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polynomials of order p, E,(,p)(x), are defined via their (exponential)
generating functions

2et ) o 2ext = £ 2 P = "
= _>el, X > ewi, ( ) et:X;E,Sp)(x)ﬁ.
=

et +1



Motivation

Definition
The Euler numbers E,, Euler polynomials E,(x), and Euler
polynomials of order p, E,(,p)(x), are defined via their (exponential)

generating functions

oo

2¢’ = i 2 = t" 2
= b s i EP) (x)—
62t+1izEnn!’ ef+172En(X)n!’ (eerl) 2:; ()

Example
EY(x) = En(x) and E, = 27E,(1/2).



Motivation

Definition

The Euler numbers E,, Euler polynomials E,(x), and Euler
polynomials of order p, E,(,p)(x), are defined via their (exponential)

generating functions

Example
EY(x) = En(x) and E, = 27E,(1/2).

Fact: Convolution

E,(,p)(X) = Z (kl . n kp) Eiy (X)Ekz 0)---

ky+---+kp=n

oo

Z (P)( -

Ey,(0).



Inverse Problem






Theorem(LJ, V. H. Moll and C. Vignat, 2014)



Inverse Problem

Problem

Eq(x) = P (E,(,fl)(x), o E,(,fk)(x)>?

Theorem(LJ, V. H. Moll and C. Vignat, 2014)

For any positive integer N,

pM E@)
Eq(x) = an E(( +Nx>,

where



Inverse Problem

Problem

Eq(x) = P (E,(,fl)(x), o En(fk>(x))?

Theorem(LJ, V. H. Moll and C. Vignat, 2014)
For any positive integer N,
L& W (N
EH(X) NP Zl\:’pf En ) + Nx ’

where

1 _ (N) e
= E z°, Ty(cosf) = cos(NO
Tn(l/2) Z:Ope i ) (N6)



Inverse Problem

Problem

Eq(x) = P (E,(,fl)(x), o E,(,fk)(x)>?

Theorem(LJ, V. H. Moll and C. Vignat, 2014)

For any positive integer N,

pM E@)
Eq(x) = an E(( +Nx>,

where

l/z Zpe 2*, Tw(cosB) = cos(N6)

Namely, T, is the Chebyshev polynomial of the 1st kind.
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2. Note that vy is an integer valued random variable independent of

the Lj 's:
1
E[z"V] =
ey
Theorem (Klebanov et al.)
The random variable 1 &
Zv=+ Z L
Jj=1
has (as Lj's).

L. B. Klebanov, A. V. Kakosyan, S. T. Rachev, and G. Temnov. On a class of
distributions stable under random summation. J. Appl. Prob., 49 (2012),
303-318.
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0 is the and N is the o
ateach k=1,...,N —1, it is a “fair coin” walk;

let v be the random number of steps for this process.

pgN) = P(VN = f)
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1-dim, 1-loop

Prop. (LJ and C. Vignat, 2018)
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Prop. (LJ and C. Vignat, 2018)
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1-dim, 1-loop

Prop. (LJ and C. Vignat, 2018)
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o 7 (1 - %)g are the probability weights of a geometric distribution with
parameter a/b.

Definition
The Bernoulli numbers B, Bernoulli polynomials B,(x), and

Bernoulli polynomials of order p, B,(,p)(x), are defined via their
(exponential) generating functions
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Two-loops
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Prop. (LJ. and C. Vignat, 2018)

For any positive integer n,
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Consider consecutive loops I1, b, ..., I, it seems like the contribution is
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n=2: P=1L;+ Ly;

n=3P=L;+L,+L3—L3-L;
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Inclusion-exclusion principle

> n=2: P=1L; + Ly;

> n=3 P=Li+L+L3-L3-1

> n=4 P=L1+ - -+ Ly — L3l; — L4L; — Lsly

> n=5 P=1L1+ -+ Ls— L3l —---— Lslz+ Lsl3L4.
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Results

Thm. (LJ, I. Simonelli, and H. Yue, 2022)

By letting a; = j, we have

ook
1 n
En(x) = EE § 1)4( )8”1 ERK20 (4x 4 k + 0).
k=

3 5k— « k
En (X) = m ( l)e( ) 2€+2k+5) (5X 4F E 4F k) .
k=0 ¢=0



Generalization

» Bessel process in R":

Rt(n) = \/(Wt(l))2 IS (Wt("))2

» Moment generating functions for hitting times:
H, := min {Rs(") = z}.

E, (eO‘HZ; sup Rs(") < y>
0<s<H,

x~ V1, (xw) i
{ZV,V(ZW;, 0<x<z<y;
Sy (yw,zw)? ZSXZY5

> n=2+2vforv>0

S, (x,y) = ()" [L()Ku(y) = K() L (Y],

and

[} 1 X\ 20+v o /_y(X) - ID(X)
h(x) = ; ar(C+v+1) (5) . we= 2 sinfr)






n=3&v=1/2n=1n=2r=23

Prop. (LJ. and C. Vignat, 2018)

govel x 5 x 1 3 /1\*
> | X 2\ _pg X2 _ 2 (1) gkt
n+1["+1<6+6) "+1(6+2)} Z4(4) C

=

x + 3+ 2k

2

).
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Corollary
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Prop. (LJ. and C. Vignat, 2018)

govel x 5 x 1 3 /1\*
> g X 2\ _pg X2 _ 2 (1) gkt
n+1["+1<6+6> "+1(6+2>} 24(4) C 2

=

Corollary
1. Take x =0, n=2m — 1 in (&).

Bam = m 1\* f@ks2)
Bm = (1 — 21—2m) (32m — 1) Z 4 2m—1

2. Take n =1 in (#).

30 (e -2 )

k>0

x+3+2k)

(++3)

x+1\
> =

x+1
T




n:3<:>1/:1/2,r1:1,r2:2,r3:3
Prop. (LJ. and C. Vignat, 2018)

govel x 5 x 1 3 /1\*
> | X 2\ _pg X2 _ 2 (1) gkt
n+1[ "“<6+6> "+1<6+2>} 24(4) "

=

Corollary
1. Take x =0, n=2m — 1 in (&).

m 1\k
_ 1 (2k+2)
Bam = (1 — 21—2m) (32m — 1) Z (4) En1 (

2. Take n =1 in (#).

<x+3+2k)

k+ =

k>0

Prop. (LJ and C. Vignat, 2018)

For any positive integer n,

n x+4 o~ 1 _(akyz) (X +2k+3
3B,,< 5 ):Z—E <7

2k "

k=0 2

2310 (-2 (0) ()

).

2

).




Results

Thm. (LJ, I. Simonelli, and H. Yue, 2022)
For any m € Nand let M = m — 1 and M’ be the largest odd number less
than or equal to M, then

2+ x X
Bypi 212 ) =By [ —2—
“(m+2) +1<m+2>

— n+1 - mk i k nitnz—+--—+ny
(" ()™

X 4n1+2"2+M"Mm"1+'“+"M
% Er(12k+2n1+4n2+“‘+2MnM+m)(k +n + 2”2 S MnM +X)



Example
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Boa (52) =8 (3) = 5 e 23 ()

o X 42 % tn+1
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Ef

2k+2£+3)(k + 0+ x).
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(—1)¢
12¢ En
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= X+2 % Tt
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tle¥ —1

ef—l)es

< (1S 3k Kk (—1)f

tnzzg <5n kzzg 22k+3 ez:; (g) (122)

E,(,2k+2€+3)(k+é+x)> t

2k+2£+3)(k+€+x).

n
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General formula

2-loop, 3-dim
oo 3
(x +2c€ + )" =quu[x+2 b—a)B+2(c—b)B +a® +2(b—ayu?
k=0 £=0
m
+ 23/ c =8 2 (b— a) B0 4 q;l] ,
Ky (b — a)£+1 k=t (c— b)k—z ,
Qe = <e) g Goo=c+(2k—20)b+ (3¢ — k+1)a,
where
0 7 1
(g(P)_,’_X) =E,5p)(><), (B(P)+X) =B,(1P)(X), un= m7 u(P) =u1+”,+up_
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Uniqueness

Prop. (LJ. and C. Vignat, 2018)

oo E2k+2) x+2k+3
B, <x+4> _ iZ ( )

n
3 k=0

h2k w

4w w  2sinhw 3sinhw 4sinhw i sec
sinh(4w)  sinh w sinh(2w) 2sinh(2w) 3 sinh(2w) — 2

oo
w sech? 3w

sinh w 2k+1
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Bn(x 4+ 1) — By(x) = nx"!

Recall B =L —1/2, L ~ wsech(rt?)/2.
(B+x+1)"—(B+x)"=nx""1
X > x + U for the random variable ¢/ ~ UJ[0,1]. Then,

1
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Thank you for your attention
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