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Dr. Shane Chern

▶ The big q-Jacobi polynomials

Jℓ,n(z) := 3ϕ2

(
q−n,−qn+ℓ+1, z

qℓ+1, 0 ; q, q

)
=

∑
n≥0

(
q−n,−qn+ℓ+1, z ; q

)
n

(q, qℓ+1, 0; q)n
qn

▶ The q-Euler Numbers:

ϵn :=
1

(1 − q)n

n∑
k=0

(−1)k
(
n

k

)
1 + q

1 + qk+1 .

▶ Hankel determinants



Dr. Shane Chern

▶ The big q-Jacobi polynomials

Jℓ,n(z) := 3ϕ2

(
q−n,−qn+ℓ+1, z

qℓ+1, 0 ; q, q

)

=
∑
n≥0

(
q−n,−qn+ℓ+1, z ; q

)
n

(q, qℓ+1, 0; q)n
qn

▶ The q-Euler Numbers:

ϵn :=
1

(1 − q)n

n∑
k=0

(−1)k
(
n

k

)
1 + q

1 + qk+1 .

▶ Hankel determinants



Dr. Shane Chern

▶ The big q-Jacobi polynomials

Jℓ,n(z) := 3ϕ2

(
q−n,−qn+ℓ+1, z

qℓ+1, 0 ; q, q

)
=

∑
n≥0

(
q−n,−qn+ℓ+1, z ; q

)
n

(q, qℓ+1, 0; q)n
qn

▶ The q-Euler Numbers:

ϵn :=
1

(1 − q)n

n∑
k=0

(−1)k
(
n

k

)
1 + q

1 + qk+1 .

▶ Hankel determinants



Dr. Shane Chern

▶ The big q-Jacobi polynomials

Jℓ,n(z) := 3ϕ2

(
q−n,−qn+ℓ+1, z

qℓ+1, 0 ; q, q

)
=

∑
n≥0

(
q−n,−qn+ℓ+1, z ; q

)
n

(q, qℓ+1, 0; q)n
qn

▶ The q-Euler Numbers:

ϵn :=
1

(1 − q)n

n∑
k=0

(−1)k
(
n

k

)
1 + q

1 + qk+1 .

▶ Hankel determinants



Dr. Shane Chern

▶ The big q-Jacobi polynomials

Jℓ,n(z) := 3ϕ2

(
q−n,−qn+ℓ+1, z

qℓ+1, 0 ; q, q

)
=

∑
n≥0

(
q−n,−qn+ℓ+1, z ; q

)
n

(q, qℓ+1, 0; q)n
qn

▶ The q-Euler Numbers:

ϵn :=
1

(1 − q)n

n∑
k=0

(−1)k
(
n

k

)
1 + q

1 + qk+1 .

▶ Hankel determinants



Hankel Determinants

Definition
The nth Hankel determinants of a given sequence a = (a0, a1, . . . , ) is the
determinant of the nth Hankel matrix

Hn(a) = Hn(ak) = det


a0 a1 a2 · · · an
a1 a2 a3 · · · an+1
...

...
...

. . .
...

an an+1 an+2 · · · a2n



Catalan numbers Cn =
(2n
n

)
n+1 . (Cn)

∞
n=0 = (1, 1, 2, 5, 14, 42, . . .).

H0(C) = 1, H1(C) = det

(
1 1
1 2

)
= 1, H2(C) = det

1 1 2
1 2 5
2 5 14

 = 1

Theorem
Hn(C) = 1 for all n = 0, 1, . . .
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Orthogonal Polynomials, Continued Fractions, etc.

▶ c = (c0, c1, . . . , cn, . . .)

▶ Orthogonal polynomials Pn, w. r. t. c:

Pn(y)y
r

∣∣∣∣
yk=ck

= 0, 0 ≤ r ≤ n − 1.

▶ Pn(y) =

det



a0 a1 a2 · · · an
a1 a2 a3 · · · an+1
...

...
...

. . .
...

an−1 an an+1 · · · a2n−1
1 y y2 · · · yn


Hn−1(c)

Pn+1 = (y + sn)Pn(y)− tnPn−1(y) ⇒


∑∞

n=0 cnz
n = c0

1+s0z− t1z2

1+s1z− t2z2

...
Hn(c) = cn+1

0 tn1 t
n−1
2 · · · tn
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Early Work with Karl Dilcher

K. Dilcher and L. Jiu
▶ Hankel determinants of shifted

sequences of Bernoulli and Euler
numbers, Contrib. Discrete Math.
18 (2023), 146–175.

▶ Hankel Determinants of sequences
related to Bernoulli and Euler
Polynomials, Int. J. Number Theory
18 (2022), 331–359.

▶ Orthogonal polynomials and Hankel
determinants for certain Bernoulli
and Euler polynomials, J. Math.
Anal. Appl. 497 (2021), Article
124855.

We computed the Hankel determinants
of the following sequences:

B2n+1
(
x+1
2

)
E2k

(
x+1
2

)
E2k+1

(
x+1
2

)
E2k+2

(
x+1
2

)
Bk

(
x+r
q

)
± Bk

(
x+s
q

)
kEk−1(x)

Bk,χq (q = 3, 4, 6)
Bk,χ2q,ℓ
k+1 (q = 3, 4; ℓ = 1, 2)

Ek

(
x+r
q

)
± Ek

(
x+s
q

)
(2k + 1)E2k

(22k+2 − 1)B2k+2 (2k + 1)B2k(
1
2 )

(2k + 3)B2k (2k + 2)E2k+1(1)
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Bernoulli and Euler Polynomials

Definition
The Bernoulli polynomials Bn(x) and Euler polynomials En(x) are given
by their exponential generating functions

text

et − 1
=

∞∑
k=0

Bk(x)
tk

k!
and

2ext

et + 1
=

∞∑
n=0

En(x)
tn

n!
.

Specific evaluations give Bernoulli numbers Bn = Bn(0) and Euler
numbers En = 2nEn(1/2).

Theorem (Al-Salam and Carlitz)

Hn(Bk) = (−1)(
n+1
2 )

n∏
k=1

(k!)6

(2k)!(2k + 1)!
and Hn(Ek) = (−1)(

n+1
2 )

n∏
k=1

(k!)2.
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q-analog

Definition
The q-Bernoulli numbers were introduced by Carlitz as

βn :=
1

(1 − q)n

n∑
k=0

(−1)k
(
n

k

)
k + 1

[k + 1]q
,

[n]q := (1 − qn)/(1 − q).

Conjecture (L. J)

Hn (βk) = (−1)(
n+1
2 )q

(n−1)n(n+1)
6

n∏
k=1

[k]
6(n+1−k)
q

2n+1∏
k=1

[k]2n+2−k
q

.
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q-Bernoulli

Theorem (F. Chapton and
J. Zeng, 2017)
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2n+1∏
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[k]2n+2−k
q

.

▶ F. Chapoton and J. Zeng, “Nombres
de q-Bernoulli-Carlitzet fractions
continues”,J. Théor. Nombres
Bordeaux 29 (2017), no. 2,
pp. 347-368.
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q-Euler
Definition
The q-Euler numbers were introduced by Carlitz as

ϵn :=
1

(1 − q)n

n∑
k=0

(−1)k
(
n

k

)
1 + q

1 + qk+1 .

lim
q→1

ϵn = En(0)

Theorem (S. Chern and L. J.)
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×
n∏

k=1
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q4, q4; q2)
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(−q3,−q4,−q4,−q5; q2)k
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Big q-Jacobi Polynomial

Definition
The q-hypergeometric series r+1ϕr is defined as

r+1ϕr

(
a1, . . . , ar+1

b1, . . . , br
; q; z

)
:=
∑
n≥0

(a1, a2, . . . , ar+1; q)n z
n

(q, b1, b2, . . . , br ; q)n
,

where

(A; q)n :=
n∏

k=1

(1 − Aqk−1), (A1,A2, . . . ,An, q) :=
n∏

j=1

(Aj ; q)n

Jℓ,n(z) := 3ϕ2

(
q−n,−qn+ℓ+1, z

qℓ+1, 0 ; q, q

)
=
∑
n≥0

(
q−n,−qn+ℓ+1, z ; q

)
n

(q, qℓ+1, 0; q)n
qn
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Linear Functional

Definition
The linear functional Φ on Q(q)[z ] is defined by

Φ

[m, z

n

]
q

 =
(−1)n−mqn−m

(−q2; q)n
,

where [
m, z
n

]
q

:=
1

[n]q!

m∏
k=m−n+1

(
[k]q + qkz

)
.

Theorem (S. Chern and L. J)

Φ(zn) = ϵn.
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▶ c = (c0, c1, . . . , cn, . . .)

▶ Orthogonal polynomials Pn, w. r. t. c:

Pn(y)y
r

∣∣∣∣
yk=ck

= 0, 0 ≤ r ≤ n − 1.

▶ If we define (or can find) a linear functional L such that L(yn) = cn,
the orthogonal polynomial sequence (Pn(y))

∞
n=0 is orthogonal

w. r. t. L. For n ̸= m,

L(Pn(y)Pm(y)) = 0.

▶

L ∼
∣∣∣∣
yk=ck
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▶ Sequence ϵn = 1
(1−q)n

∑n
k=0(−1)k

(
n
k

) 1+q
1+qk+1

▶ Linear Functional Φ(zn) = ϵn

▶ Big q-Jacobi polynomial Jℓ,n(z) := 3ϕ2

(
q−n,−qn+ℓ+1, z

qℓ+1, 0 ; q, q

)

with recurrence

Aℓ,nJℓ,n+1(z) = (Aℓ,n + Bℓ,n − 1 + z)Jℓ,n(z)− Bℓ,nJℓ,n−1(z),

where

Aℓ,n =
1 − q2n+2ℓ+2

(1 + q2n+ℓ+1) (1 + q2n+ℓ+2)

Bℓ,n = −
q2n+2ℓ+1

(
1 − q2n

)
(1 + q2n+ℓ) (1 + q2n+ℓ+1)

▶

Pℓ,n(z) =
(−1)n

qn(1 − q)n
J̃ℓ,n

((
q2 − q

)
z + q

)
with

J̃ℓ,n(z) :=

(
qℓ+1; q

)
n

(−qn+ℓ+1; q)n
Jℓ,n(z).
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Final Piece

Theorem (S. Chern and L. J)

Φ (P0,n(z)) =

{
ϵ0, n = 0;
0, n ≥ 1.

Remark
If we define

Θℓ

[n, z
n

]
q

 :=

(
qℓ+1; q

)
n

(q,−qℓ+2; q)n
⇒ Θℓ (Pℓ,n(z)) = 0 for n ≥ 1.

And the corresponding sequence is

ξℓ,n :=
q(ℓ+1)n(−q; q)n
(−qℓ+2; q)n

.
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Binomial Transform

Theorem
Given a sequence c = (c0, c1, . . .) and defined the sequence of
polynomials

ck(x) :=
k∑

ℓ=0

(
k

ℓ

)
cℓx

k−ℓ,

then
Hn(ck) = Hn(ck(x)).

Problem
How about the q-binomial transform? Given a sequence αn, we now
consider

αk (x) :=
k∑

ℓ=0

q

(
ℓ
2

) [
k
ℓ

]
q

αk−ℓx
ℓ and α̃k (x) :=

k∑
ℓ=0

q

(
ℓ
2

) [
k
ℓ

]
q

αℓx
k−ℓ
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αk (x) :=
k∑

ℓ=0

q

(
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k
ℓ
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αk−ℓx
ℓ and α̃k (x) :=

k∑
ℓ=0

q
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q

αℓx
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Theorem (S. Chern, L. J., S. Li, and L. Wang)

1. For every n ≥ 0, Hn(αk (x)) is a polynomial in x of degree n(n + 1) with leading
coefficient[

xn(n+1)
]
Hn (αk (x)) = αn+1

0 (−1)
(
n+1
2

)
q

3
(
n+1
3

) n∏
j=1

(
1 − qj

)n+1−j
.

2. For every n ≥ 0, Hn(α̃k (x)) is a polynomial in x of degree n(n + 1)/2 with
leading coefficient[

x
n(n+1)

2

]
Hn (α̃k (x)) = α0α1 · · ·αn(−1)

(
n+1
2

)
q2( n+1

3 )
n∏

j=1

(
1 − qj

)n+1−j
.



The End


