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Definition

The Euler numbers E,, Euler polynomials E,(x), and Euler
polynomials of order p, E,(,p)(x), are defined via their (exponential)
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Inverse Problem

Problem

Eq(x) = P (E,(,fl)(x), o E,(,fk)(x)>?

Theorem(LJ, V. H. Moll and C. Vignat, 2014)

For any positive integer N,

pM E@)
Eq(x) = an E(( +Nx>,

where

l/z Zpe 2*, Tw(cosB) = cos(N6)

Namely, T, is the Chebyshev polynomial of the 1st kind.
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EP ) =E[(x+i(li+--+Lp) =) iid Li~L
2. Note that vy is an integer valued random variable independent of

the Lj 's:
1
E[z"V] =
ey
Theorem (Klebanov et al.)
The random variable 1 &
Zv=+ Z L
Jj=1
has (as Lj's).

L. B. Klebanov, A. V. Kakosyan, S. T. Rachev, and G. Temnov. On a class of
distributions stable under random summation. J. Appl. Prob., 49 (2012),
303-318.
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Proof: Random Variable Approach
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0 is the and N is the o
ateach k=1,...,N —1, it is a “fair coin” walk;

let v be the random number of steps for this process.

pgN) = P(VN = f)
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» Reflected Brownian Motion on R :
W, =distance to 0 at time t.

» Hitting times: H, := mtin {W; = z}.
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Christophe'’s Idea

Consider a linear Brownian motion W; starting from 0,
with the hitting time T by W; of level z = 1. Define
another independent Brownian motion w: ~ sech (x).
Let

Th<To< ---<T; =T, Tj:min{Wt:—}.
s

This defines a random walk with
péN) = P {W; reach the sink in ¢ steps} .

Now write
T=(T—-Tg1)+(Te—1 — Tp—2)+---+(T1 - 0)

and
WT N WT—T,_; T WT,_ 4T, o, + "+ wWr—o0,

each term ~ sech (x). This corresponds Klebanov's random sum decomposition

i
Zy = — L; ~ L.
N N;]
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A reflected Brownian motion model with N equally distributed sites;
aj=jorj/N;
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A reflected Brownian motion model with N equally distributed sites;
aj=jorj/N;

(modified) hitting times with “step” from one site to a nearby site
~ sech(x);
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A reflected Brownian motion model with N equally distributed sites;
aj=jorj/N;

(modified) hitting times with “step” from one site to a nearby site
~ sech(x);
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With p< g<r, w=+2a«a
cosh (pw)

Ppra = Ep [EﬂXHq] - cosh(qw)’

P = Eq [ |Ws <] = sinh ((r = q) w)

sinh((r — p)w)’
P —aH, _ Sinh((q_p) W)

¢qﬁf\f‘ =Eq {e W > P] ~ sinh((r —p)w)’
The hitting time tg_,, can be decomposed as

q—>p|/ :




1-dim, 1-loop
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With p< g<r, w=+2a«a
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£ copies

P Generating functions:
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inh ) inh((b — ¢
sech(bw) = sech(aw) - S-thZW; Z |:sech (@) - %IJQ))W)}
sinh(bw) = sinh{ow
sinh(aw) 1
= sech(aw) - — h(b sinh((b—a)w)
sinh(bw) 1 — sech(aw) - (W)



1-dim, 1-loop

Prop. (LJ and C. Vignat, 2018)
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1-dim, 1-loop

Prop. (LJ and C. Vignat, 2018)
E,,(L+E,2Z),En(i+i):%25(17%)4525+1><%+§>‘

o 7 (1 - %)e are the probability weights of a geometric distribution with
parameter a/b.



1-dim, 1-loop

Prop. (LJ and C. Vignat, 2018)

b (22 oat) g (Zed) Mf}a(ki)wm(ibﬂ)

b i—ob b 4 2

o 7 (1 - %)g are the probability weights of a geometric distribution with
parameter a/b.

Definition
The Bernoulli numbers B, Bernoulli polynomials B,(x), and

Bernoulli polynomials of order p, B,(,p)(x), are defined via their
(exponential) generating functions
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= Sttt ittt
= totuk gL g F )+ 0+ 1)
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We can generalize it to n-loop model.
Unfortunately, this is WRONG.....



t0—>c

tO—)a taﬂbm‘ tb%c\}{

) ) L4
0 _—“a b
+ Lo—salg
a—>0|¢

= . . . = k = ¢ = . .
o BOYE e




t0—>c

to—a taﬂb\fl‘ Toseld

[} [ ] [ ]

t tbﬂn,hl'

a—>0|¢

b b b = k — el _ 2
= L:o( )]L=o(¢)1 (1—00)(1 =)

Leta=1, b=2and c =3.




— b b b S k — e _ O
- l:o( )]L=o(¢)1 1= )1- 9

k

Leta=1, b=2and c =3.

LHS = ¢ = ¢o—3 =sech(3w) = m
. . iy
RHS = = 4 cosh® w
(1- )= &) () (=)
2 cosh w 1 1
cosh(3w) ~ Zcosh®w — 3coshw

» (2cosh? w — 1) (4 cosh? w — 1)



Two-loops

I = ¢a~>b\/4¢b—>a|}l’ I/ = d)b_wh{(écﬁbhg

> loops of I followed by / loops of /I, with k,/ = 0,1, ..., which gives

1

Skl = .
PRl

11— 1-—1'

> ky loops of I followed by /3 loops of /I, then followed by ko loops of I and finally followed by /5 loops of 11,
with k3, > nonnegative and k3, /3 positive, which gives
S0 10
> T WL Wie- Y7t S
1 —n21— 2

P the general term will be k; loops of I — I3 loops of Il — - - - — kj loops of | — I, loops of II, with ky, I,
nonnegative and the rest indices positive, which gives

- =1
@—nn@—mn’

Therefore, loops | and /I contribute as
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Two Loops

Prop. (LJ. and C. Vignat, 2018)

For any positive integer n,

8 (5) = = (5.

J k=0
In general
oo 3
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k=0 £=0
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Ky (b — a)£+1 k=t (c— b)k—z ,
Qe = (z) g oo =c+(2k—20)b+ (3¢ — k+1)a,
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n loops?

Consider consecutive loops I1, b, ..., I, it seems like the contribution is
« 1
Ig S c0— MW= (*)
> (30 -

> |t feels right.
» | can “prove” it by induction.

» In general sites 0,1,..., N:
1 sinh w
1 77 coshw (sinh(2w)>
h( N B 1 inh(w inh(w inh(w
€08 ( W) 1- (cosh(w) ssinh((2w)) + (N - 1) ssinh((ZW)) ssmh((2w))>
_ 2N coshN+1 w
1- M cosh™ w

This shows () is not correct.

1 1 1 5 1

cosh(Nw) — cos(Niw) — Tn(cos(iw)) — Tn(coshw))’
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Thm. (LJ, I. Simonelli, and H. Yue, 2021-2022)

1

Pz, = 0sesay i arsormlas TPL,

where

:Qbaj 1—>aj|3k/2¢aj—>aj 1|2
P(Ly,...,L, Z( 1)L, L,

for the condition * given by
> (=1,2,...,nm
»a<p—1lp<jz—Ll...40-1<je—1
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Induction. The tricky part is, if we “glue” the first two loops
together; or ignore site a, ¢2_>3‘1 should be replaced by ¢2_>3‘¢.
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together; or ignore site a, ¢2_>3‘1 should be replaced by ¢2_>3‘¢.

Inclusion-exclusion principle
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Induction. The tricky part is, if we “glue” the first two loops
together; or ignore site a, ¢2_>3‘1 should be replaced by ¢2_>3‘¢.

Inclusion-exclusion principle



n=2: P=1L;+ Ly;

n=3P=Li+ L+ L3— L3 L

n=4 P=1L;+ -+ Ly — L3l — L4ly — L4l

n=5 P=1L1+---+Lsg—L3ly—---—Lgls+ Lsl3l;.
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n=2: P=1L;+ Ly;

n=3P=Li+ L+ L3— L3 L

n=4 P=1L;+ -+ Ly — L3l — L4ly — L4l

n=5 P=1L1+---+Lsg—L3ly—---—Lgls+ Lsl3l;.




Results

Thm. (LJ, I. Simonelli, and H. Yue, 2021-2022)

By letting a; = j, we have

ook
1 n
En(x) = EE § 1)4( )8”1 ERK20 (4x 4 k + 0).
k=

3 5k— « k
En (X) = m ( l)e( ) 2€+2k+5) (5X 4F E 4F k) .
k=0 ¢=0



Generalization

» Bessel process in R":

Rt(n) = \/(Wt(l))2 IS (Wt("))2

» Moment generating functions for hitting times:
H, := min {Rs(") = z}.

E, (eO‘HZ; sup Rs(") < y>
0<s<H,

x~ V1, (xw) i
{ZV,V(ZW;, 0<x<z<y;
Sy (yw,zw)? ZSXZY5

> n=2+2vforv>0

S, (x,y) = ()" [L()Ku(y) = K() L (Y],

and

[} 1 X\ 20+v o /_y(X) - ID(X)
h(x) = ; ar(C+v+1) (5) . we= 2 sinfr)






n=3&v=1/2n=1n=2r=23

Prop. (LJ. and C. Vignat, 2018)

govel x 5 x 1 3 /1\*
> | X 2\ _pg X2 _ 2 (1) gkt
n+1["+1<6+6) "+1(6+2)} Z4(4) C

=

x + 3+ 2k

2

).



Prop. (LJ. and C. Vignat, 2018)

Corollary



n:3<:)>]/:1/2,[’1:1,]’2:2."/’3:3

Prop. (LJ. and C. Vignat, 2018)

govel x 5 x 1 3 /1\*
> g X 2\ _pg X2 _ 2 (1) gkt
n+1["+1<6+6> "+1(6+2>} 24(4) C 2

=

Corollary
1. Take x =0, n=2m — 1 in (&).

Bam = m 1\* f@ks2)
Bm = (1 — 21—2m) (32m — 1) Z 4 2m—1

2. Take n =1 in (#).

30 (e -2 )

k>0

x+3+2k)

(++3)

x+1\
> =

x+1
T




n:3<:>1/:1/2,r1:1,r2:2,r3:3
Prop. (LJ. and C. Vignat, 2018)

govel x 5 x 1 3 /1\*
> | X 2\ _pg X2 _ 2 (1) gkt
n+1[ "“<6+6> "+1<6+2>} 24(4) "

=

Corollary
1. Take x =0, n=2m — 1 in (&).

m 1\k
_ 1 (2k+2)
Bam = (1 — 21—2m) (32m — 1) Z (4) En1 (

2. Take n =1 in (#).

<x+3+2k)

k+ =

k>0

Prop. (LJ and C. Vignat, 2018)

For any positive integer n,

n x+4 o~ 1 _(akyz) (X +2k+3
3B,,< 5 ):Z—E <7

2k "

k=0 2

2310 (-2 (0) ()

).

2

).




Results

Thm. (LJ, I. Simonelli, and H. Yue, 2021-2022)
For any m € Nand let M = m — 1 and M’ be the largest odd number less
than or equal to M, then

2+ x X
Bypi 212 ) =By [ —2—
“(m+2) +1<m+2>

— n+1 - mk i k nitnz—+--—+ny
(" ()™

X 4n1+2"2+M"Mm"1+'“+"M
% Er(12k+2n1+4n2+“‘+2MnM+m)(k +n + 2”2 S MnM +X)



Example

k L
x+2 x 1S 3K Ky (—1)° _(2kt20+3)
Bnt1 ( 5 ) — Bhia (g) == kZ;J k73 Zz:;) (Z) ot E, (k + £+ x).



Example

2 +1E 3k E ok (-1)f
Bia (57) -8 (3) = X 2 ()

Ef

CEERE i 1 ),



Example

2 +1E 3k E ok (-1)f
Boa (52) =8 (3) = 5 e 23 ()

o X 42 % tn+1
z::o (Bn+1 ( 5 ) ~ Boa (5)) (n+1)!
t{e¥ — 1) o

Ef

2k+2£+3)(k + 0+ x).



Example

(—1)¢
12¢ En

()

= X+2 % Tt
2(5"“( 5 )B"“(s)) (n+1)!
tle¥ —1

ef—l)es

< (1S 3k Kk (—1)f

tnzzg <5n kzzg 22k+3 ez:; (g) (122)

E,(,2k+2€+3)(k+é+x)> t

2k+2£+3)(k+€+x).

n
nl



Future Work



Future Work

» Uniqueness.



Future Work

» Uniqueness.

Prop. (LJ. and C. Vignat, 2018)

oo (2k+2) x+2k+3
B (F14) < L5 B (=)

n
3 k=0




Future Work

» Uniqueness.

Prop. (LJ. and C. Vignat, 2018)

x+4) 1 oo Er(,zk+z) (x+22k+3)
Br ( 6 ) ~ ?kz::o 2k
4w ~w  2sinhw 3sinhw 4sinhw isechyw
sinh(4w)  sinh w sinh(2w) 2sinh(2w) 3 sinh(2w) 2l

k=0

W o= sech? 3w
- Z 2k+1

sinh w



Future Work

» Uniqueness.

Prop. (LJ. and C. Vignat, 2018)

x+4) 1 oo Er(,zk+z) (x+22k+3)
Br ( 6 ) ~ ?kz::o 2k
4w ~w  2sinhw 3sinhw 4sinhw isechyw
sinh(4w)  sinh w sinh(2w) 2sinh(2w) 3 sinh(2w) 2l

k=0
oo h2k+3 w

w Z Sec
sinh w 2k+1

» General formula



2-loop, 3-dim

In general
oo 3
(x +2¢E +¢)" :Zqug[x+2 b—a)B+2(c—b)B +ag® +2(b—a)u"
k=0 £=0
+ 22" %9 L 2(b— a) B9 4 q;yé] ,
; k (b— a)(H»l 3k7£+1 (C _ b)k—l ,
Qe = (z> e e Gho=c+(2k—20)b+ (3¢ —k+1)a
where
() L) (p) "_ g n_ 1 () _
(69 +x)" = EP(), (B” +x)" =890, u = U=ttt



2-loop, 3-dim

In general
ok
(x +2¢E +¢)" :Zqug[x+2 b—a)B+2(c—b)B +ag® +2(b—a)u"
k=0 ¢£=0
+2a %7 p2(b—a) B9 4 g |,
k (b_a)(H»l ak7€+1 (C_b)k—l ,
Qe = (z> e e Gho=c+(2k—20)b+ (3¢ —k+1)a
where
(p) L) (p) "_ g n_ 1 () _
(69 +x)" = EP(), (B” +x)" =890, u = U=ttt

» Other examples, models, etc.



Thank you for your attention
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