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Continued Fractions, II

Lin Jiu
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Hankel Determinants
Given a sequence a = (a0, a1, ...), the nth Hankel determinant of a
is defined by

Hn(a) = Hn (ak) := det
0≤i,j≤n


a0 a1 · · · an
a1 a2 · · · an+1
... ... . . . ...

an an+1 · · · a2n



For Catalan number Cn =
(
2n
n
)
/(n + 1), Hn(Ck) = 1 for any n.

Definition
A Dyck path of length 2n is a path in the right quadrant N2 from
(0, 0) to (2n, 0) using steps (1, 1) “rise” and (1,−1) “fall”
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Catalan Number Cn =
(
2n
n
)
/(n + 1)

Cn =

n−1∑
k=0

CkCn−k.

C0 = 1 by convention

C(t) =
∞∑

n=0

Cntn =

∞∑
n=0

(n−1∑
k=0

CkCn−k

)
tn = tC(t)2 + 1.

Hence
C(t) = 1−

√
1− 4t
2t .

Theorem (Flajolet 1980)
As an identity in Z[α⃗][[t]], we have

1

1− α1t
1− α2t

1−
...

=

∞∑
n=0

Sn(α1, . . . , αn)tn,

where Sn(α1, . . . , αn) is the generating polynomial for Dyck paths
of length 2n in which each fall starting at height i gets weight αi.
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Hankel Determinants Again
Proposition
Given a sequence a = (ak)∞k=0 with its monic orthogonal
polynomials Pn(y),

namely,

Pn(y) =
1

Hn−1(a)
det

0≤i,j≤n


a0 a1 · · · an
a1 a2 · · · an+1
... ... . . . ...

an−1 an · · · a2n−1

1 y · · · yn

 ,

satisfying the three-term recurrence

Pn+1(y) = (y + sn)Pn(y)− tnPn−1(y),

then
Hn(a) = cn+1

0 tn
1tn−1

2 · · · t2n−1tn.
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Bernoulli polynomials t
et−1ext =

∑∞
n=0 Bn(x) tn

n!

Theorem (K. Dilcher and L. J)
Let bk = B2k+1

( x+1
2

)
, then

Hn (bk) = (−1)(
n+1
2
)
(x
2

)n+1
n∏

ℓ=1

(
ℓ4
(
x2 − ℓ2

)
4(2ℓ+ 1)(2ℓ− 1)

)n+1−ℓ

.

Moreover, the orthogonal polynomial w. r. t. bksatisfies the
recurrence

Pn+1(y) = (y − σn)Pn(y)− τnPn−1(y),

where

σn =

(
n + 1

2

)
− x2 − 1

4
and τn =

n4
(
x2 − n2

)
4(2n + 1)(2n − 1)
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(Not the Complete) Proof

logΓ(z+x) =
(

z + x − 1

2

)
log z−z+ log(2π)

2
+

∞∑
n=1

(−1)n+1Bn+1(x)
n(n + 1)zn

Then,
∞∑

k=0

B2k+1

(
x + 1

2

)
z2k =

1

2z2
(
ψ′
(
1

z +
1− x
2

)
− ψ′

(
1

z +
1 + x
2

))
,

where
ψ′(z) = d

dz logΓ(z).

Finally,
∞∑

k=0

B2k+1

(
x + 1

2

)
z2k =

x
2

1 + σ0z2 + τ1z4
1+σ1z2+ τ2z4

1+σ2z2+
...

.
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▶ Open Question 1: Given a function f(z), is there a(n)
way/method/algorithm to find the continued fraction
expression of f(z)?

∞∑
k=0

1

(s − b + 2k + 1)2
−

∞∑
k=0

1

(s + b + 2k + 1)2

=
b

1 (s2 − b2 + 1)− 4(12−b2)14

4(s2−b2+5)− 4(22−b2)24

5(s2−b2+13)−
...

.

▶ Open Question 1.5: Given a function f(z), and a continued
fraction expression, how can we show they are equal? In what
sense?
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Theorem (K. Dilcher and L. J)

Hn

(
B2k+1

(
x + 1

2

))
= (−1)(

n+1
2
)
( x
2

)n+1
n∏

ℓ=1

(
ℓ4
(
x2 − ℓ2

)
4(2ℓ+ 1)(2ℓ− 1)

)n+1−ℓ

.

Theorem (L. J and April Li)

Hn

 B2k+1

(
x+1
2

)
2k + 1

 =

( x
2

)n+1 n∏
ℓ=1

 (2ℓ)2(2ℓ − 1)2
(

x2 − (2ℓ − 1)2
) (

x2 − (2ℓ)2
)

16(4ℓ − 3)(4ℓ − 1)2(4ℓ + 1)

n+1−ℓ

.

▶ Open Question 2: What is the relation between

Hn(ak) and Hn
(ak

k
)
?
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Open Question 2.5: What is f′(z) in terms of continued
fractions?

∞∑
k=1

ak
k zk =

a1z
1 + s0z + t1z2

1+s1z+ t2z2

1+s2z+
...

d
dz ⇒ LHS =

∞∑
k=1

akzk−1

Definition
The Euler polynomials En(x) and Euler numbers En are defined by

2

et + e−t =

∞∑
n=0

En
tn

n! and 2ext

et + 1
=

∞∑
n=0

En(x)
tn

n! .
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Hn(ak) = (−1)ε(n)an+1
n∏
ℓ=1

b(ℓ)n+1−ℓ
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What we know

▶

Hn(ak) ⇒


Hn(ak+1)

Hn(ak+2)

λnHn(ak+1) + µnHn(ak+2)

▶
Hn(ak) ⇒ Hn(”ak−1”).
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Contractions

▶ even contraction
1

1− α1t
1− α2t

1− α3t
1−···

=
1

1− α1t − α1α2t2
1−(α2+α3)t− α3α4t2

1−(α4+α5)t−α5α6t2
1−···

▶ odd contraction
1

1− α1t
1− α2t

1− α3t
1−···

= 1 +
α1t

1− (α1 + α2) t − α2α3t2
1−(α3+α4)t−α4α5t2

1−···
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Left-shifted

∞∑
n=0

anxn =
1

1 + s0x + t1x2
1+s1x+ t2x2

1+···

assume a0 = 1.

Then,

∞∑
n=1

anxn−1 =

1

1+s0x+ t1x2

1+s1x+ t2x2
1+···

− 1

x
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