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Probabilistic Interpretation
(1) L ∼ sech(πt)
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Theorem. [Klebanov et al.1]. Let νN be an integer valued random
variable independent of the Lj ’s, defined by the moment generating
function:

E [zνN ] =
1

TN

(1
z

) .
Then, the random variable

ZN =
1
N

νN∑
j=1

Lj

has the same hyperbolic secant distribution (as Lj ’s).

1L. B. Klebanov, A. V. Kakosyan, S. T. Rachev, and G. Temnov. On a class
of distributions stable under random summation. J. Appl. Prob., 49:303–318,
2012.
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1-dim, 1-loop
With p ≤ q ≤ r , w =

√
2α

φp→q := Ep

[
e−αHq

]
=

cosh (pw)

cosh(qw)
,

φ
q→p|�r

:= Eq

[
e−αHp |Wt < r

]
=

sinh ((r − q)w)

sinh((r − p)w)
,

φq→r|�p
:= Eq

[
e−αHr |Wt > p

]
=

sinh ((q − p)w)

sinh((r − p)w)
,

I The hitting time t0→b can be decomposed as

t0→b =
(
t0→a + t

a→0|�b

)
+ · · ·+

(
t0→a + t

a→0|�b

)
︸ ︷︷ ︸

` copies

+ t0→a + t
a→b|�0

I Generating functions:

φ0→b = φ0→aφa→b|�0

∞∑
`=0

(
φ0→aφa→0|�b

)`
φ0→b = sech(bw),

RHS = sech(aw) · sinh(aw)

sinh(bw)
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`=0

[
sech(aw) · sinh((b − a)w)

sinh(bw)

]`
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t0→b =
(
t0→a + t

a→0|�b

)
+ · · ·+

(
t0→a + t

a→0|�b

)
︸ ︷︷ ︸

` copies

+ t0→a + t
a→b|�0

I Generating functions:

φ0→b = φ0→aφa→b|�0

∞∑
`=0

(
φ0→aφa→0|�b

)`
φ0→b = sech(bw),

RHS = sech(aw) · sinh(aw)

sinh(bw)

∞∑
`=0

[
sech(aw) · sinh((b − a)w)

sinh(bw)

]`
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1-dim, 1-loop

Proposition (LJ. and C. Vignat, 18’-19’)

En

(
x

2b
+

3

2
− 2

a

b

)
− En

(
x

b
+

1

2

)
=

(n + 1)
(
1− 2 a

b

)
2nan

bn

∞∑
`=0

a

b

(
1−

a

b

)`
B(`+1)
n

(
x + b

4a
+
`

2

)
.

I a
b

(
1− a

b

)` are the probability weights of a geometric
distribution with parameter a/b.

I The case b = 2a, i.e., equally distributed sites, gives

0 = 0.
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1-dim, 2-loops

t = t

+ t + t + t + t + t + · · ·+ t

= t + t + t + (t + t) + · · ·+ (t + t)︸ ︷︷ ︸
k loops

+ (t + t) + · · ·+ (t + t)︸ ︷︷ ︸
` loops

We can generalize it to n-loop model.

Unfortunately, this is WRONG.....
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Two-loops

I := φa→b|�A
φb→a|�c

, II := φb→c|�a
φc→b|�B

I k loops of I followed by l loops of II , with k, l = 0, 1, . . . , which gives∑
k.l

I k II l =
1

1− I
·

1

1− II
;

I k1 loops of I followed by l1 loops of II , then followed by k2 loops of I and finally followed by l2
loops of II , with k1, l2 nonnegative and k2, l1 positive, which gives

∞∑
k1.l2=0,k2,l1=1

I k1 II l1 I k2 II l2 =
I · II

(1− I )2 (1− II )2
;

I the general term will be k1 loops of I → l1 loops of II → · · · → kn loops of I → ln loops of II ,
with k1, ln nonnegative and the rest indices positive, which gives

(I · II )n−1

(1− I )n (1− II )n
.

Therefore, loops I and II contribute as

∞∑
n=1

(I · II )n−1

(1− I )n (1− II )n
=

1

1− (I + II )
=
∞∑
k=0

(I + II )k .



Two Loops

φ =
φ · φ · φ

1− φφ− φφ

Proposition (LJ. and C. Vignat, 18’-19’)

For any positive integer n,

En

(x
6

)
=
∞∑
k=0

3k−n

4k+1E
(2k+3)
n

(x
2

+ k
)
.

In general

(x + 2cE + c)n =
∞∑
k=0

k∑
`=0

qk,`

[
x + 2 (b − a)B + 2 (c − b)B′ + aE (`) + 2 (b − a)U (l)

+ 2aU ′(k−`) + 2 (b − a)B′(k−`) + q′k,`

]n
.



Two Loops

φ =
φ · φ · φ

1− φφ− φφ

Proposition (LJ. and C. Vignat, 18’-19’)

For any positive integer n,

En

(x
6

)
=
∞∑
k=0

3k−n

4k+1E
(2k+3)
n

(x
2

+ k
)
.

In general

(x + 2cE + c)n =
∞∑
k=0

k∑
`=0

qk,`

[
x + 2 (b − a)B + 2 (c − b)B′ + aE (`) + 2 (b − a)U (l)

+ 2aU ′(k−`) + 2 (b − a)B′(k−`) + q′k,`

]n
.



Two Loops

φ =
φ · φ · φ

1− φφ− φφ

Proposition (LJ. and C. Vignat, 18’-19’)

For any positive integer n,

En

(x
6

)
=
∞∑
k=0

3k−n

4k+1E
(2k+3)
n

(x
2

+ k
)
.

In general

(x + 2cE + c)n =
∞∑
k=0

k∑
`=0

qk,`

[
x + 2 (b − a)B + 2 (c − b)B′ + aE (`) + 2 (b − a)U (l)

+ 2aU ′(k−`) + 2 (b − a)B′(k−`) + q′k,`

]n
.



n loops?
Consider consecutive loops I1, I2, . . ., In, it seems like the contribution is

∞∑
k=0

(
n∑
`=1

I`

)k

=
1

1− (I1 + · · ·+ In)
. (∗)

I It feels right.

I I can “prove” it by induction.
I In general sites 0, 1, . . . ,N:

1
cosh(Nw)

??
=

1
coshw ·

(
sinhw

sinh(2w)

)N
1−

(
1

cosh(w)
sinh(w)
sinh(2w) + (N − 1) sinh(w)

sinh(2w)
sinh(w)
sinh(2w)

)
=

1
2N coshN+1 w

1− N+3
4 coshN w

.

This shows (∗) is not correct.

1
cosh(Nw)

=
1

cos(Niw)
=

1
TN(cos(iw))

=
1

TN(coshw))
.
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n-loop case

Dr. Italo Simonelli Heng Yue

Theorem (LJ, I.Simonelli, and H.Yue, 21’+)

φ0→an = φ0→a1φa1→a2|�0
· · ·φan−1→an|��an−2 ·

1
1− P(L1, . . . , Ln)

,

where Lj = φaj−1→aj |��aj−2φaj→aj−1|��aj+1

P (L1, . . . , Ln) =
∑
∗

(−1)`+1Lj1 · · · Lj` ,

for the condition ∗ given by (1) ` = 1, 2, . . . , n; (2) and j1 < j2 − 1,
j2 < j3 − 1,. . . ,j`−1 < j` − 1.
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Examples
I n = 2: P = L1 + L2;

I n = 3: P = L1 + L2 + L3 − L1 · L3
I n = 4: P = L1 + · · ·+ L4 − L1L3 − L1L4 − L2L4
I n = 5: P = L1 + · · ·+ L5 − L1L3 − · · · − L3L5 + L1L3L5.

1. Induction. The tricky part is, if we “glue” the first two loops
together; or ignore site a1, φ2→3|�1

should be replaced by
φ2→3|�0

.
2. Inclusion-exclusion principle



Examples
I n = 2: P = L1 + L2;
I n = 3: P = L1 + L2 + L3 − L1 · L3

I n = 4: P = L1 + · · ·+ L4 − L1L3 − L1L4 − L2L4
I n = 5: P = L1 + · · ·+ L5 − L1L3 − · · · − L3L5 + L1L3L5.

1. Induction. The tricky part is, if we “glue” the first two loops
together; or ignore site a1, φ2→3|�1

should be replaced by
φ2→3|�0

.
2. Inclusion-exclusion principle



Examples
I n = 2: P = L1 + L2;
I n = 3: P = L1 + L2 + L3 − L1 · L3
I n = 4: P = L1 + · · ·+ L4 − L1L3 − L1L4 − L2L4

I n = 5: P = L1 + · · ·+ L5 − L1L3 − · · · − L3L5 + L1L3L5.

1. Induction. The tricky part is, if we “glue” the first two loops
together; or ignore site a1, φ2→3|�1

should be replaced by
φ2→3|�0

.
2. Inclusion-exclusion principle



Examples
I n = 2: P = L1 + L2;
I n = 3: P = L1 + L2 + L3 − L1 · L3
I n = 4: P = L1 + · · ·+ L4 − L1L3 − L1L4 − L2L4
I n = 5: P = L1 + · · ·+ L5 − L1L3 − · · · − L3L5 + L1L3L5.

1. Induction. The tricky part is, if we “glue” the first two loops
together; or ignore site a1, φ2→3|�1

should be replaced by
φ2→3|�0

.
2. Inclusion-exclusion principle



Examples
I n = 2: P = L1 + L2;
I n = 3: P = L1 + L2 + L3 − L1 · L3
I n = 4: P = L1 + · · ·+ L4 − L1L3 − L1L4 − L2L4
I n = 5: P = L1 + · · ·+ L5 − L1L3 − · · · − L3L5 + L1L3L5.

1. Induction. The tricky part is, if we “glue” the first two loops
together; or ignore site a1, φ2→3|�1

should be replaced by
φ2→3|�0

.
2. Inclusion-exclusion principle



Examples
I n = 2: P = L1 + L2;
I n = 3: P = L1 + L2 + L3 − L1 · L3
I n = 4: P = L1 + · · ·+ L4 − L1L3 − L1L4 − L2L4
I n = 5: P = L1 + · · ·+ L5 − L1L3 − · · · − L3L5 + L1L3L5.

1. Induction.

The tricky part is, if we “glue” the first two loops
together; or ignore site a1, φ2→3|�1

should be replaced by
φ2→3|�0

.
2. Inclusion-exclusion principle



Examples
I n = 2: P = L1 + L2;
I n = 3: P = L1 + L2 + L3 − L1 · L3
I n = 4: P = L1 + · · ·+ L4 − L1L3 − L1L4 − L2L4
I n = 5: P = L1 + · · ·+ L5 − L1L3 − · · · − L3L5 + L1L3L5.

1. Induction. The tricky part is, if we “glue” the first two loops
together; or ignore site a1, φ2→3|�1

should be replaced by
φ2→3|�0

.

2. Inclusion-exclusion principle



Examples
I n = 2: P = L1 + L2;
I n = 3: P = L1 + L2 + L3 − L1 · L3
I n = 4: P = L1 + · · ·+ L4 − L1L3 − L1L4 − L2L4
I n = 5: P = L1 + · · ·+ L5 − L1L3 − · · · − L3L5 + L1L3L5.

1. Induction. The tricky part is, if we “glue” the first two loops
together; or ignore site a1, φ2→3|�1

should be replaced by
φ2→3|�0

.
2. Inclusion-exclusion principle



Theorem (LJ, I.Simonelli, and H.Yue, 21’+)
Let M = dme − 1, and M ′ be the largest odd number less or equal
to M, then

En

(
x

m + 1

)
=

1
(m + 1)n

∞∑
k=0

(m + 1)k

22k+m

k∑
n1,...,nM=0

(
k

n1, . . . , nM

)

× (−1)n1+n3+···+nM′
4n1+···+nM

(m + 1)n1+···+nM

×

((
m−2
1

)
23

+

(
m−2
2

)
24

)n1

· · ·

((
m−M−1

M

)
22M+1 +

(
m−M−1
M+1

)
22M+2

)nM

× E (2k+2n1+4n2+···+2MnM+m)
n (k + n1 + 2n2 + · · ·+MnM + x) .

En(x) =
1
4n

∞∑
k=0

k∑
`=0

(−1)`
(
k

`

)
2n

8`+1E
(2k+2`)
n (4x + k + `) .

En (x) =
∞∑
k=0

5k−n

4k+`+2

k∑
`=0

(−1)`
(
k

`

)
E
(2`+2k+5)
n (5x + `+ k) .
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Generalization
I Bessel process in Rn:

R
(n)
t :=

√(
W

(1)
t

)2
+ · · ·+

(
W

(n)
t

)2

I Moment generating functions for hitting times:
Hz := min

s

{
R
(n)
s = z

}
.

Ex

(
e−αHz ; sup

0≤s≤Hz

R
(n)
s < y

)
=

{
x−ν Iν(xw)
z−ν Iν(zw) , 0 ≤ x ≤ z ≤ y ;
Sν(yw ,xw)
Sν(yw ,zw) , z ≤ x ≤ y ,

I n = 2 + 2ν for ν ≥ 0

Sν (x , y) := (xy)−ν [Iν(x)Kν(y)− Kν(x)Iν(y)] ,

and

Iν(x) =
∞∑
`=0

1
`!Γ(`+ ν + 1)

(x
2

)2`+ν
, Kν(x) =

π

2
I−ν(x)− Iν(x)

sin(νπ)
.



n = 3⇔ ν = 1/2
I

I 1
2
(x) =

∞∑
m=0

(
x
2

)2m+ 1
2

m!Γ
(
m + 3

2

) =

√
2
xπ

sinh (x)

∞∑
n=0

Bn(x)
tn

n!
=

t

et − 1
etx =

tetxe−
t
2

e
t
2 − e−

t
2

=
tet(x−

1
2)

2
sinh

( t
2

)
K 1

2
(x) =

√
π

2x
e−x

Ex

(
e−αHz ; sup

0≤s≤Hz

R
(3)
s < y

)
=

{
z sinh(xw)
x sinh(zw) , 0 ≤ x ≤ z ≤ y
z sinh((y−x)w)
x sinh((y−z)w) , z ≤ x ≤ y

O



Proposition (LJ and C. Vignat, 19’)

3n+1

n + 1

[
Bn+1

(
x

6
+

5
6

)
− Bn+1

(
x

6
+

1
2

)]
=
∑
k≥0

3
4

(
1
4

)k

E
(2k+2)
n

(
x + 3 + 2k

2

)

Theorem (LJ, I.Simonelli, and H.Yue, 21’+)

For the 3-dimensional Bessel process on sites 0, 1, . . . ,m + 2, we
have

φ0→(m+2) = φ0→1

m+1∏
j=1

φj→(j+1)|��j−1
1

1−
m∑

k=1

∑
(k,l ,n)

.
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Theorem (LJ, I.Simonelli, and H.Yue, 21’+)

Let M = dme − 1, and M ′ be the largest odd number less or equal
to M, then

Bn+1

(
2 + x

m + 2

)
− Bn+1

(
x

m + 2

)
=

n + 1
(m + 2)n

∞∑
k=0

mk

22k+m

k∑
n1,...,nM=0

(
k

n1, . . . , nM

)
(−1)n1+n3+···+nM′

×
(m−1

2

)n1(m−2
3

)n2 · · · (m−MM

)nM
4n1+2n2+···+MnMmn1+···+nM

× E
(2k+2n1+4n2+···+2MnM+m)
n (k + n1 + 2n2 + · · ·+ MnM + x).

Bn+1

(
x + 2

5

)
−Bn+1

( x
5

)
=

n + 1
5n

∞∑
k=0

3k

22k+3

k∑
`=0

(k
`

)
(−1)`

1
12`

E
(2k+2`+3)
n (k+`+x).
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