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Some Results
Theorem
Let

An
Bn

= q1 +
1

q2 + 1
q3+

1

q4+
...

qn−1+
1

qn

.

Then,

▶ For n ≥ 3, An = An−1qn + An−2 and Bn = Bn−1qn + Bn−2.
▶ For n > 1, AnBn−1 − BnAn−1 = (−1)n.

Theorem
Assume α = lim

n→∞
An
Bn

exists. Then,

1

Bn(Bn + Bn+1)
<

∣∣∣∣α− An
Bn

∣∣∣∣ < 1

BnBn+1
.
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Functions

Let

N(n, k) = 1

n

(
n
k

)(
n

k − 1

)
and Nn(x) =

n∑
k=0

N(n, k)xk.

Then,

N (x, t) :=
∞∑

n=0

Nn(x)tn =
1

1− xt
1− t

1− xt
1− t

1−
...

Definition
N(n, k) are called Narayana numbers and Nn(x) are Narayana
polynomials.
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Narayana numbers

▶ Dyck paths of length 2n with k peaks
▶ Non-crossing partitions of [n] with k blocks
▶ Non-nesting partitions of [n] with k blocks
▶ The number of unlabeled ordered rooted trees with n edges

and k leaves.

N(4, 2) = 1
4

(
4
2

)(
4

2−1

)
= 6

from Wikipedia
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Dyck path
Definition
A Dyck path of length 2n is a path in the right quadrant N2 from
(0, 0) to (2n, 0) using steps (1, 1) “rise” and (1,−1) “fall”

Theorem (Flajolet 1980)
As an identity in Z[α⃗][[t]], we have

1

1− α1t
1− α2t

1−
...

=

∞∑
n=0

Sn(α1, . . . , αn)tn,

where Sn(α1, . . . , αn) is the generating polynomial for Dyck paths
of length 2n in which each fall starting at height i gets weight αi.
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of length 2n in which each fall starting at height i gets weight αi.
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Dyck path
Definition
A Dyck path of length 2n is a path in the right quadrant N2 from
(0, 0) to (2n, 0) using steps (1, 1) “rise” and (1,−1) “fall”
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n = 4

Wikipedia
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Proof

N (x, t) = 1 + xtN (x, t)2 − xtN (x, t) + tN (x, t).

Elementary “renewal” argument on Dyck paths implies

N =
1

1− tx − t(N − 1)
,

which means
N =

1

1− xt
1−tN
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(mn)
∞
n=0 ∼ mn =

∫
R

xndµ (x)

?⇒ (Pn (x))∞n=1 ∼
∫
R

Pn (x)Pm (x) dµ (x) = Cnδm,n

⇒ Pn+1 (x) = (x + sn)Pn (x) + tnPn−1 (x)

⇒
∞∑

n=0

mnxn =
m0

1 + s0x + t1x2

1+s1x+ t2x2
1+···

Mn+1,k = Mn,k−1 + skMn,k + tk+1Mn,k+1

∞∑
n=0

Mn,0zn =
1

1− s0z − t1z2

1−s1z− t2z2
···
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Different Types

▶ Stieltjes type (S-fractions):

f(t) = 1

1− α1t
1− α2t

1− α3t
1−···

▶ Jacobi type (J-fractions):

f(t) = 1

1− γ0t − β1t2

1−γ1t− β3t2

1−γ2t− β2t2
1−γ3t−···

▶ Thron type (T-fractions):

f(t) = 1

1− δ1t − α1t
1−δ2t− α3t

1−δ3t− α2t
1−δ4t−···



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Different Types
▶ Stieltjes type (S-fractions):

f(t) = 1

1− α1t
1− α2t

1− α3t
1−···

▶ Jacobi type (J-fractions):

f(t) = 1

1− γ0t − β1t2

1−γ1t− β3t2

1−γ2t− β2t2
1−γ3t−···

▶ Thron type (T-fractions):

f(t) = 1

1− δ1t − α1t
1−δ2t− α3t

1−δ3t− α2t
1−δ4t−···



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Different Types
▶ Stieltjes type (S-fractions):

f(t) = 1

1− α1t
1− α2t

1− α3t
1−···

▶ Jacobi type (J-fractions):

f(t) = 1

1− γ0t − β1t2

1−γ1t− β3t2

1−γ2t− β2t2
1−γ3t−···

▶ Thron type (T-fractions):

f(t) = 1

1− δ1t − α1t
1−δ2t− α3t

1−δ3t− α2t
1−δ4t−···



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Different Types
▶ Stieltjes type (S-fractions):

f(t) = 1

1− α1t
1− α2t

1− α3t
1−···

▶ Jacobi type (J-fractions):

f(t) = 1

1− γ0t − β1t2

1−γ1t− β3t2

1−γ2t− β2t2
1−γ3t−···

▶ Thron type (T-fractions):

f(t) = 1

1− δ1t − α1t
1−δ2t− α3t

1−δ3t− α2t
1−δ4t−···



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Contractions

▶ even contraction
1

1− α1t
1− α2t

1− α3t
1−···

=
1

1− α1t − α1α2t2
1−(α2+α3)t− α3α4t2

1−(α4+α5)t−α5α6t2
1−···

▶ odd contraction
1

1− α1t
1− α2t

1− α3t
1−···

= 1 +
α1t

1− (α1 + α2) t − α2α3t2
1−(α3+α4)t−α4α5t2

1−···
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Hankel determinants

Given a sequence a = (a0, a1, ...), the nth Hankel determinant of a
is defined by

Hn(a) = Hn (ak) := det
0≤i,j≤n


a0 a1 · · · an
a1 a2 · · · an+1
... ... . . . ...

an an+1 · · · a2n



For Catalan number Cn =
(
2n
n
)
/(n + 1), Hn(Ck) =
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Orthogonal polynomials

(an)
∞
n=0 ∼ an =

∫
R

xndµ (x)

?⇒ (Pn (x))∞n=1 ∼
∫
R

Pn (x)Pm (x) dµ (x) = Cnδm,n

Pn(y) =
1

Hn−1(a)
det

0≤i,j≤n


a0 a1 · · · an
a1 a2 · · · an+1
... ... . . . ...

an−1 an · · · a2n−1

1 y · · · yn

 .

∞∑
n=0

anxn =
a0

1 + s0x + t1x2
1+s1x+ t2x2

1+···
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