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Motivation

Definition
The Euler numbers En, Euler polynomials En(x), and Euler
polynomials of order p E

(p)
n (x), are defined via their (exponential)

generating functions

2et

e2t + 1
=
∞∑
n=0

En
tn

n!
,

2ext

et + 1
=
∞∑
n=0

En(x)
tn

n!
,

(
2

et + 1

)p

ext =
∞∑
n=0

E (p)
n (x)

tn

n!
.

Example

E
(1)
n (x) = En(x) and En = 2nEn(1/2).

Fact: Convolution

E
(p)
n (x) =

∑
k1+···+kp+k=n

( n

k1, . . . , kp , k

)
xkEk1 (0)Ek2 (0) · · ·Ekp (0).
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Inverse Problem

Problem

En(x) = P
(
E (p1)
n1 (x), . . . ,E (pk )

nk (x)
)

?

Theorem(L. Jiu, V. H. Moll and C. Vignat)

For any positive integer N,

En(x) =
1
Nn

∞∑
`=N

p
(N)
` E (`)

n

(
`− N

2
+ Nx

)
,

where
1

TN(1/z)
=
∞∑
`=0

p
(N)
` z`, TN(cos θ) = cos(Nθ)

Namely, Tn is the Chebyshev polynomial of the 1st kind.
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Example

N = 2: T2(z) = 2z2 − 1 and 1
T2(1/z) = z2

2−z2

En(x) =
1
2n

∞∑
`=2

p
(2)
` E

(`)
n

(
`

2
− 1 + 2x

)
,

p
(2)
` =

{
1
2k , if ` = 2k;

0, otherwise

0 1 2 Nk k+1k-1

0 is the source and N is the sink;
at each k = 1, . . . ,N − 1, it is a
“fair coin” walk;
let νN be the random number of
steps for this process.

p
(N)
` = P(νN = `)

N = 2:

p
(2)
` =

{
1
2k , if ` = 2k;

0, otherwise
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Proof: Random Variable Approach

1 Let L ∼ sech(πt), then the Euler polynomial is given by

En (x) = E
[(

x + iL− 1
2

)n]
=

∫
R

(
x + it − 1

2

)n

sech (πt) dt.

E
(p)
n (x) = E

[(
x + i (L1 + · · ·+ Lp)− p

2

)n], i. i. d. (L1, . . . , Lp).
2 Note that νN is an integer valued random variable independent

of the Lj ’s:

E [zνN ] =
1

TN

( 1
z

) .
Theorem (Klebanov et al.)

The random variable
ZN =

1
N

νN∑
j=1

Lj

has the same hyperbolic secant distribution (as Lj ’s).

L. B. Klebanov, A. V. Kakosyan, S. T. Rachev, and G. Temnov. On a class
of distributions stable under random summation. J. Appl. Prob., 49 (2012),
303–318.
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Proof: Random Variable Approach

3

L ∼ 1
N

νN∑
j=1

Lj ⇒ x + iL− 1
2
∼ x +

 1
N

νN∑
j=1

iLj

− 1
2

∼ 1
N

νN∑
j=1

(
iLj −

νN
2

+ Nx − N

2
+
νN
2

)
Taking moments:

LHS: E
[(
x + iL− 1

2

)n]
= En (x);

RHS: Each νN = `, with probability p
(N)
` and

E

[(
i
∑̀
j=1

Lj − `
2 + Nx − N

2 + `
2

)n]
= E

(`)
n

(
`−N

2 + Nx
)
.
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= E

(`)
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2 + Nx
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Reflected Brownian Motion

0 1 2 Nk k+1k-1

0 is the source and N is the sink;
at each k = 1, . . . ,N − 1, it is a “fair coin” walk;
let νN be the random number of steps for this process.

p
(N)
` = P(νN = `)
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Hitting Time

Reflected Brownian Motion on R+:
Wt =distance to 0 at time t.
Hitting times: Hz := min

t
{Wt = z}.

Ex

[
e−αHz

]
=

{
cosh(xw)
cosh(zw) , 0 ≤ x ≤ z ;

e−(x−z)w , z ≤ x .

1 w =
√

2α;
2 Ex means it starts with point x (instead

of 0);
3

E
[
es(iL−

1
2 )
]
=

∫
R

es(it−
1
2 )

cosh(πt)
dt =

e−
s
2 +sx

cosh
(
s
2

)esx .
2

1 + es
esx =

∞∑
n=0

En(x)
sn

n!
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Christophe’s Idea

Consider a linear Brownian motionWt starting from 0,
with the hitting time T by Wt of level z = 1. Define
another independent Brownian motion ωt ∼ sech (x) .
Let

T1 < T2 < · · · < Tl = T , Tj = min
s

{
Wt =

j

N

}
.

This defines a random walk with

p
(N)
` = P {Wt reach the sink in ` steps} .

Now write

T = (T − T`−1) + (T`−1 − T`−2) + · · ·+ (T1 − 0)

and
ωT ∼ ωT−T`−1 + ωT`−1−T`−2 + · · ·+ ωT1−0,

each term ∼ sech (x) . This corresponds Klebanov’s random sum decomposition

ZN =
1
N

νN∑
j=1

Lj ∼ L.
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My Goal

A reflected Brownian motion model with N equally distributed
sites; aj = j or j/N;
(modified) hitting times with “step” from one site to a nearby
site ∼ sech(x);

Ex

[
e−αHz

]
=

{
cosh(xw)
cosh(zw) , 0 ≤ x ≤ z ;

e−(x−z)w , z ≤ x .

If anyone has an idea, please let me know.
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1-dim, 1-loop

With p ≤ q ≤ r , w =
√
2α

φp→q := Ep

[
e−αHq

]
=

cosh (pw)

cosh(qw)
,

φ
q→p|�r

:= Eq

[
e−αHp |Wt < r

]
=

sinh ((r − q)w)

sinh((r − p)w)
,

φq→r|�p
:= Eq

[
e−αHr |Wt > p

]
=

sinh ((q − p)w)

sinh((r − p)w)
,

The hitting time t0→b can be decomposed as

t0→b =
(
t0→a + t

a→0|�b

)
+ · · ·+

(
t0→a + t

a→0|�b

)
︸ ︷︷ ︸

` copies

+ t0→a + t
a→b|�0

Generating functions:

φ0→b = φ0→aφ
a→b|�0

∞∑
`=0

(
φ0→aφ

a→0|�b

)`

sech(bw) = sech(aw) ·
sinh(aw)

sinh(bw)

∞∑
`=0

[
sech(aw) ·

sinh((b − a)w)

sinh(bw)

]`
= sech(aw) ·

sinh(aw)

sinh(bw)
·

1

1− sech(aw) · sinh((b−a)w)
sinh(bw)
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1-dim, 1-loop

Prop. (L.J. and C. Vignat)

En

( x

2b
+

3

2
− 2

a

b

)
− En

( x

b
+

1

2

)
=

(n + 1)
(
1 − 2 a

b

)
2nan

bn

∞∑
`=0

a

b

(
1 −

a

b

)`
B(`+1)
n

(
x + b

4a
+
`

2

)
.

• a
b

(
1− a

b

)` are the probability weights of a geometric distribution
with parameter a/b.

How about 2-loops?

t, t, t, t, t, t
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with parameter a/b.

How about 2-loops?

t, t, t, t, t, t
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φ = φ · φ · φ ·

[ ∞∑
k=0

(φφ)k
][ ∞∑

`=0

(φφ)`
]

=
φ · φ · φ

(1− φφ) (1− φφ)

Let a = 1, b = 2 and c = 3.

LHS = φ = φ0→3 = sech(3w) =
1

cosh(3w)

RHS =

1
cosh(w) ·

sinh(w)
sinh(2w) ·

sinh(w)
sinh(2w)(

1− 1
cosh(w)

sinh(w)
sinh(2w)

)(
1− sinh(w)

sinh(2w)
sinh(w)

sinh(2w)

) =

1
4 cosh3 w(

1− 1
2 cosh2 w

)(
1− 1

4 cosh2 w

)
=

2 cosh w

(2 cosh2 w − 1) (4 cosh2 w − 1)
6=

1
cosh(3w)

=
1

4 cosh3 w − 3 cosh w



Random Walk
and

Combinatorial
Identities

Lin Jiu

Introduction &
Problem 1

Reflected
Brownian
Motion: 1 and
2 Loops

n-loop case

Other Topics

1-dim, 2-loops

φ = φ · φ · φ ·

[ ∞∑
k=0

(φφ)k
][ ∞∑

`=0

(φφ)`
]

=
φ · φ · φ

(1− φφ) (1− φφ)

Let a = 1, b = 2 and c = 3.

LHS = φ = φ0→3 = sech(3w) =
1

cosh(3w)

RHS =

1
cosh(w) ·

sinh(w)
sinh(2w) ·

sinh(w)
sinh(2w)(

1− 1
cosh(w)

sinh(w)
sinh(2w)

)(
1− sinh(w)

sinh(2w)
sinh(w)

sinh(2w)

) =

1
4 cosh3 w(

1− 1
2 cosh2 w

)(
1− 1

4 cosh2 w

)
=

2 cosh w

(2 cosh2 w − 1) (4 cosh2 w − 1)
6=

1
cosh(3w)

=
1

4 cosh3 w − 3 cosh w



Random Walk
and

Combinatorial
Identities

Lin Jiu

Introduction &
Problem 1

Reflected
Brownian
Motion: 1 and
2 Loops

n-loop case

Other Topics

1-dim, 2-loops

φ = φ · φ · φ ·

[ ∞∑
k=0

(φφ)k
][ ∞∑

`=0

(φφ)`
]

=
φ · φ · φ

(1− φφ) (1− φφ)

Let a = 1, b = 2 and c = 3.

LHS = φ = φ0→3 = sech(3w) =
1

cosh(3w)

RHS =

1
cosh(w) ·

sinh(w)
sinh(2w) ·

sinh(w)
sinh(2w)(

1− 1
cosh(w)

sinh(w)
sinh(2w)

)(
1− sinh(w)

sinh(2w)
sinh(w)

sinh(2w)

) =

1
4 cosh3 w(

1− 1
2 cosh2 w

)(
1− 1

4 cosh2 w

)
=

2 cosh w

(2 cosh2 w − 1) (4 cosh2 w − 1)
6=

1
cosh(3w)

=
1

4 cosh3 w − 3 cosh w



Random Walk
and

Combinatorial
Identities

Lin Jiu

Introduction &
Problem 1

Reflected
Brownian
Motion: 1 and
2 Loops

n-loop case

Other Topics

Two-loops

I := φ
a→b|�A

φb→a|�c
, II := φb→c|�a

φ
c→b|�B

k loops of I followed by l loops of II , with k, l = 0, 1, . . . , which gives

∑
k.l

I k II l =
1

1 − I
·

1

1 − II
;

k1 loops of I followed by l1 loops of II , then followed by k2 loops of I and finally followed by l2 loops
of II , with k1, l2 nonnegative and k2, l1 positive, which gives

∞∑
k1.l2=0,k2,l1=1

I k1 II l1 I k2 II l2 =
I · II

(1 − I )2 (1 − II )2
;

the general term will be k1 loops of I → l1 loops of II → · · · → kn loops of I → ln loops of II , with
k1, ln nonnegtive and the rest indices positive, which gives

(I · II )n−1

(1 − I )n (1 − II )n
.

Therefore, loops I and II contribute as

∞∑
n=1

(I · II )n−1

(1 − I )n (1 − II )n
=

1

1 − (I + II )
=
∞∑
k=0

(I + II )k .
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Two Loops

Prop. (LJ. and C. Vignat)

For any positive integer n,

En

( x
6

)
=
∞∑
k=0

3k−n

4k+1 E
(2k+3)
n

( x
2

+ k
)
.

In general

(x + 2cE + c)n =
∞∑
k=0

k∑
`=0

qk,`

[
x + 2 (b − a)B + 2 (c − b)B′ + aE(`) + 2 (b − a)U (l)

+ 2aU ′(k−`) + 2 (b − a)B′(k−`) + q′k,`

]n
,

qk,` :=
(k
`

) (b − a)`+1 ak−`+1 (c − b)k−`

bk+1 (c − a)k−`+1 q′k,` = c + (2k − 2`) b + (3`− k + 1) a,

where

(
E(p) + x

)n
= E (p)

n (x),
(
B(p) + x

)n
= B(p)

n (x), Un =
1

n + 1
, U (p) = U1 + · · · + Up.
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n loops?

Consider consecutive loops I1, I2, . . ., In, it seems like the contribution is
∞∑
k=0

(
n∑
`=1

I`

)k

=
1

1− (I1 + · · ·+ In)
. (∗)

It feels right.

I can “prove” it by induction.
In general sites 0, 1, . . . ,N:

1
cosh(Nw)

??
=

1
cosh w ·

(
sinh w

sinh(2w)

)N
1−

(
1

cosh(w)
sinh(w)

sinh(2w) + (N − 1) sinh(w)
sinh(2w)

sinh(w)
sinh(2w)

)
=

1
2N coshN+1 w

1− N+3
4 coshN w

.

This shows (∗) is not correct.

1
cosh(Nw)

=
1

cos(Niw)
=

1
TN(cos(iw))

=
1

TN(coshw))
.
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General Formula

Thm. (LJ, I. Simonelli, and H. Yue)

φ0→an = φ0→a1φa1→a2|�0
· · ·φan−1→an|��an−2 ·

1
1− P(L1, . . . , Ln)

,

where

Lj = φaj−1→aj |��aj−2
φaj→aj−1|��aj+1

P (L1, . . . , Ln) =
∑
∗

(−1)`+1Lj1 · · · Lj` ,

for the condition ∗ given by
` = 1, 2, . . . , n;
j1 < j2 − 1, j2 < j3 − 1,. . . ,j`−1 < j` − 1.
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Examples

n = 2: P = L1 + L2;

n = 3: P = L1 + L2 + L3 − L1 · L3

n = 4: P = L1 + · · ·+ L4 − L1L3 − L1L4 − L2L4

n = 5: P = L1 + · · ·+ L5 − L1L3 − · · · − L3L5 + L1L3L5.

1 Induction. The tricky part is, if we “glue” the first two loops
together; or ignore site a1, φ2→3|�1

should be replaced by φ2→3|�0
.

2 Inclusion-exclusion principle ??
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Results

Thm. (LJ, I. Simonelli, and H. Yue)

By letting aj = j , we have

En(x) =
1
4n

∞∑
k=0

k∑
`=0

(−1)`
(
k

`

)
2n

8`+1E
(2k+2`)
n (4x + k + `) .

En (x) =
∞∑
k=0

5k−n

4k+`+2

k∑
`=0

(−1)`
(
k

`

)
E (2`+2k+5)
n (5x + `+ k) .

· · ·
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Generalization

Bessel process in Rn:

R
(n)
t :=

√(
W

(1)
t

)2
+ · · ·+

(
W

(n)
t

)2

Moment generating functions for hitting times:
Hz := min

s

{
R

(n)
s = z

}
.

Ex

(
e−αHz ; sup

0≤s≤Hz

R(n)
s < y

)
=

{
x−ν Iν(xw)
z−ν Iν(zw) , 0 ≤ x ≤ z ≤ y ;
Sν(yw ,xw)
Sν(yw ,zw) , z ≤ x ≤ y ,

n = 2 + 2ν for ν ≥ 0

Sν (x , y) := (xy)−ν [Iν(x)Kν(y)− Kν(x)Iν(y)] ,

and

Iν(x) =
∞∑
`=0

1
`!Γ(`+ ν + 1)

(x
2

)2`+ν
, Kν(x) =

π

2
I−ν(x)− Iν(x)

sin(νπ)
.
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n = 3⇔ ν = 1/2

I 1
2

(x) =
∞∑

m=0

(
x
2

)2m+ 1
2

m!Γ
(
m + 3

2

) =

√
2
xπ

sinh (x)

∞∑
n=0

Bn(x)
tn

n!
=

t

et − 1
etx =

tetxe−
t
2

e
t
2 − e−

t
2

=
tet(x−

1
2 )

2
sinh

( t
2

)
K 1

2
(x) =

√
π

2x
e−x

Ex

(
e−αHz ; sup

0≤s≤Hz

R(3)
s < y

)
=

{
z sinh(xw)
x sinh(zw) , 0 ≤ x ≤ z ≤ y
z sinh((y−x)w)
x sinh((y−z)w) , z ≤ x ≤ y

O
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n = 3⇔ ν = 1/2, r1 = 1, r2 = 2, r3 = 3

Prop. (LJ. and C. Vignat)

3n+1

n + 1

[
Bn+1

(
x

6
+

5
6

)
− Bn+1

(
x

6
+

1
2

)]
=
∑
k≥0

3
4

(
1
4

)k

E (2k+2)
n

(
x + 3 + 2k

2

)
. �

Corollary
1. Take x = 0, n = 2m − 1 in (�).

B2m =
m

(1− 21−2m) (32m − 1)

∑
k≥0

(
1
4

)k

E
(2k+2)
2m−1

(
k +

3
2

)
.

2. Take n = 1 in (�).∑
k≥0

3
4

(
1
4

)k ( x + 3 + 2k
2

− k − 1
)

=
∑
k≥0

3
4

(
1
4

)k ( x + 1
2

)
=

x + 1
2

.

Prop. (LJ and C. Vignat)

For any positive integer n,

3nBn

(
x + 4

6

)
=
∞∑
k=0

1
2k

E (2k+2)
n

(
x + 2k + 3

2

)
.
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Harmonic sums

Si1,...,ik (N) =
∑

N≥n1≥···≥nk≥1

sign (i1)n1

n
|i1|
1

× · · · × sign (ik)nk

n
|ik |
k

If k = 1, i1 > 0 and N →∞,

Si1(∞) =
∑
n1≥1

1
ni11

= ζ(i1).

If k = 1, i1 = −1 and N →∞,

Si1(∞) =
∑
n1≥1

(−1)n1

n1
= − log(2).

Let k = 2, i1 = 2, i2 = 1, and N →∞

S1,2(3) =
∑

n1≥n2≥1

1
n2

1n2
= 2ζ(3).
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Special case

S1, . . . , 1︸ ︷︷ ︸
k

(N) =
∑

N≥n1≥···≥nk≥1

1
n1 · · · nk

=
N∑
`=1

(
N

`

)
(−1)`−1

`k

•
1
•
2
•
3
· · · •

N−1
•
N

one can only jump to sites that are NOT to the right of the
current site, with equal probabilities;
steps are independent

P (6→ 6) = · · · = P (6→ 1) =
1
6
.
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Walk

•
1
•
2
•
3
· · · •

N−1
•
N

STEP 1: walk N → n1 (≤ N) with P (N → n1) = 1
N ;

STEP 2: walk n1 → n2 (≤ n1), with P (n1 → n2) = 1
n1
;

· · · · · · · · · · · · · · · · · ·
STEP k + 1: walk nk 7→ nk+1 (≤ nk), with P (nk → nk+1) = 1

nk
.

P (nk+1 = 1) =
∑

N≥n1≥···≥nk≥1

1
Nn1 · · · nk

=

S1, . . . , 1︸ ︷︷ ︸
k

(N)

N
.
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Nn1 · · · nk

=

S1, . . . , 1︸ ︷︷ ︸
k

(N)

N
.



Random Walk
and

Combinatorial
Identities

Lin Jiu

Introduction &
Problem 1

Reflected
Brownian
Motion: 1 and
2 Loops

n-loop case

Other Topics

Walk

•
1
•
2
•
3
· · · •

N−1
•
N

STEP 1: walk N → n1 (≤ N) with P (N → n1) = 1
N ;

STEP 2: walk n1 → n2 (≤ n1), with P (n1 → n2) = 1
n1
;

· · · · · · · · · · · · · · · · · ·
STEP k + 1: walk nk 7→ nk+1 (≤ nk), with P (nk → nk+1) = 1

nk
.

P (nk+1 = 1) =
∑

N≥n1≥···≥nk≥1

1
Nn1 · · · nk

=

S1, . . . , 1︸ ︷︷ ︸
k

(N)

N
.



Random Walk
and

Combinatorial
Identities

Lin Jiu

Introduction &
Problem 1

Reflected
Brownian
Motion: 1 and
2 Loops

n-loop case

Other Topics

Walk

•
1
•
2
•
3
· · · •

N−1
•
N

STEP 1: walk N → n1 (≤ N) with P (N → n1) = 1
N ;

STEP 2: walk n1 → n2 (≤ n1), with P (n1 → n2) = 1
n1
;

· · · · · · · · · · · · · · · · · ·
STEP k + 1: walk nk 7→ nk+1 (≤ nk), with P (nk → nk+1) = 1

nk
.

P (nk+1 = 1) =

∑
N≥n1≥···≥nk≥1

1
Nn1 · · · nk

=

S1, . . . , 1︸ ︷︷ ︸
k

(N)

N
.



Random Walk
and

Combinatorial
Identities

Lin Jiu

Introduction &
Problem 1

Reflected
Brownian
Motion: 1 and
2 Loops

n-loop case

Other Topics

Walk

•
1
•
2
•
3
· · · •

N−1
•
N

STEP 1: walk N → n1 (≤ N) with P (N → n1) = 1
N ;

STEP 2: walk n1 → n2 (≤ n1), with P (n1 → n2) = 1
n1
;

· · · · · · · · · · · · · · · · · ·
STEP k + 1: walk nk 7→ nk+1 (≤ nk), with P (nk → nk+1) = 1

nk
.

P (nk+1 = 1) =
∑

N≥n1≥···≥nk≥1

1
Nn1 · · · nk

=

S1, . . . , 1︸ ︷︷ ︸
k

(N)

N
.



Random Walk
and

Combinatorial
Identities

Lin Jiu

Introduction &
Problem 1

Reflected
Brownian
Motion: 1 and
2 Loops

n-loop case

Other Topics

Remarks

1 The main result here is actually a matrix expression for the
harmonic sums;

that comes from the idea of stochastic
transition matrix.

2 The model can easily lead to

lim
k→∞

∑
N≥n1≥···≥nk≥1

1
n1 · · · nk

= N (= NP (nk+1 = 1)) .
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Moments-Cumulants

∞∑
n=0

κn
tn

n!
= log

( ∞∑
n=0

mn
tn

n!

)

Thm. (Faà di Bruno’s Formula)

mn = Yn (κ1, . . . , κn)

κn =
n∑

k=1

(−1)kYn,k(m1, . . . ,mn−k),

where Yn and Yn,k are the complete and incomplete Bell polynomials,
respective.
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Thm. (M. Hoffman)

Yk

(
B2 · 1!

2 · 2!
,
B4 · 2!

4 · 4!
, . . . ,

B2k · k!

2k · (2k)!

)
=

k!

22k(2k + 1)!

Thm. (B. Y. Rubinstein)

Yk

(
−B2 · 1!

2 · 2!
,−B4 · 2!

4 · 4!
, . . . ,− B2k · k!

2k · (2k)!

)
=

k!(21−2k − 1)B2k

(2k)!
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Prop. (LJ and D. Y. H. Shi)

Moments Cumulants

m̄n = Bn
( 1

2

)
κ̄n =

{
−Bn/n, if n > 1;

0, if n = 1.

m̃n =

{
1

2n(n+1)
, if n is even;

0, if n is odd.
κ̃n = −κ̄n =

{
Bn/n, if n > 1;

0, if n = 1.

m′n = En κ′n =

{
2n(1− 2n)Bn/n if n > 1;

0, if n = 1.

m′′n :=

{
1, if n is even;
0, if n is odd.

κ′′n = −κ′n =

{
2n(2n − 1)Bn/n if n > 1;

0, if n = 1.

The “counterparts” are

Bn = −n
n∑
`=1

(−1)`−1(`− 1)!Yn,`

(
B1

(
1
2

)
, . . . ,Bn−`+1

(
1
2

))

= n
n∑
`=1

(−1)`−1(`− 1)!Yn,`

(
0,

1
4 · 3

, 0, . . . ,
1 + (−1)n−`+1

2n−`+2(n − `+ 2)

)

Simplification is also necessary, to reduce the degree of the polynomials.
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Thank you for your attention
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