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Hankel Determinant

Given a sequence a = (a0, a1, . . .), the nth Hankel determinant of a is
defined by

Hn(a) = Hn(ak) := det
0≤i,j≤n


a0 a1 · · · an
a1 a2 · · · an+1
...

...
. . .

...
an an+1 · · · a2n


I Hn is the determinant of an n + 1 by n + 1 matrix (Hankel matrix);
I It is important to begin with k = 0 for a.
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Main Results: Hn(ak) for the following sequences

B2k+1

(
x + 1

2

)
, E2k

(
x + 1

2

)
, E2k+1

(
x + 1

2

)
, E2k+2

(
x + 1

2

)
,

Bk

(
x + r

q

)
− Bk

(
x + s

q

)
, Ek

(
x + r

q

)
± Ek

(
x + s

q

)
,

kEk−1(x),Bk+1,x8,1 (x),Bk+1,x8,2 (x),Bk+1,x12,1 (x),Bk+1,x12,2 (x),

(2k + 1)E2k , (2
2k+2 − 1)B2k+2, (2k + 1)B2k

(
1
2

)
, (2k + 3)B2k+2,

ak , k ≥ 1 Bk−1 B2k (2k + 1)B2k (22k − 1)B2k

a0 0 1 1 0

ak , k ≥ 1 E2k−2 Ek−1(1) Ek+3(1) E2k−1(1) E2k+5(1)
Ek (1)
k!

a0 0 0 − 1
4 0 1

2 1

ak , k ≥ 1
E2k−1(1)
(2k−1)! E2k−2

(
x+1
2
)

(2k + 1)E2k

a0 0 0 0
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Main Results: References
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Motivation: Basic Facts on Hn

1. Orthogonal Polynomials and Continued Fractions

L(xn) = an −−−−moments of the operator L

iff Hn(ak) 6= 0, for n = 0, 1, 2, . . . , there exist the unique monic
orthogonal polynomial sequence Pn(y) such that
I degPn = n;
I and L(Pn(x)Pm(y)) = ζnδm,n;

Fact. Pn(y) satisfies a 3-term recurrence

Pn+1(y) = (y + sn)Pn(y)− tnPn−1(y),

with P0 = 1, P−1 = 0, for some sequences sn and tn. Then,

Hn(ak) = an+1
0 tn1 t

n−1
2 · · · tn.
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Orthogonal Polynomials and Continued Fractions

THM.
∞∑
n=0

anz
n =

a0

1 + s0z − t1z2

1+s1z− t2z2

1+s2z−
...

This is the “only” method we ( and probably everyone else) used to
compute Hankel determinants.
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2. Results are interesting.

The Bernoulli numbers/polynomials are defined by

∞∑
n=0

Bn
tn

n!
=

t

et − 1
and

∞∑
n=0

Bn(x)
tn

n!
=

extt

et − 1
.

Von Staudt–Clausen Theorem shows that

B2n +
∑

(p−1)|2n

1
p
∈ Z.

But the numerators are are rather deep and mysterious. For instance,

B12 = − 691
2 · 3 · 5 · 7 · 13

;

while

H6(Bk) = det

B0 · · · B6
...

. . .
...

B6 · · · B12

 = − 64
3 · 5 · 7 · 11 · 13
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Results are interesting

THM.

Hn(Bk) = (−1)
n(n+1)

2

n∏
`=1

(
`4

4(2`+ 1)(2`− 1)

)n+1−`

.

Observation:
n Hn

(
B2k+1

(
x+1
2

))
0 x

2

1 − 1
48x

2(x2 − 1)

2 − x3(x2−1)2(x2−22)
4320

3 x4(x2−1)3(x2−22)2(x2−32)
672000

THM.

Hn ( B2k+1

(
x + 1

2

))
||

(−1)
n(n+1)

2
( x

2

)n+1 n∏
`=1

(
`4(x2 − `2)

4(2`+ 1)(2`− 1)

)n+1−`
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3. Searching for New Methods

Lem.
∞∑
k=0

B2k+1

(
x + 1
2

)
z2k =

1
2z2

[
ψ′
(
1
z

+
1− x

2

)
− ψ′

(
1
z

+
1 + x

2

)]
=

x
2

1 + σ0z2 − τ1z4

1+σ1z2− τ2z4

1+σ2z2−
...

,

ψ′(x) =
d2

dx2 (log Γ(x)) ,

σn =

(
n + 1
2

)
− x2 − 1

4
,

τn =
n4(x2 − n2)

4(2n + 1)(2n − 1)

The continued fraction can be found at, e.g.,
B. C. Berndt, Ramanujan’s Notebooks, Part II . Springer-Verlag,
New York 1989.
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Know Approaches

1. Orthogonal Polynomials and Continued Fractions

B2k+1

(
x + 1
2

)
,E2k

(
x + 1
2

)
,E2k+1

(
x + 1
2

)
,E2k+2

(
x + 1
2

)
Euler polynomials

∞∑
n=0

Ek(x)
tn

n!
=

2ext

et + 1
and

∞∑
n=0

Ek
tn

n!
=

2
et + e−t

.

For ν = 0, 1, 2, the continued fraction expressions of

∞∑
k=0

E2k+ν

(
x + 1
2

)
z2k

can also be found in the literature, related to ψ(x) = [log Γ(x)]′.
Remark. We actually spent almost a month to find those expressions.
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2. Left-shifted Sequence

Hn(bk+1) = Hn(bk) · det


−s0 1 0 0 · · · 0
t1 −s1 1 0 · · · 0
0 t2 −s2 1 · · · ‘ 0
...

...
...

...
. . .

...
0 0 0 · · · tn −sn

 ,

and Hn(bk+2) = Hn(bk) · Dn for some expression Dn.
Ex.

B2k+1

(
x + 1
2

)
,E2k

(
x + 1
2

)
,E2k+1

(
x + 1
2

)
,E2k+2

(
x + 1
2

)
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3. Some Basic Facts.

I Hn(ck(x)) = Hn(ck), if ck(x) =
∑k
`=0

(
k
`

)
c`x

k−`: e.g.,

Hn(Bk(x)) = Hn(Bk).

I “checkerboard” determinants

det


a 0 b 0 c
0 d 0 e 0
f 0 g 0 h
0 i 0 j 0
k 0 l 0 m

 = det

a b c
f g h
k l m

 · det

(
d e
i j

)

by J. Cigler and C. Krattenthaler for general determinants.
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14/18 Hankel Determinants

Some New Methods

1. Derivatives:

Lem. Let ck(x) be a sequence of C 1 functions, and let Pn(y ; x) be the
corresponding monic orthogonal polynomials. If ck(x0) = 0 for some
x0 ∈ C and for all k ≥ 0, then Pn(y ; x0) are the monic orthogonal
polynomials with respect to the sequence of derivatives c ′k(x0), as long as
Hn(c ′k(x0)) are all nonzero.
Ex. (2k + 1)E2k

E2k+1

(
x + 1

2

)
←→ Pn+1 =

(
y + (2n + 1)

(
n +

1
2

)
−

x2 − 1
4

)
Pn −

n2(x2 − 4n2)

4
Pn−1;

and recall that

E ′k(x) = kEk−1(x) and E2k+1

(
1
2

)
= 0.
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2. Right-shifted:

Given ck , we define

bk =

{
a, k = 0;

ck−1, k ≥ 1.

Namely,
(b0, b1, . . .) = (a, c0, c1, . . .).

Ex.
Hn(B2k) = (−1)n

(4n + 3)!

(n + 1) · (2n + 1)!3
Hn(B2k+2)H2n+1,

for the harmonic numbers

Hn = 1 +
1
2

+ · · · 1
n
.
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Right-shifted

Lem. Let sn and tn be the sequences appearing in the 3-term recurrence
of the monic orthogonal polynomial sequences for ck . Then,

Hn+1(bk)

Hn(ck)
= −sn

Hn(bk)

Hn−1(ck)
− tn

Hn−1(bk)

Hn−2(ck)
.

ak , k ≥ 1 Bk−1 B2k (2k + 1)B2k (22k − 1)B2k

a0 0 1 1 0

ak , k ≥ 1 E2k−2 Ek−1(1) Ek+3(1) E2k−1(1) E2k+5(1)
Ek (1)
k!

a0 0 0 − 1
4 0 1

2 1

ak , k ≥ 1
E2k−1(1)
(2k−1)! E2k−2

(
x+1
2
)

(2k + 1)E2k

a0 0 0 0
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17/18 Hankel Determinants

Further Remark

Let us take Bernoulli numbers Bk and Bernoulli polynomials Bk(x) as an
example.

1. We know the orthogonal polynomials w. r. t. Bk ;
2. Hn(Bk(x)) = Hn(Bk)
3. The left-shifted sequences Hn(Bk+1) and Hn(Bk+2) are known.
4. The fact that Bk+1 and Bk+2 are of “checkerboard” type, can give
results of Hn(B2k+2), but not for Hn(B2k(x)).
5. Hn(B2k+2)⇒ Hn(B2k) via right-shifted.
6. To compute Hn(B2k( 1

2 )), one needs the result of Hn(B2k+1( x+1
2 )).

We still do not know how to compute the Hankel determinants of some
arbitrary sequence.

Lin Jiu May 27th, 2021 DKU-WHU
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The End

The End
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