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Bernoulli polynomials & Bernoulli numbers

t
et − 1

=
∞∑

n=0

Bn
tn

n! and tetx

et − 1
=

∞∑
n=0

Bn(x)
tn

n!

▶

ζ(2n) = 22n

2(2n)! |B2n|π2n and ζ(−n) = −Bn+1

n + 1
= (−1)n Bn+1

n + 1
.

▶ Euler-Maclaurin Summation Formula
n∑

j=a
f(j) =

∫ n

a
f(x)dx + f(a) + f(n)

2
+

m∑
s=1

B2s
(2s)!

(
f(2s−1)(n)− f(2s−1)(a)

)
+

∫ n

a

B2m − B2m({x})
(2m)!

f(2m)(x)dx.

▶ Modular forms/Eisenstein series:

G2k(τ) = 2ζ(2k)

1− 4k
B2k

∞∑
n=1

∑
d|n

d2k−1e2πinτ

 .
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Umbral Calculus

Bn = Bn

Bn (x) =
n∑

k=0

(
n
k

)
Bn−kxk =

n∑
k=0

(
n
k

)
Bn−kxk = (B + x)n.

▷ B′
n(x) = nBn−1(x) ⇔

d
dx(B + x)n = n(B + x)n−1.

Treat t = ∂x, and
t

et − 1
• xn = Bn (x)
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Random Variable
Bn(x) =

E [(B + x)n] = E
[(

iL − 1

2
+ x

)n]
=

π

2

∫
R

(
iL − 1

2
+ x

)n
sech2(πt)dt.

▷
(

t
et − 1

)p
etx =

∞∑
n=0

B(p)
n (x) tn

n! ⇒ B(p)
n (x) = (B1 + · · ·+ Bp + x)n

where (Bj)
p
j=1 is a sequence of i. i. d. random variables each

Bj ∼ B.

▷ Bernoulli-Barnes Polynomials: let a = (a1, . . . , ak)

B⃗ = (B1, . . . ,Bk) and |a| =
k∏

i=1

ai

etx
k∏

i=1

t
eait − 1

=

∞∑
n=0

Bn (a; x)
tn

n! ⇔ Bn (a; x) =
1

|a|

(
x + a · B⃗

)n
;
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Theorem (A. Bayad and M. Beck, 2014)

Difference Formula: Suppose A =
n∑

k=1

ak ̸= 0, then

(−1)m Bm (a;−x)− Bm (a; x) = m!

n−1∑
l=1

∑
|L|=l

Bm−n+l (aL; x)
(m − n + l)! ,

where L ⊂ {1, . . . , n} and Bm (aL; x) = xm if L = ∅.

Theorem (L. Jiu, V. Moll and C. Vignat, 2016)

f
(

x − a · B⃗
)
=

n∑
ℓ=0

∑
|L|=ℓ

|a|L∗ f(n−ℓ)
(

x +
(

a · B⃗
)

L

)
.

L∗ = {1, . . . , n} \L.

Corollary
Pick f (x) = xm/m!.
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Analytic Continuation: for n1, . . . , nr positive integers
Theorem (Sadaoui, 2014)

ζr (−n1, . . . ,−nr) = (−1)r ∑
k2,...,kr

1

n̄ + r − k̄

r∏
j=2

( r∑
i=j

ni−
n∑

i=j+1
ki+r−j+1

kj

)
r∑

i=j
ni −

n∑
i=j

ki + r − j + 1

×
∑

l1,...,lr

(
n̄ + r − k̄

l1

)(
k2

l2

)
· · ·

(
kr
lr

)
Bl1 · · ·Blr ,

n̄ =
n∑

j=1

nj , k̄ =
r∑

j=2

kj, k2, . . . kr ≥ 0, lj ≤ kj for 2 ≤ j ≤ r and l1 ≤ n̄ + r + k̄.

Theorem (Akiyama and Tanigawa, 2001)

ζr (−n1, . . . ,−nr) = −
ζr−1 (−n1, . . . ,−nr−2,−nr−1 − nr − 1)

1 + nr

−
ζr−1 (−n1, . . . ,−nr−2,−nr−1 − nr)

2

+

nr∑
q=1

(−nr)q
Bq+1

(q + 1)!
ζr−1 (−n1, . . . ,−nr−2,−nr−1 − nr + q) .
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Theorem (L.Jiu, V.H.Moll and C.Vignat, 2018)

ζr (−n1, . . . ,−nr) =
r∏

k=1

(−1)nk Cnk+1
1,...,k,

Cn
1 =

Bn
1

n , Cn
1,2 =

(C1 + B2)
n

n , . . . , Cn
1,...,k+1 =

(C1,...,k + Bk+1)
n

n .

▶

ζ2 (−n, 0) = (−1)n Cn+1
1 · (−1)0 C0+1

1,2

= (−1)n C1 + B2

1
· Cn+1

1

= (−1)n (Cn+2
1 + B2Cn+1

1

)
= (−1)n

(
Bn+2

1

n + 2
+ B2

Bn+1
1

n + 1

)
= (−1)n

[
Bn+2

n + 2
− 1

2

Bn+1

n + 1

]
.

▶
ζ (−n) = (−1)n Cn+1 = (−1)n Bn+1

n + 1
.
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Lattice/Motzkin Path

(mn)
∞
n=0 ∼ mn =

∫
R

xndµ (x) ?⇒ (Pn (x))∞n=1 ∼
∫
R

Pn (x)Pm (x) dµ (x) = Cnδm,n

⇒ Pn+1 (x) = (x + sn)Pn (x) + tnPn−1 (x)

⇒
∞∑

n=0

mnxn =
m0

1 + s0x + t1x2

1+s1x+ t2x2
1+···

Mn+1,k = Mn,k−1 + skMn,k + tk+1Mn,k+1

∞∑
n=0

Mn,0zn =
1

1− s0z − t1z2

1−s1z− t2z2
···



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Main Results: Hn(ak) for the following sequences
B2k+1

( x + 1

2

)
,E2k

( x + 1

2

)
,E2k+1

( x + 1

2

)
,E2k+2

( x + 1

2

)
,

Bk

( x + r
q

)
− Bk

( x + s
q

)
,Ek

( x + r
q

)
± Ek

( x + s
q

)
,

kEk−1(x),Bk+1,x8,1 (x),Bk+1,x8,2 (x),Bk+1,x12,1 (x),Bk+1,x12,2 (x),

(2k + 1)E2k, (2
2k+2 − 1)B2k+2, (2k + 1)B2k

(
1

2

)
, (2k + 3)B2k+2,

ak, k ≥ 1 Bk−1 B2k (2k + 1)B2k (22k − 1)B2k

a0 0 1 1 0

ak, k ≥ 1 E2k−2 Ek−1(1) Ek+3(1) E2k−1(1) E2k+5(1)
Ek(1)

k!
a0 0 0 − 1

4
0 1

2
1

ak, k ≥ 1
E2k−1(1)

(2k−1)!
E2k−2

( x+1
2

)
(2k + 1)E2k

a0 0 0 0

B2k+1

( x+1
2

)
2k + 1

,
B2k+3

( x+1
2

)
2k + 3

,
B2k+5

( x+1
2

)
2k + 5



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Bn+1

(
x + 2

5

)
− Bn+1

( x
5

)
=

n + 1

5n

∞∑
k=0

3k

22k+3

k∑
ℓ=0

(
k
ℓ

)
(−1)ℓ

1

12ℓ
E(2k+2ℓ+3)

n (k + ℓ+ x).

Theorem (L. Jiu, I. Simonelli, and H. Yue, 21’+)

ϕ0→an = ϕ0→a1ϕa1→a2|�0
· · ·ϕan−1→an|��an−2

· 1

1− P(L1, . . . , Ln)
,

where Lj = ϕaj−1→aj|��aj−2
ϕaj→aj−1|��aj+1

P (L1, . . . , Ln) =
∑
∗
(−1)ℓ+1Lj1 · · · Ljℓ ,

for the condition ∗ given by (1) ℓ = 1, 2, . . . , n; (2) and
j1 < j2 − 1, j2 < j3 − 1,. . . ,jℓ−1 < jℓ − 1.
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Future Work
▶ To apply this symbolic expression to the Tornheim zeta function, defined as

W(r, s, t) :=
∑

m,n≥1

1

mrns(m + n)t ,

and its multi-dimensional extension.
▶ Another type of zeta function to which we may apply the Bernoulli symbol is

the hypergeometric zeta function ζH
a,b(s). Let

(
zk;a,b

)∞
k=1

be the sequence of
complex zeros of 1F1

(
a

a+b
∣∣t), defined by

ζH
a,b(s) :=

∑
k≥1

z−s
k;a,b for Res > 1.

▶ Orthogonal polynomials w. r. t. B(p)
n (x).

▶ Computer proofs for identities involving Bernoulli and Euler polynomials
▶ Hyperbolic secant (square) distribution and information geometry

▶ ......

Thank you!!!
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