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Bernoulli Polynomials, Numbers

De�nition

Bernoulli numbers Bn and Bernoulli polynomials Bn(x) are de�ned by

their generating functions

t

et − 1
=
∞∑
n=0

Bn

tn

n!
and

text

et − 1
=
∞∑
n=0

Bn(x)
tn

n!

Zeta Values

For n ∈ N,

ζ(2n) = (−1)n+1
(2π)2n

2(2n)!
B2n ζ(−n) = − Bn+1

n + 1
ζ(0) = −1

2
.

B1 = −1
2

and B2n+1 = 0⇒ ζ(−m) = − (−1)mBm+1

m + 1
,m = 0, 1, 2, . . .
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Bernoulli Symbol

De�nition

Bernoulli symbol B is de�ned by the evaluation rule Bn = Bn.

Umbral Calculus

Bn(x) =
n∑

k=0

(
n

k

)
Bkx

n−k =
n∑

k=0

(
n

k

)
Bkxn−k = (B + x)n.

Theorem (A. Dixit, V. H. Moll, and C. Vignat)

B ∼ iLB − 1/2, where i2 = −1 and LB ∼ π sech2(πt)/2

Bn = Bn = E [Bn] = π

2

∫
R

(
ιt − 1

2

)n

sech2 (πt) dt.

Bn(x) = (B + x)n =
π

2

∫
R

(
x + ιt − 1

2

)n

sech2 (πt) dt.
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Bernoulli Polynomials of Higher-order

De�nition

Bernoulli polynomial of order p is de�ned by

(
t

et − 1

)p

etx =
∞∑
n=0

B(p)
n (x)

tn

n!

⇔ B(p)
n =

B1 + · · ·+ Bp︸ ︷︷ ︸
i. i. d.

+ x


n

Theorem (Lucas, 1878)

B(p+1)
n = B(p)

n (0) =

(
1− n

p

)
B(p)
n − nB

(p)
n−1

= (−1)p p
(
n

p

)
βn−p (β)p ,

where (β)p = β (β + 1) · · · (β + p − 1) is the Pochhammer symbol and

βn =
Bn

n
.
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MZV and Analytic Continuation

Theorem (B. Sadaoui, 2014)

Based on Raabe's identity, and by linking

Ya (n) =

∫
[1,∞)r

dx

(x1 + a1) · · · (x1 + a1 + · · ·+ xr + ar )nr

Z (n, z) =
∑

k1,...,kr>0

1

(k1 + z1)n1 · · · (k1 + z1 + · · ·+ kr + zr )nr

by

Y0 (n) =

∫
[0,1]r

Z (n, z) dz,

for positive integers n1, . . . , nr ,

ζr (−n1, . . . ,−nr ) = (−1)r
∑

k2,...,kr

1

n̄ + r − k̄

r∏
j=2

( r∑
i=j

ni−
n∑

i=j+1
ki +r−j+1

kj

)
r∑

i=j

ni −
n∑

i=j

ki + r − j + 1

×
∑

l1,...,lr

(n̄ + r − k̄

l1

)(k2
l2

)
· · ·
(kr
lr

)
Bl1 · · ·Blr ,

n̄ =
n∑

j=1

nj , k̄ =
r∑

j=2

kj , k2, . . . kr ≥ 0, lj ≤ kj for 2 ≤ j ≤ r and l1 ≤ n̄ + r + k̄.



MZV and the C-symbol

Theorem (LJ, V. H. Moll, and C. Vignat)

ζr (−n1, . . . ,−nr ) =
r∏

k=1

(−1)nk Cnk+1

1,...,k
,

where

Cn1 =
Bn
1

n
, Cn1,2 =

(C1 + B2)n

n
, . . . , Cn

1,...,k+1
=

(
C1,...,k + Bk+1

)n
n

ζ2 (−n, 0) = (−1)n Cn+1

1
· (−1)0 C0+1

1,2 = (−1)n
C1 + B2

1
· Cn+1

1

= (−1)n
(
Cn+2

1
+ B2Cn+1

1

)
= (−1)n

[
Bn+2

n + 2
−

1

2

Bn+1

n + 1

]
.

ζ1(−n) = (−1)nCn+1 = (−1)n
Bn+1

n + 1
= (−1)n

Bn+1

n + 1
.
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Quasi-shu�e Identity

Theorem (Quasi-shu�e)

for positive integers n1 and n2,

ζ2(n1, n2) + ζ2(n2, n1) + ζ1(n1 + n2) = ζ1(n1)ζ(n2).

Theorem (LJ, V. H. Moll, and C. Vignat)

Sadaoui's analytic continuation used does not preserve the quasi-shu�e

identity, but the correction term is simple.

ζ2(−n1,−n2) + ζ2(−n2,−n1) + ζ1(−n1 − n2)− ζ1(−n1)ζ(−n2)

=
(−1)n1+1n1!n2!

(n1 + n2 + 2)!
Bn1+n2+2.

When n1 + n2 is odd, the Bernoulli number Bn1+n2+2 = 0, so that the

quasi-shu�e identity holds as expected, since the depth-2 multiple zeta

function is holomorphic at these points.
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MZV: Another Analytic Continuation

Theorem (S.Akiyama and Y.Tanigawa, 2002)

By using Euler-Maclaurin summation formula, for positive integers
n1, . . . , nr ,

ζr (−n1, . . . ,−nr ) = −
ζr−1 (−n1, . . . ,−nr−2,−nr−1 − nr − 1)

1 + nr

−
ζr−1 (−n1, . . . ,−nr−2,−nr−1 − nr )

2

+

nr∑
q=1

(−nr )q aqζr−1 (−n1, . . . ,−nr−2,−nr−1 − nr + q) ,

where aq = Bq+1/ (q + 1)!.

Remark

B1 = −
1

2
and (−n)−1 = −

1

n + 1

Theorem (LJ, V. H. Moll, and C. Vignat)

ζr (−n1, . . . ,−nr ) =
r∏

k=1

(−1)nk Cnk+1

1,...,k
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Harmonic Sums

De�nition

Sa1,...,ak (N) =
∑

N≥n1≥···≥nk≥1

sgn (a1)
n1

n
|a1|
1

× · · · × sgn (ak)
nk

n
|ak |
k

, N ∈ N

Ha1,...,ak (N) =
∑

N>n1>···>nk≥1

sgn (a1)
n1

n
|a1|
1

× · · · × sgn (ak)
nk

n
|ak |
k

. N ∈ N

Theorem (LJ, and D. Y. Shi)

We give an alternative proof, by a random walk model, on showing

lim
k→∞

S1, 1, . . . , 1︸ ︷︷ ︸
k copies

(N) = lim
k→∞

∑
N≥n1≥···≥nk≥1

1

n1 · · · nk
= N.
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Random Walk

•
1

•
2

•
3

· · · •
N−1

•
N

I one can only jump to sites that are NOT to the right of the current site, with

equal probabilities;

I steps are independent e.g., P (6→ 6) = · · · = P (6→ 1) = 1/6.

STEP 1: walk N → n1 (≤ N) with P (N → n1) = 1

N
;

STEP 2: walk n1 → n2 (≤ n1), with P (n1 → n2) = 1

n1
;

· · · · · · · · · · · · · · · · · ·

STEP k + 1: walk nk 7→ nk+1 (≤ nk), with P (nk → nk+1) = 1

nk
.

P (nk+1 = 1) =
∑

N≥n1≥···≥nk≥1

1

Nn1 · · · nk
=

S1, . . . , 1︸ ︷︷ ︸
k

(N)

N
.

lim
k→∞

S1, 1, . . . , 1︸ ︷︷ ︸
k

(N) = N ⇔ lim
k→∞

P (nk+1 = 1) = 1.
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nk
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1

Nn1 · · · nk
=

S1, . . . , 1︸ ︷︷ ︸
k

(N)

N
.

lim
k→∞

S1, 1, . . . , 1︸ ︷︷ ︸
k

(N) = N ⇔ lim
k→∞

P (nk+1 = 1) = 1.
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Matrix Representations

Theorem (LJ, and D. Y. Shi)
De�ne

S
(
f1, . . . , fk ; N,m

)
:=

∑
N≥n1≥···≥nk≥m

f1 (n1) · · · fk
(
nk

)
,

A
(
f1, . . . , fk ; k; N,m

)
:=

∑
N>n1>···>nk≥m

f1 (n1) · · · fk
(
nk

)
,

and three matrices

PN =


1 0 0 · · · 0

1 1 0 · · · 0

.

.

.

.

.

.

.

.

.

.
.
.

.

.

.
1 1 1 · · · 1

 , SN|fl
:=



fl (1) 0 0 · · · 0

fl (2) fl (2) 0 · · · 0

.

.

.

.

.

.

.

.

.

.
.
.

.

.

.
fl (N) fl (N) fl (N) · · · fl (N)



and

AN|fl
=



0 0 0 · · · 0 0

fl (1) 0 0 · · · 0 0

fl (2) fl (2) 0 · · · 0 0

.

.

.

.

.

.

.

.

.

.
.
.

.

.

.

.

.

.
fl (N − 1) fl (N − 1) fl (N − 1) · · · fl (N − 1) 0


.

Then,

S
(
f1, . . . , fk ; N,m

)
=

PN · k∏
l=1

SN|fl


N,m

andA
(
f1, . . . , fk ; N,m

)
=

PN .
k∏

l=1

AN|fl


N,m

.

where Mi,j denotes entry located at the ith row and jth column of a matrix M.



N →∞

S (i1, . . . , ik) := S
(

1

x i1
, . . . ,

1

x ik
;∞, 1

)
=

∑
n1≥···≥nk≥1

1

ni1
1
· · · nikk

A (i1, . . . , ik) := A
(

1

x i1
, . . . ,

1

x ik
;∞, 1

) ∑
n1>···>nk≥1

1

ni1
1
· · · nikk

S (2, 1) = A (3) = ζ(3) and S (i1, i2) = A (i1, i2) + A (i1 + i2) .

Theorem (LJ, and D. Y. Shi)

S(f , g ;N − 1,m) = A(f , g ;N,m) + A(fg ;N,m)

S(f , g , h;N − 1,m) = A(f , g , h;N,m) + A(fg , h;N,m)

+ A(f , gh;N,M) + A(fgh;N,m)
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V and H Symbols

De�nition
The H symbol is de�ned by

(H(N))n := 1n + 2n + · · ·+ (N − 1)n =: H−n(N),

where

H−n1,...,−nr (N) =
∑

N>i1>···>ir>0

i
n1
1
· · · inrr .

And the V symbol is de�ned by the integration operator, for polynomial P(x)

P(x + V(z)) =

∫ z

0

P(x + v)dv .

Theorem (LJ, C. Vignat and T. Wakhare)

H−n1,...,−nr (N) =
r∏

k=1

Hnk
1,...,k

=
r∏

k=1

(Bk + V1,...,k)nk .

where H1 = H(N), V1 = V(N) and recursively H1,...,k = H(H1,...,k−1) and

V1,...,k = V(Bk−1 + V1,...,k−1).

lim
N→∞

H = C.
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End

Thank you for your listening!


