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F(n+1,k) (n+1)*
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F(nv k) B (k—l— 1)2

rational in n & k.

6.3 How the algorithm works

The creative telescoping algorithm is for the fast discovery of the recurrence for a
proper hypergeometric term, in the telescoped form (6.1.3). The algorithmic imple-
mentation makes strong use of the existence, but not of the method of proof used in
istence theorem.

ly, what we do is this. We now know that a recurrence (6.1.3) exists.

the e:
More preci
On the left side of the recurrence there are unknown coefficients ay, ... ,ay; on the

right side there is an unknown function G; and the order J of the recurrence is
unknown, except that bounds for it were established in the Fundamental Theorem
(Theorem 4.4.1 on page 65).

We begin by fixing the assumed order .J of the recurrence. We will then look for
a recurrence of that order, and if none exists, we'll look for one of the next higher
order

For that fixed J, let’s denote the left side of (6.1.3) by ti, so that

t = aoF(n, k) + arF(n + Lk) + - +ayF(n+ J, k). (6.3.1)
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Zeilberger's Algorithm

Then we have for the term ratio

_ Sl Fn ik )/ Fk+ 1) Fnk 1)

(632)

0w+ i RFm R Fok)
“The second member on the right s a rational function of n, &, say
Flnk+1) _ nink)
TR )’
whete the s are polynomials, and also
Flnk)
Fo-10
say, where the s’ ase polynomials. Then
Fin+jk) Fnti—ik) _Hslnei—ik)
TFun O I 659
1o follows that
o _ Do {1 B r 0 k)
T T 7o k)
K+ DT st 1k + 1)
634
ooy (I s+ 5 = iR Ty saln + 1 )| ooy
A R AU,
sl R T saln + ok 1)
Thus we have
e otk + 1)) ;
CRNCCREC) (039
whete
R Ty e N
nd
(k) = ra(n, k) T salon + 1.k, (637)

s(k) = ra(n k) T salm+ .k + 1) (©38)

Note that the assumed coeffcients a; do nat appear in r(k) or in s(k), but only
in (k).
Next, by Theotem 5.3.1, we can write 1(k)/s(K
) _ gtk ) palh)
EC )

in which the numerator and denominator on the right are coprime, and

the canonical form

(©639)

(8 plk + ) =1 (=012,

Hence i we put (k) = o(H)ps (k) then rom e (6:3:5) and (639), we abtain

s plk ) plh)

thar_plit ), 6310

GG (o0

“This is now a standard setup for Gosper’s algorithm (compare it with the discussion

1 page 76), and wo e that £ will b an indeinitely
if and if the recurrence (compare eq. (5.2.6))

ble hypergeometic ter

PRIk + 1) = palk — 0(R) = plk) (@311)

has & polynomial solution ().

‘The remarkable feature of this equation (6:3.11) is that the coefficients (k) and
P are independent of the unkmowns (o}, ot it s ) deends on
them lincarly.

to (63.11) by first, as in bml-r'rxalgurul\m m‘dmg oo bo\lml o the dege,
say A,

at degree,

) =34,
with all of s coeficicuts to be determined. We substitute this expression for b(k)

in (6:3.11), and we find a system of simultancous fincar cquations in the A +J +2
unknowns

[CRCISIN: SN

‘The linearity of this system is dircetly traceable to the italicized remark abave.
We then solve the system, if passible, for the ,’s and the 3's. 1f no solution
form (6.1.3)

exists, then

J. In such  caso we woulkd next sck sich a recurrenco of order J + 1. If n the other
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6.4 Examples

109

hand a polynomial solution b(k) of equation (6.3.11) does exist, then we will have
found all of the a;’s of our assumed recurrence (6.1.3), and, by eq. (5.2.5) we will also
have found the G'(n, k) on the right hand side, as
sk — 1
GOy = BE =Dy (6.3.12)
p(k)

See Koornwinder [Koor93] for further discussion and a g-analogue.
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P ch g [10], we find that such
expression in the sum, denote it by (), is Gosper-summable. More precisely, we find a functi
“a,, a/+|7 b\ /12h721+l)1%)/ fla+1,b,d)~ fla,b.d)=g(d+1)-gd). Q@n
“n= o= (/Imn “u+ -+, fab+1.d) = f@,bd) = g2(d +1) - () )

with the property ¢(j + 1) — g(j) = f(j) (the later can be easly verified). By telescoping, and by noting t
$(0) = 0, we obiain the value of the right-hand side of (18):

()

which matches exactly the un hand side of (18).

Theorem 25 Leta,b,d € Nwith 0 < b <aand0 < d < b/2. Then we have
_ (2a-b)!(b+3)(3),
T da—bb-d)(b-d+}

beast

Nowwe sum (21)ford = 0,....a — b and obiin
"
S (fa+ 1b.d) flab.d)) = i@~ b+ 1) = g1(a,0).
=

or equivalently,

bt o
Y f@tlbd) =Y fabd)=gila=b+1) =510+ fla+1b.a=b+1)
= =

Prof 24sindeed, by compat Yioh fabd)
the quotient y
cither. Therefore, the sum in (20) is constant, and by setting a = b = 0, one immediately sces that this constant
Cloabrio-dabeg __ Ca=D(p+]) (1), @01 (b+]), is 1
Caabiaat)  da-bb-d)!(b-d+1), . ., Ca-bl(b+])
| | | Remark 26 By = ain Theorem rpreting ‘we recover Theorem 21
(3, (b + 5 _ (b) (3
do-dip-d+]), g 4 p-d+]), @!a+}

we see that this s the case. It remains to prove that the asserted expression is comrect i the case d = 0, ie., Wl
& = 4. For this purpose, we employ the recursion (12),specialized to partiions with two parts:

b

2a - b’
Y catda-b-drioah = (
=0 a
By dividing both sides with the binomial coefficient of the right-hand side, and by inserting the asserted clo:
form (affer the change of variables a — a +d and b — b+ 2d), we are left with the summation identity
D ata-mp+a+h) (),
Sdi@—b-d\b+d)(b+d+]),,

=1 «

Taking ino accoun the recursiv dfiniion of the coefiients ., the (inductve) proof is compleed by veri
ing (20). is purpose, we denote by f (a. b, o WZpa
i.e., two functions
d(b +d)
N LR e M
ala—b)(}

d=1b+d=Na=b-d+1!(b+d+ ’

d(2a+2d+1)
RET R R

B ala-b-
T W-Db+da—b— dJ'(h+d+y)

Caa-dd)= =
da-da=d+ i), \d

7 Partitions with Three and Four Parts

¥)are gi ool

Unfortunately, the lattr one s harde fo obiains to ayply (12) we need to know all . in the 7-th column, which
inturn are obtained by (11) and so on. Hence, in the worst case, we need to compute the whole triangle above the
posin (500,

Therefore, it way o We
present formulas for the special cases that & has thre resp.four pars.

Conjecture 27 Let x = (a,a — b, ~ ) with integers 0 < b < ¢ < a be a partition of n = 3a ~ b — ¢ ino at
most three parts. Then the diagonal coeficient

€+ n

@+ Stlasl (3 + 3

Cee

with by = K1~ 5
parts of ¢ 1wuh the comention k; = 0).

L and 8y = k3~ ks =

— c being the diffrences between consecutive

Conjecture 28 Let = (a,a—!
into at most four parts. Then llve digonalcoeiient i iven by

<esds = d
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Abstract
Latice geometries and random walks on them are of geat itrest or theie
applications n different fiekds such as physic, hemisty, and computersc-
ence Inthis work wefocus on muli-headed ot and tudy propetesof the
G

han v, Our
‘machineryof cetive telscopig.

eywonts: muli-headed atice, Green function, Plya number,
i s e, v g

1. Introduction

By

I
of NeCl can be ilutrated by the face-centered cubic Bravas latice as shown in igure |
Visually, a Bavais atice is an arangement of points n he hree-imensional sace such

e sames ematical

hat
perspectie, it is & Z-module generated by theee lincarly independent vectors in 2. Up to
Jence,tere are 14 4]

hefor-
alzation is usally resticted and sometmes confusing. Acconling 0 Gutiman (14, p 15,
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Latice geometries and random walks on them are of geat itrest or theie
applications n different fiekds such as physic, hemisty, and computersc-
ence Inthis work wefocus on muli-headed ot and tudy propetesof the
G

machinery of cetive elescoping,
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1. Introduction
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of NeCl can be ilutrated by the face-centered cubic Bravas latice as shown in igure |
Visually, a Bavais atice is an arangement of points n he hree-imensional sace such
when e same; ematical

perspectie, it
dence,

is 2 Zemodule generated by three lincarly independent vectors in 2. Up to
tere are 14 4]
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alizaton i usually resrcted and sometimes confusing. According to Guttmann [14, p 15,
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