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u 1
12+22+~--+n2zzk2:gn(n+1)(2n+1)- (*)
k=1

1. Induction;

mor=t 1-(141)-(2+1
LHs() =1 = L OHED-CHD _ ppgiy,
» Suppose (*) holds for n, then for n+ 1,
LHS(n+1) = 1°+42°+.--4+n”+(n+1)

_ %n(n F1)2n+1) + (n+ 1)?

I :%(n+l)(n+2)(2n+3)

= RHS(n+1).
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| 4
>
>
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n—(n—1)*=3n%>-3n+1;
(n—12—-(n-223=3n-12-3(n—-1)+1;

232 -13=3.22-3.2+1(=7) and
13-03=3-12—-3-1+1.
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k=1

2. Observation:
> ¥ — (1P =3n-3n+1;
FLD;/I’)'S’ (b—2¥=3(n-12-3(n—-1)+1;

>25—%:3.22—3~2+1(:7)and
> ¥¥-03=3.12-3. 1+1

n —3Zk2—32k+n—32k2 n+1)—|—n.

:>zn:k2: n(n+1)6(2n+1)

create telescoping
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Namely,

f(n)=124+22+--+n*=an + B +yn+46
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> n=1: LHS(1)=1= H5(1);
> n=2: LHS(2) =5 = RHS(2);
> n=3: LHS(3) =14 RHS( );
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Theorem. For any positive integer n,
f(n)=1>4+22+---+n?

is a polynomial in variable n, of degree 3. Namely,

1, 1, 1
f(n)=12+22+~--+n2=0¢n3+ﬁn2+'yn+5;§n3+6n2+§n.
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Theorem. For any positive integers d and n,
Q(n):=17+2/ - 40/ => K

is a polynomial in variable n of degree d + 1.
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24224 4 n?= Z k? =7a closed form (')
k=1

a+B+v+9 =1 a=1/3

8at+4f+2y+5 =5 _ JF=1/6

21+ 98 +3y+4d =14 y=1/2
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Proof of the Theorem.
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Theorem. For any positive integers d and n,
Q(n):=17+2/ - 40/ => K

is a polynomial in variable n of degree d + 1.

Q(n) = odendJrl +agn? + -+ a1d + ap.
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Theorem. Let Py(x) be a polynomial of degree d. Define
Q(n) == Py(1) + Pu(2) + -+ Pa(n) =Y Pa(k).
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Then, Q(n) is a polynomial in variable n of degree d + 1.
Remark.
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2

1 2
P83 108 = (n(n;_)>

1+424+---4+n=
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i(zjn>x1:(l+x) =(14+x)" (1+x)" S l;(D(Jfk)]XJ

Jj=0 Jj=0




Example 2

Question kz":_o (:>2 _ <2n'7)_ (%) (:) = kl(nnlk)l

1. Combinatorial proof.

- 50)(.0)

We shall choose n balls from n red balls and n blue balls.
RHS = direct computation LHS = k red and n — k blue balls.

2. Generating function proof. Recall

(1+x)" = zn: C)XJ

i(zjn)xf:(wx) = (14x)" (1+x) ;[i()(J k)]xj

Consider the term of j = n (the coefficients of x" on both sides)
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(KD ((n— k)1 (2n)! 2(n+1-k)(2n+1)

>
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(KN ((n+ 1=Kk 2n+2)1  (k1)* ((n— k)1)* (2n)!
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T K (=) |k ent ) @nr )

- k)3n3+(7—8k)n2+(2k2+5)n+2k2—4k+1
’ 2(n+1-k)?(2n+2)

= F(n,k+1)R(n k +1) — F(n,k)R(n, k)

= G(n,k+1)—G(n k)
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Question n
Find/Show f(n) =Y _F(n, k)

k=0
Find G(n, k) such that

F(n+1,k)— F(n, k) = G(n, k+ 1) — G(n, k). (%)
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Find G(n, k) such that
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Remark. It will be great that if F(n, k) =0 when k > n (and k < 0).
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Question n
Find/Show f(n) = F(n, k)
Find G(n, k) such that
F(n+1,k)— F(n, k) = G(n,k +1) — G(n, k). (%)
Summing k from 0 to n, we see
(f(n+1)=F(n+1,n+1))—f(n) = G(n,n+ 1) — G(n,0).

Remark. It will be great that if F(n, k) =0 when k > n (and k < 0).
Then, we can sum (x) for k from 0 to n+ 1
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k——o00 k— 00
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R(n, k) is called WZ proof certificate (Wilf—Zeilberger)
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F(n+1,k) (n+1)*
F(nk)  (n+1—k)*(2n+2)(2n+1)
F(n,k+1)  (n—k)?

Fn k) (k+1)

rational in n & k.
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F(n+1,k) (n+1)*
F(n,k) — (n+1—k)?(@2n+2)(2n+1)
F(n,k+1)  (n—k)?

F(n’ k) B (k+1)2

rational in n & k.

6.3 How the algorithm works

The creative telescoping algorithm is for the fast discovery of the recurrence for a
proper hypergeometric term, in the telescoped form (6.1.3). The algorithmic imple-
mentation makes strong use of the existence, but not of the method of proof used in
the existence theorem.

More precisely, what we do is this. We now know that a recurrence (6.1.3) exists.
On the left side of the recurrence there are unknown coefficients ap, ... ,a ; on the

right side there is an unknown function G; and the order J of the recurrence is
unknown, except that bounds for it were established in the Fundamental Theorem
(Theorem 4.4.1 on page 65).

We begin by fixing the assumed order J of the recurrence. We will then look for
a recurrence of that order, and if none exists, we'll look for one of the next higher
order

For that fixed J, let’s denote the left side of (6.1.3) by £, so that

th = agF(n, k) + s F(n + 1,k) + - +ayF(n+ J, k). (6.3.1)
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6.3 How the algorithim works

107

Zeilberger'’s Algorithm

Then we have for the term ratio

_ SlawFlnt i k4 1)/F(nk+1) Fnk+1)
h Lt R/ FR)  Fnk)

The second member on the right is a rational function of n, k, say.
Foukt ) n(nk)
Fl k)
where the r's are polynomials, and also

Fluk)
Fo-10

say, where the s are polynomials. Then

st ik
n5e==n

(6.3.2)

(633)

Thus we have

plk+ (k)
CERECH

where
e 1
m(n—Za,{n~.<u+/—m 11 w«w.o}.
and

7{8) = ra (k) T san 4 1,8

(6:35)

(6:36)

(©37)

S(k) = ralm k) [T s+ 4 ) (635)

Note that the assumed coeffcients a; do not appear in r(k) or in s(k), but only

).
xt, by Theorem 531, we can write 7(k)/s(K) in the canonical form

)l ) pal) .
W el w o

in which the mumerator and denominator on the right are coprime, and

)

sedpa(k)ps(k + ) =1 (=0,
Hence if we put p(k) = pu (k) () then from eqs. (6:3.5) and

s plh s Dpalh)

T

39), we obtain

(63.10)

This is
on page T
if and only if

v a standard sctup for Gosper’s

PalkYDk + 1) = palk = Db(k) = p(k) (63.11)

has a pol solution bk

“The remarkable feature of this cquation (6.3.11)is that the coefficients po(k) and

(k) are independent of the unknowns {a,}/.q and the right side p(k) depends on
. N We look for

10 (63

v first, s in Gosper's algorithm, finding an upper bound on the degree,
say A, of such a solution. Next we assume (k) as a general polynomial of that degree,

say .
k)= 3

with all of its coefficients to be detern abstitute this expression for b(k)

4. We
in (6:3.11), and we find a system of simultancous fincar equations in the & +J +2

o,y o

The linearity of this system s directly traceable to the italicized remark above.
We then solve the system, if possible, for the a,’s and the 3's. 1f no solution
(6.1:3) and of the assumed order

e of order J+ 1. 1fon the o

DA
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6.4 Examples

109

hand a polynomial solution b(k) of equation (6.3.11) does exist, then we will have
found all of the a;'s of our assumed recurrence (6.1.3), and, by eq. (5.2.5) we will also
have found the G(n, k) on the right hand side, as

_ pa(k—1)

G(n, k) = W[)(k)tk. (6.3.12)

See Koornwinder [Koor93] for further discussion and a g-analogue.
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found all of the a;’s of our assumed recurrence (6.1.3), and, by eq. (5.2.5) we will also

have found the G (n, k) on the right hand side, as

ps(k —1)
p(k)

See Koornwinder [Koor93] for further discussion and a g-analogue.

G(n, k) = b(k)ts.. (6.3.12)
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hand a polynomial solution b(k) of equation (6.3.11) does exist, then we will have
found all of the a;’s of our assumed recurrence (6.1.3), and, by eq. (5.2.5) we will also
have found the G (n, k) on the right hand side, as

Gy = BEZ Dy (6.3.12)

!
See Koornwinder [Koor93] for further discussion and a g-analogue.
https://www.math.upenn.edu/~wilf/AeqB.html

A=B

Home Page for the Book "A=B"

by Marko Petkovsek, Herbert Wilf and Doron Zeilberger

with a Foreword by Donald E. Knuth (read it below)

YOU CAN NOW DOWNLOAD THE ENTIRE BOOK !!

About the Book
"A=B" is about ident I lar, with emphasis on comp of discovery and proof. The book describes a nus
hese tasks, and we latest verslons of ot these algorithms on this page. S0 be sure to consult this page from time o time,
versions of the programs.
In addition 0 programs, we will post here other iems the book, such as The other side of the coin is hat we

content of the book, the programs, any errrs that you may discover, o whatever, You can send us your comments by e-mall if you wish.
The book is a selection of the Library of Science.

A Japanese transation af A=B, by Toppan Co, Lid., appeared in November of 1997

‘What's new:
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1. Introduction

The polynomial
Pala) = Y difm)a’ (11

=1

with

& o2 =2\ fm4 R ()

piemeel)
=k J\m e

= /

made its appearance in [1] in the evaluation of the quartc integral

———— (13)
T

] dr
T2 £
1

i (1. Amdeberban), disttlaoe.d (A. Dixt) e (X, Gua)
V.H. bolb.

The sequence

™ G (" G

=Y

k=t

de(m

satisfies that there exists an
index j > 0, such that

do(m) < di(m) < --- < dj(m)
and
dj(m) > djy1(m) > -+

The last step requires the
sequence

B 2k 1y k-1
T""Z;(k)( k )2k(4kn)

to be monotonic increasing.



Example 3




Example 3

RO

k=2

WZ Method = a, T, — b, Tpi1+ cn Thio +d, =0,



Example 3
n+1
2k\ (n+1\ k-1
Tn:Z(k)< k )2/(4"
P’ (%)
WZ Method = a, T, — b, Tpi1+ cn Thio +d, =0,

where

a, =7195230 + 87693273n + 44885656802 + 1263033897n° + 2147597568n*
+ 22797911760 4 1502157312n° + 586779648n7 + 121208832n® + 9732096n°

¢n =3265920 + 41472576n + 21705523202 + 618806528n° + 1062162432n*
+1139030016n° + 762052608n° + 305528832n7 + 66060288n° + 5767168n°

dn = — 799470—5607945n—14906040n° —16808745n3 —2987520n*
+ 9906360n° + 8025600n° + 1858560n"



Example 3
n+1
2k\ (n+1\ k-1
Tn:Z(k)< k )2/(4"
P’ (%)
WZ Method = a, T, — b, Tpi1+ cn Thio +d, =0,

where

a, =7195230 + 87693273n + 44885656802 + 1263033897n° + 2147597568n*
+ 22797911760 4 1502157312n° + 586779648n7 + 121208832n® + 9732096n°

¢n =3265920 + 41472576n + 21705523202 + 618806528n° + 1062162432n*
+1139030016n° + 762052608n° + 305528832n7 + 66060288n° + 5767168n°

dn = — 799470—5607945n—14906040n° —16808745n3 —2987520n*
+ 9906360n° + 8025600n° + 1858560n"

b, =a,+c,+ d,.



Example 3
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n-= ok Am
o Nk k2R
WZ Method = a, T, — b, Tpi1+ cn Thio +d, =0,
where
a, =7195230 + 87693273n + 44885656802 + 1263033897n° + 2147597568n*
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With some discussion, and the great help of the recurrence, the desired
result can be proven.
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o b same number n.
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as L. C Kot Catlaion s Properiesof Zonal Poynomials o
» chs 110],we ind that such
ssion inthe sum, denote it by (), s Gosp More precisely, we find a funct
b Z,H, 5\ =2+l S+ 1,b,d)— fla,byd) = g1d+1) - g1d), e
D= Jh= (,I,mn,_“.,(h_“g;‘ Flab+1,d)~ fa,bd) = g2(d + 1)~ g2(d). [e5)

with the property ¢(j + 1) — (j) = f(j) (th later can be easly verified). By telescoping, and by noting t
£(0) = 0, we obiain the value of the right-hand side of (18):

wne () gl

which matches exactly the left-hand side of (18).

‘Theorem 25 Leta,b,d € Nwith0 < b < aand0 < d < b/2. Then we have
(2a-b)!(b+3)(3),
Tdl@-bro-dr(p-d+}

Now we sum (21) for d

@~ band obtain

o
S(fta+1b.d) = fla,bd) = i@~ b+1) - g1(a. 0),
=

or equivalently,

bt b
Y @t lbd) =Y fabd)=gila=b+1) =510+ fla+1b.a=b+1)
= =

brast
- 24:indeed, by comput Yich fla.bad)

the quotient y
cither. Therefore, the sum in (20) is constant, and by setting a = b = 0, one immediately sces that this constant
Cloabrio-dabeg __ Ca=0 o+ (1), @01 (b+]), s o

Coa-tieat  da=Bb-d(b-d+]), .. Qa-0){b+])
" | Remark 26 By = ain Theorem rpreting ‘we recover Theorem 21
23 b+ 3pn (b) ()
A=A b-d+3), pgy ) (b-d+})] @a+3) (3

e see thatthis s the case. It remains (0 prove tha the asserted expression i correct i the case d = 0, i wl

& = . For this purpose, we employ the recursion (12),specialized to patitions with two parts:

o 2~ b

X carda-b-irioa-h = «

= “

By dividing both sides with the binomial coeffcient of the righthand side, and by insertng the asserted clo

form (after the change of variables @ — a +dl and b ~» b + 2d), we are left with the summation identity

S ata-bip+2d+3) (),
T b DGrdprdel)

Sdla=b-dlb+d(b+d+Y), .,

=1 «

“Taking into account the recursive defintion of the coeflicients c, 1, the (inductive) proof is completed by veri
ing (20). For this purpose, we denote by J (a. b, ) the expression inside the sum (20) and construct two WZ pa
ie., two functions

(b +d)

SO a0
al(a—b)!(}
@=D!G+d=Da-b—d+ D! (b+d+3), .,
d2a+2d+1)
2O haraen D

ala-b-
T @-Dib+dta-b-d) (h+d+

Caio-dd) =

m=(3)<a-

7 Partitions with Three and Four Parts

Pyaregi Gy iemalri.

nthe x- i e
Unfortunately,the latter one is harder to- i o apply (12) we need to know all . in the A-th column, which
in tum are obtained by (11) and s0 on. Hence, inthe worstcase, we need to compute the whole triangle above the

Therefore, it way i o We
present formulas for the special cases that « has three esp. four parts.

Conjecture 27 Let x = (a,a — b, ~ ) with integers 0 < b < ¢ < a be a parttion of n = 3a ~ b — ¢ into at
mstthree parts. Then the diagonal coefficient

[ n
D Bt o+

Cer

L and 8y = Ky~ ki =

~ c being the diffrences between consecutive

Conjecture 28 Letx = (a,ab,a—c. i shscsds =
into at most four parts. Then the diagonal cocffcient . is given by
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Conclusion

» There are several books:
> “A=R"

Texts & Monagraphs in Symbolic Computation
oy ¥
e &

Manuel Kauers
Peter Paule

L ECEE
Tetrahedron

Symb 2

» “The Concrete Tetrahedron”

» There are several software: Sage, Maple, Mathematica, ...

Thank you!
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