Hankel Determinants on Sequences Related to
Bernoulli and Euler Polynomials

Lin JIU (GDKU)

Suzhou Area Youth Mathematicians 1st Annual Workshop

Nov. 14th, 2020



Acknowledgment

This is joint work with Dr. Karl Dilcher @ Dalhousie University, Halifax,
NS, Canada

and supported by Natural Sciences and Engineering Research Council of

Canada, Grant # 145628481.



Hankel Determinants

Definition

Given a sequence a = (ax)?2,. the n-th Hankel determinant of a is
defined by

a a - ap

ai ar ER-FuE |



Hankel Determinants

Definition
Given a sequence a = (ax)?2,. the n-th Hankel determinant of a is
defined by

ao a]. ... an
y d ( ) d ai ar ER-FuE |
a):= det (a = det . .
() o<ij<n :
dn dn+1 don

Example

Let b = (B,)22, be the sequence of Bernoulli numbers, determined by
the generating function

n

t =t
etflzanE

n=0




Hankel Determinants

Definition
Given a sequence a = (ax)?2,. the n-th Hankel determinant of a is
defined by

ao al ... an
y d ( ) d ai ar ER-FuE |
a):= det (a = det . .
() o<ij<n :
dn dn+1 don

Example

Let b = (B,)22, be the sequence of Bernoulli numbers, determined by
the generating function
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. Then, the first few terms of H,(b) are
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Orthogonal Polynomials

Suppose we are given a sequence ¢ = (co, €1, ...) of numbers; then it is
known that there exists a positive Borel measure p on R with infinite
support such that
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Since P, satisfy a three-term recurrence

Po1(y) = (v = s0)Pa(y) — taPa-1(y),

we have
Ho(c) = tft8= 1 2 ¢,
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Definition
Euler polynomials E,(x) and Euler numbers E, are defined by
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2. Hn(ak) and H,(azk) are totally different, unless az, 1 = 0.

3. Let x be a primitive Dirichlet character modf. The generalized
Bernoulli numbers and polynomials belonging to x are defined by
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n+1

2
non-trivial character with f =4, i.e., x4(1) =1, x4(3) = —1, and
x4(2) = xa(4) = 0.

In particular, | Bpp1,y, = — E, |, where x4 is the unique
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Difficulties

» a< P,and b < Q,
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c:a*b:cn:z:(Z)ankkaRn:??

k=0

» arithmetic of continued fractions
Ao AO

A+ —B— A0+ — B
1+A2+872 1+ +Az+9+872

A+ - Az+0+ -

» Given a = (ag, a1, ...) &> P,, there is a formula to compute
Hp(ak+1). But when adding a term at the very beginning, i.e.,
(¢, ag, a1, - . .), things are getting complicated.
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Definition
Unfortunately, we have to denote

1 1
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Conjecture (K. Dilcher and L. J.)
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Theorem (K. Dilcher and L. J.)
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