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Hankel Determinants and Bernoulli Polynomials
Definition
Given a sequence (ak), the nth Hankel determinant is defined by

det


a0 a1 · · · an
a1 a2 · · · an+1
...

...
. . .

...
an an+1 · · · a2n

 .

Definition
The Bernoulli polynomial Bn(x) is defined by its exponential
generating function

∞∑
n=0

Bn(x)
tn

n!
=

t

et − 1
ext .

And Bn = Bn(0) is the Bernoulli number.
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Bernoulli Symbol

Definition
The Bernoulli umbral B has the simple evaluation that Bn = Bn.

∞∑
n=0

Bn(x)
tn

n!
=

t

et − 1
ext

▶

Bn(x) =
n∑

k=0

(
n

k

)
Bkx

n−k =
n∑

k=0

(
n

k

)
Bkxn−k = (B + x)n.

▶

B ′
n(x) = nBn−1(x) ⇔

d

dx
(B + x)n = n(B + x)n−1.
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Probabilistic Interpretation

Theorem

Bn =
1

2πi

∫ i∞

−i∞
zn

(
π

sin(πz)

)2

dz .

Theorem (A. Dixit, V.H. Moll, and C. Vignat)

Let LB be a random variable with density π sech2(πx)/2, then
B = iLB − 1/2. In particular,

(B + x)n = E [(B + x)n] = Bn(x).



Probabilistic Interpretation

Theorem

Bn =
1

2πi

∫ i∞

−i∞
zn

(
π

sin(πz)

)2

dz .

Theorem (A. Dixit, V.H. Moll, and C. Vignat)

Let LB be a random variable with density π sech2(πx)/2, then
B = iLB − 1/2.

In particular,

(B + x)n = E [(B + x)n] = Bn(x).



Probabilistic Interpretation

Theorem

Bn =
1

2πi

∫ i∞

−i∞
zn

(
π

sin(πz)

)2

dz .

Theorem (A. Dixit, V.H. Moll, and C. Vignat)

Let LB be a random variable with density π sech2(πx)/2, then
B = iLB − 1/2. In particular,

(B + x)n = E [(B + x)n] = Bn(x).



(Hausdorff) Moment Problem

Problem
Is this probability measure unique?

Definition
A moment problem arises as the result of trying to invert the
mapping that takes a measure µ to the sequence of moments

Mn =

∫ ∞

−∞
xndµ(x) =

∫ ∞

−∞
xnp(x)dx .

Theorem
A sequence of numbers an is the sequence of moments of a
measure µ if and only if a certain positivity condition is fulfilled;
namely, the Hankel matrices

a0 a1 · · · an
a1 a2 · · · an+1
...

...
. . .

...
an an+1 · · · a2n


should be positive semi-definite.
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Orthogonal Polynomials

Definition
The (monic) orthogonal polynomails w.r.t. a sequence an can be
defined by

y rPn(y)

∣∣∣∣
yk=ak

= 0 for r = 0, 1, . . . , n − 1.

And they satisfy a 3-term recurrence

Pn+1(y) = (y + αn)Pn(y)− βnPn−1(y).

Theorem

Hn(Bk ) = (−1)
(
n+1
2

) n∏
j=1

j!6

(2j)!(2j + 1)!
= (−1)

(
n+1
2

) n∏
j=1

(
ℓ4

4(2ℓ+ 1)(2ℓ− 1)

)n+1−ℓ

.
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Polynomial?

Theorem
If cn(x) =

∑n
k=0

(n
k

)
xkcn−k , then Hn(ck) = Hn(ck(x)).

Definition
The generalized Bernoulli polynomial Bn(x) of order p is defined by
its exponential generating function

∞∑
n=0

Bn(x)
tn

n!
=

(
t

et − 1

)p
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Euler Case
Definition
The generalized Euler polynomial En(x) of order p is defined by its
exponential generating function

∞∑
n=0

E
(p)
n (x)

tn

n!
=

(
2

et + 1

)p

ext .

Theorem (L. J and D.Y.H. Shi)

let Ω(p)
n (y) be the monic orthogonal polynomials with respect to

E
(p)
n (x). Then

Ω
(p)
n+1(y) =

(
y − x +

p

2

)
Ω
(p)
n (y) +

n(n + p − 1)
4

Ω
(p)
n−1(y).

Ω
(p)
n (y) =

inn!

2n
P
( p

2)
n

(
−i

(
y − x +

p

2

)
;
π

2

)
—Maxiner-Pollaczek.
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With Karl
Theorem (K. Dilcher and L. J)

Hn

(
B2k+1

(
x + 1

2

))
= (−1)(

n+1
2 )

(x
2

)n+1 n∏
ℓ=1

(
ℓ4(x2 − ℓ2)

4(2ℓ+ 1)(2ℓ− 1)

)n+1−ℓ

.

Fact
Sequence ak , Orthogonal Polynomials Pn(y) with

Pn+1(y) = (y + αn)Pn(y)− βnPn−1(y)

1. Hn(ak) = an+1
0 βn

1 · · ·βn.

2.
∞∑
k=0

akz
k =

a0

1 + α0z − β1z2

1+α1z−
β2z2

1+α2z−
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Sequences
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q
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− Bk
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q
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,Ek
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q
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(
x + s
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kEk−1(x),Bk+1,x8,1 (x),Bk+1,x8,2 (x),Bk+1,x12,1 (x),Bk+1,x12,2 (x),
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q-Euler numbers

Theorem (S. Chern and L. J)
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(1 − q)n(n+1)(1 + q2)n+1

n∏
k=1

(q2, q4; q2)k

(−q2,−q3,−q3,−q4; q2)k

det
0≤i,j≤n

(ϵi+j+2) =
(−1)

(
n+2
2

)
q

1
4

(
2n+4

3

)
(1 + q)n

(
1 − (−1)nq(n+2)2)

(1 − q)n(n+1)(1 + q2)2(n+1)(1 + q3)n+1

×
n∏

k=1

(q4, q4; q2)k

(−q3,−q4,−q4,−q5; q2)k
.



Jℓ,n(z) := 3ϕ2

(
q−n,−qn+ℓ+1, z

qℓ+1, 0
; q, q

)
.

Φ

[
n + 1, z
n

]
q

 =
1 + q

q
− 1

q(−q2; q)n
.

[
m, z

n

]
q

:=
1

[n]q!

m∏
k=m−n+1

([k]q + qkz).
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What is now/next?

Theorem (S. Chern, L. J, and S. Li)

The leading coefficient of Hn

(
B2k

(1+x
2

))
is

Hn(2kBk).

Kn(x) :=
n∑

j=0

(
n

j

)
Bn+j

(x
2

)
⇒ Hn(Kk(x)) = Hn

(
B2k

(
x + 1

2

))
.

q-binomial?
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