)2

=
π

2
.
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Alternatively, we can first apply P2 to have

1

1 + x2
=
(
1 + x2

)−1
=
∑
n1,n2

φn1
φn2

1n1x2n2
〈1 + n1 + n2〉

Γ (1)
=
∑
1,2

φ1,2x
2n2 〈1 + n1 + n2〉 .

Then,

I =

∫ ∞
0

∑
1,2

φ1,2x
2n2 〈1 + n1 + n2〉dx =

∑
1,2

φ1,2 〈n1 + n2 + 1〉 〈2n2 + 1〉 .

Solving the linear system:

n1 + n2 = −1

2n2 = −1

}
⇒

det

[
1 1

0 2

]
= 2

(n∗1, n
∗
2) =

(
− 1

2 ,−
1
2

) .

By E2,

I =
1

|2|
Γ

(
1

2

)2

=
π

2
.

Example 2.3. We let

f(x) =
sinx

x
=

∞∑
n=0

(−1)n

(2n+ 1)!
x2n =

∞∑
n=0

φn
Γ(n+ 1)

Γ(2n+ 2)
〈2n+ 1〉 .

Then,

I ′ =
1

|2|
Γ
(
− 1

2 + 1
)

Γ
(
2
(
− 1

2

)
+ 2
)Γ

(
1

2

)
=

1

2
Γ

(
1

2

)2

=
π

2
.

3. Negative dimension integration method

Example 3.1. Consider for α > 0,

J(α) :=

∫
R
e−α(1+x

2)dx.

• By the Gaussian distribution,

1 =
1√
2πσ

∫
R
e−

(x−µ)2

2σ2 dx.

Let µ = 0 and 1/(2σ2) = α. We have

(3.1) J(α) = e−α
∫
R
e−αx

2

dx = e−α
√
π

α
=
√
π

∞∑
n=0

φnα
n− 1

2 .

• On the other hand, assuming that we can interchange the integration and
summation, we have

(3.2) J(α) =

∫
R

∞∑
m=0

φmα
m(1 + x2)mdx =

∞∑
m=0

φm

(∫
R

(1 + x2)mdx

)
αm.

Now, define

Im :=

∫
R

(1 + x2)mdx.
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To match (3.1) and (3.2), we see n − 1/2 = m, i.e., n = m + 1/2. Comparing
coefficients indicates

√
πφm+ 1

2
= φmIm =⇒ Im =

√
π
φm+ 1

2

φm

=
√
π

(−1)m+ 1
2

(−1)m
· Γ (m+ 1)

Γ
(
m+ 3

2

)
=

√
πi

(m+ 1) 1
2

.

Thus, by
(−a)n = (−1)n(a− n+ 1)n,

we have

Im =

√
πi

(−1)
1
2

(
−m− 1

2

)
1
2

=

√
π(

−m− 1
2

)
1
2

,

so that

I =
I−1
2

=
1

2
·
√
π(

1
2

)
1
2

=
1

2
·
√
πΓ
(
1
2

)
Γ(1)

=
π

2
.

4. Integration by differentiation

Theorem 4.1 (A. Kempf, D. Jackson, and A. Morales). Let ∂ε = ∂/∂ε.∫ b

a

f (x) dx = lim
ε→0

f (∂ε)
eεb − eεa

ε
,∫ ∞

−∞
f (x) dx = lim

ε→0
2πf (−i∂ε) δ (ε) = 2πδ (i∂ε) f (ε) ,∫ ∞

0

f (x) dx = lim
ε→0

f (−∂ε)
1

ε
,∫ 0

−∞
f (x) dx = lim

ε→0
f (∂ε)

1

ε
,∫ ∞

−∞
f (x) dx = lim

ε→0
[f (−∂ε) + f (∂ε)]

1

ε
,

where i2 = 1 and δ is the Dirac-delta function.

Example 4.2. Rewrite

f (x) =
sinx

x
=

1

x
· 1

2i

(
eix − e−ix

)
I ′ = lim

ε→0
f (−∂ε)

1

ε
=

1

2i
lim
ε→0

(
e−i∂ε − ei∂ε

) 1

∂ε
◦ 1

ε
.

Note that 1/∂ε is the inverse operation of derivative, i.e., integration.

I ′ =
1

2i
lim
ε→0

(
e−i∂ε − ei∂ε

)
◦ (ln ε+ c)

Recall that for the derivative operator ∂ε,

ea∂ε ◦ f (ε) =

∞∑
n=0

an

n!
∂ε ◦ f(ε) =

∞∑
n=0

an

n!
f (n)(ε) = f (ε+ a) .
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Therefore,

I ′ =
1

2i
lim
ε→0

[(ln (ε− i) + c)− (ln (ε+ i) + c)]

=
1

2i
lim
ε→0

[ln (ε− i)− ln (ε+ i)] =
1

2i

(
−iπ

2
− iπ

2

)
=
π

2
.

5. Hypergeometric form

Proposition 5.1 (P. Blaschke). Let f be holomorphic near the origin, α 6= −1,
β 6= 0 and −(α+ 1)/β /∈ N. Then,

∫
xαf(xβ)dx =

xα+1

α+ 1
f

(
α+1
β

1 + α+1
β

xβ

)
+ C,

where

f
(a
c

x
)

=

∞∑
n=0

(a)n
(c)n

· f
(n)(0)

n!
xn.

Corollary 5.2. For p ≤ q + 1,

∫
xαpFq

(
a1, . . . , ap
c1, . . . , cq

γxβ
)

dx =
xα+1

α+ 1
p+1Fq+1

(
a1, . . . , ap,

α+1
β

c1, . . . , cq, 1 + α+1
β

γxβ

)
+ C.

Example 5.3. Let

f(x) =
1

1 + x
=

∞∑
n=0

(−1)nxn,

we see f (n)(0) = (−1)nn!. Thus,

∫
f(x2)dx = x

∞∑
n=0

(
1
2

)
n(

3
2

)
n

· (−1)nn!

n!
x2n

= x

∞∑
n=0

(
1
2

)
n

(1)n(
3
2

)
n

· (−x2)n

n!

= x2F1

(
1, 12
3
2

− x2
)

= tan−1(x).

Thus,

I = tan−1(x)

∣∣∣∣x=∞
x=0

=
π

2
.
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Example 5.4. Note that

0F1

(
−
3
2

− x2

4

)
=

∞∑
n=0

1(
3
2

)
n

· (−1)nx2n

4n · n!

=
1

x

∞∑
n=0

(−1)nx2n+1(
3
2 ·

5
2 · · ·

2n+1
2

)
2n · 2nn!

=
1

x

∞∑
n=0

(−1)nx2n+1

(2n+ 1)!

=
sinx

x
.

Thus, ∫
sinx

x
dx = x 1F2

(
1
2

3
2 ,

3
2

− x2

4

)
(= Si(x)) .

Lemma 5.5. As z → −∞,

(−z)αpFq
(
a1, . . . , ap
c1, . . . , cq

z

)
→

p∏
l=1
αl 6=α

Γ (ai − α)

ai

q∏
j=1

Γ (cj)

Γ (cj − α)
,

iff p ≥ q − 1 and
• for p > q − 1, α = min (a1, . . . , ap) ;
• for p = q − 1, α = min (a1, . . . , ap) < σ − 1

2 ,where

σ =
∑
j

cj −
∑
l

al.

Let z = −x2/4⇔ x = 2(−z)1/2, we see

α =
1

2
= min

(
1

2

)
< 2 =

(
3

2
+

3

2
− 1

2

)
− 1

2
.

Thus,

lim
x→∞

x 1F2

(
1
2

3
2 ,

3
2

− x2

4

)
= 2

(
Γ
(
3
2

)
Γ (1)

)2

=
π

2
.

On the other hand,

lim
x→0

x 1F2

(
1
2

3
2 ,

3
2

− x2

4

)
= 0 · 1 = 0.

Therefore,
I ′ =

π

2
− 0 =

π

2
.
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