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Hankel Determinants

Definition
The nth Hankel determinants of a given sequence a = (a0, a1, . . . , ) is the
determinant of the nth Hankel matrix

Hn(a) = Hn(ak) = det


a0 a1 a2 · · · an

a1 a2 a3 · · · an+1

...
...

...
. . .

...

an an+1 an+2 · · · a2n



Catalan numbers Ck =
(2k
k

)
k+1 . C = (1, 1, 2, 5, 14, 42, . . .).

H0(C) = 1, H1(C) = det

1 1

1 2

 = 1, H2(C) = det


1 1 2

1 2 5

2 5 14

 = 1.

Theorem
Hn(C) = 1 for all n = 0, 1, . . .
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Bernoulli and Euler Polynomials
Definition
The Bernoulli polynomials Bn(x) and Euler polynomials En(x) are given
by

text

et − 1
=

∞∑
k=0

Bk(x)
tk

k!
and

2ext

et + 1
=

∞∑
n=0

En(x)
tn

n!
.

Bernoulli numbers Bn = Bn(0) and Euler numbers En = 2nEn(1/2).

Theorem (Al-Salam and Carlitz)

Hn(Bk) = (−1)(
n+1
2 )

n∏
k=1

(k!)6

(2k)!(2k + 1)!
and Hn(Ek) = (−1)(

n+1
2 )

n∏
k=1

(k!)2.

Proposition

Hn(Bk(x)) = (−1)(
n+1
2 )

n∏
k=1

(k!)6

(2k)!(2k + 1)!
= Hn(Bk).
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Motivation (Why)

1. Interesting results : Hn(Ck) = 1 for Catalan numbers.
2. “Unclear” results , e.g., unknown cancelations.

(Bn)
∞
n=0 =

(
1,−1

2 ,
1
6 , 0,−

1
30 , 0,

1
42 , 0,−

1
30 , 0,

5
66 , 0,−

691
2730

)

H6(Bk) = det


1 − 1

2 · · · 1
42

...
...

. . .
...

1
42 0 · · · − 691

2730

 = − 26

3 · 5 · 77 · 113 · 13
.

B2k((1 + x)/2)

H1
(
B2k

( 1+x
2

))
− 1

12x
2 + 1

45

H2
(
B2k

( 1+x
2

))
− 1

540x
6 + 97

18900x
4 − 11

4725x
2 + 16

55125

H3
(
B2k

( 1+x
2

)) 1
42000x

12 − 121
441000x

10 + 153
154000x

8 − 17441
12262250x

6

+ 8369
11036025x

4 − 1632
9634625x

2 + 256
18883865
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B2k
(1+x

2

)

B0
( 1+x

2

)
1

B2
( 1+x

2

)
x2

4 − 1
2

B4
( 1+x

2

)
x4

16 − x2

8 + 7
240

H1

(
B2k

(
x + 1

2

))

= det

 1 x2

4 − 1
2

x2

4 − 1
2

x4

16 − x2
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Motivation (Why) & Method (How)

3. Orthogonal polynomials—Continued fractions (— Linear operators)
▶ a = (a0, a1, . . . , an, . . .)

▶ Orthogonal polynomials Pn, w. r. t. a:

Pn(y)y
r
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yk=ak

= 0, 0 ≤ r ≤ n − 1

▶ Pn(y) =

det
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Hn−1(a)

Pn+1 = (y + sn)Pn(y)− tnPn−1(y) ⇒


∑∞

n=0 anz
n = a0

1+s0z−
t1z2

1+s1z− t2z2

. . .
Hn(a) = an+1

0 tn1 t
n−1
2 · · · tn
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Catalan Numbers Ck =
(2k
k

)
/(k + 1)

c(x) :=
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n=0

Cnz
n =

1 −
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1 − 4x
2x

=
1 −

√
1 − 4x

2x
·
1 +

√
1 − 4x

1 +
√

1 − 4x

=
2

1 +
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1 − 4x
=

2
2 +

√
1 − 4x − 1

=
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1 − x
c(x)

=
1

1 − x
1− x

c(x)

· · ·

Proposition (Canonical Contractions)

1
1 − α1t

1− α2t

1−
. . .

even
=

1

1 − α1t − α1α2t2

1−(α2+α3)t−
α3α4t2

1−(α4+α5)t−α5α6t2

. . .
odd
= 1 +

α1t

1 − (α1 + α2) t − α2α3t2

1−(α3+α4)t−
α4α5t2

1−(α5+α6)t−α6α7t2

. . .
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Generalized Motzkin Numbers

Definition
Given seqeunces σk and τk , the genarlized Motzkin numbers Mn,k are
defined by M0,0 = 1 and for n > 0

Mn+1,k = Mn,k−1 + σkMn,k + τk+1Mn,k+1,

where also by convention Mn,k = 0 if k > n or k < 0.

Theorem

∞∑
n=0

Mn,0z
n =

1
1 − σ0z − τ1z2

1−σ1z− τ2z2
1−σ2z−···

.

Remark
If σk = τk = 1, then Mn,0 are the Motzkin numbers.
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Motzkin Paths
Mn,k counts the number of
(1, σk , τk)-weighted Motzkin
paths from (0, 0) to (n, k).

1. All paths lie within the first
quadrant;

2. only allow three types of
paths:
2.1 diagonally up path αk

from (j , k) to
(j + 1, k + 1);

2.2 horizontal path βk from
(j , k) to (j + 1, k);

2.3 and diagonally down
path γk from (j , k) to
(j + 1, k − 1);

3. associate each type of the
paths to different weights as
αk 7→ 1, βk 7→ σk , and
γk 7→ τk , i.e., the weight
triple (1, σk , τk).

M3,0

M6,0 for σk = 0, τk = −k2

M5,0 = (−1)3
(
322212 + 222212

+122212 + 221212 + 121212)
= −61 = E6. (6th Euler number)

Remark
Those 5 Dyck paths are counted by the
Catalan number C3 = 5.The general
connection between Cn and E2n exists.



Motzkin Paths
Mn,k counts the number of
(1, σk , τk)-weighted Motzkin
paths from (0, 0) to (n, k).

1. All paths lie within the first
quadrant;

2. only allow three types of
paths:
2.1 diagonally up path αk

from (j , k) to
(j + 1, k + 1);

2.2 horizontal path βk from
(j , k) to (j + 1, k);

2.3 and diagonally down
path γk from (j , k) to
(j + 1, k − 1);

3. associate each type of the
paths to different weights as
αk 7→ 1, βk 7→ σk , and
γk 7→ τk , i.e., the weight
triple (1, σk , τk).

M3,0

M6,0 for σk = 0, τk = −k2

M5,0 = (−1)3
(
322212 + 222212

+122212 + 221212 + 121212)
= −61 = E6. (6th Euler number)

Remark
Those 5 Dyck paths are counted by the
Catalan number C3 = 5.The general
connection between Cn and E2n exists.



Motzkin Paths
Mn,k counts the number of
(1, σk , τk)-weighted Motzkin
paths from (0, 0) to (n, k).

1. All paths lie within the first
quadrant;

2. only allow three types of
paths:

2.1 diagonally up path αk

from (j , k) to
(j + 1, k + 1);

2.2 horizontal path βk from
(j , k) to (j + 1, k);

2.3 and diagonally down
path γk from (j , k) to
(j + 1, k − 1);

3. associate each type of the
paths to different weights as
αk 7→ 1, βk 7→ σk , and
γk 7→ τk , i.e., the weight
triple (1, σk , τk).

M3,0

M6,0 for σk = 0, τk = −k2

M5,0 = (−1)3
(
322212 + 222212

+122212 + 221212 + 121212)
= −61 = E6. (6th Euler number)

Remark
Those 5 Dyck paths are counted by the
Catalan number C3 = 5.The general
connection between Cn and E2n exists.



Motzkin Paths
Mn,k counts the number of
(1, σk , τk)-weighted Motzkin
paths from (0, 0) to (n, k).

1. All paths lie within the first
quadrant;

2. only allow three types of
paths:
2.1 diagonally up path αk

from (j , k) to
(j + 1, k + 1);

2.2 horizontal path βk from
(j , k) to (j + 1, k);

2.3 and diagonally down
path γk from (j , k) to
(j + 1, k − 1);

3. associate each type of the
paths to different weights as
αk 7→ 1, βk 7→ σk , and
γk 7→ τk , i.e., the weight
triple (1, σk , τk).

M3,0

M6,0 for σk = 0, τk = −k2

M5,0 = (−1)3
(
322212 + 222212

+122212 + 221212 + 121212)
= −61 = E6. (6th Euler number)

Remark
Those 5 Dyck paths are counted by the
Catalan number C3 = 5.The general
connection between Cn and E2n exists.



Motzkin Paths
Mn,k counts the number of
(1, σk , τk)-weighted Motzkin
paths from (0, 0) to (n, k).

1. All paths lie within the first
quadrant;

2. only allow three types of
paths:
2.1 diagonally up path αk

from (j , k) to
(j + 1, k + 1);

2.2 horizontal path βk from
(j , k) to (j + 1, k);

2.3 and diagonally down
path γk from (j , k) to
(j + 1, k − 1);

3. associate each type of the
paths to different weights as
αk 7→ 1, βk 7→ σk , and
γk 7→ τk , i.e., the weight
triple (1, σk , τk).

M3,0

M6,0 for σk = 0, τk = −k2

M5,0 = (−1)3
(
322212 + 222212

+122212 + 221212 + 121212)
= −61 = E6. (6th Euler number)

Remark
Those 5 Dyck paths are counted by the
Catalan number C3 = 5.The general
connection between Cn and E2n exists.



Motzkin Paths
Mn,k counts the number of
(1, σk , τk)-weighted Motzkin
paths from (0, 0) to (n, k).

1. All paths lie within the first
quadrant;

2. only allow three types of
paths:
2.1 diagonally up path αk

from (j , k) to
(j + 1, k + 1);

2.2 horizontal path βk from
(j , k) to (j + 1, k);

2.3 and diagonally down
path γk from (j , k) to
(j + 1, k − 1);

3. associate each type of the
paths to different weights as
αk 7→ 1, βk 7→ σk , and
γk 7→ τk , i.e., the weight
triple (1, σk , τk).

M3,0

M6,0 for σk = 0, τk = −k2

M5,0 = (−1)3
(
322212 + 222212

+122212 + 221212 + 121212)
= −61 = E6. (6th Euler number)

Remark
Those 5 Dyck paths are counted by the
Catalan number C3 = 5.The general
connection between Cn and E2n exists.



Motzkin Paths
Mn,k counts the number of
(1, σk , τk)-weighted Motzkin
paths from (0, 0) to (n, k).

1. All paths lie within the first
quadrant;

2. only allow three types of
paths:
2.1 diagonally up path αk

from (j , k) to
(j + 1, k + 1);

2.2 horizontal path βk from
(j , k) to (j + 1, k);

2.3 and diagonally down
path γk from (j , k) to
(j + 1, k − 1);

3. associate each type of the
paths to different weights as
αk 7→ 1, βk 7→ σk , and
γk 7→ τk , i.e., the weight
triple (1, σk , τk).

M3,0

M6,0 for σk = 0, τk = −k2

M5,0 = (−1)3
(
322212 + 222212

+122212 + 221212 + 121212)
= −61 = E6. (6th Euler number)

Remark
Those 5 Dyck paths are counted by the
Catalan number C3 = 5.The general
connection between Cn and E2n exists.



Motzkin Paths
Mn,k counts the number of
(1, σk , τk)-weighted Motzkin
paths from (0, 0) to (n, k).

1. All paths lie within the first
quadrant;

2. only allow three types of
paths:
2.1 diagonally up path αk

from (j , k) to
(j + 1, k + 1);

2.2 horizontal path βk from
(j , k) to (j + 1, k);

2.3 and diagonally down
path γk from (j , k) to
(j + 1, k − 1);

3. associate each type of the
paths to different weights as
αk 7→ 1, βk 7→ σk , and
γk 7→ τk , i.e., the weight
triple (1, σk , τk).

M3,0

M6,0 for σk = 0, τk = −k2

M5,0 = (−1)3
(
322212 + 222212

+122212 + 221212 + 121212)
= −61 = E6. (6th Euler number)

Remark
Those 5 Dyck paths are counted by the
Catalan number C3 = 5.The general
connection between Cn and E2n exists.



Motzkin Paths
Mn,k counts the number of
(1, σk , τk)-weighted Motzkin
paths from (0, 0) to (n, k).

1. All paths lie within the first
quadrant;

2. only allow three types of
paths:
2.1 diagonally up path αk

from (j , k) to
(j + 1, k + 1);

2.2 horizontal path βk from
(j , k) to (j + 1, k);

2.3 and diagonally down
path γk from (j , k) to
(j + 1, k − 1);

3. associate each type of the
paths to different weights as
αk 7→ 1, βk 7→ σk , and
γk 7→ τk , i.e., the weight
triple (1, σk , τk).

M3,0

M6,0 for σk = 0, τk = −k2

M5,0 = (−1)3
(
322212 + 222212

+122212 + 221212 + 121212)
= −61 = E6. (6th Euler number)

Remark
Those 5 Dyck paths are counted by the
Catalan number C3 = 5.The general
connection between Cn and E2n exists.



Motzkin Paths
Mn,k counts the number of
(1, σk , τk)-weighted Motzkin
paths from (0, 0) to (n, k).

1. All paths lie within the first
quadrant;

2. only allow three types of
paths:
2.1 diagonally up path αk

from (j , k) to
(j + 1, k + 1);

2.2 horizontal path βk from
(j , k) to (j + 1, k);

2.3 and diagonally down
path γk from (j , k) to
(j + 1, k − 1);

3. associate each type of the
paths to different weights as
αk 7→ 1, βk 7→ σk , and
γk 7→ τk , i.e., the weight
triple (1, σk , τk).

M3,0

M6,0 for σk = 0, τk = −k2

M5,0 = (−1)3
(
322212 + 222212

+122212 + 221212 + 121212)
= −61 = E6. (6th Euler number)

Remark
Those 5 Dyck paths are counted by the
Catalan number C3 = 5.The general
connection between Cn and E2n exists.



Motzkin Paths
Mn,k counts the number of
(1, σk , τk)-weighted Motzkin
paths from (0, 0) to (n, k).

1. All paths lie within the first
quadrant;

2. only allow three types of
paths:
2.1 diagonally up path αk

from (j , k) to
(j + 1, k + 1);

2.2 horizontal path βk from
(j , k) to (j + 1, k);

2.3 and diagonally down
path γk from (j , k) to
(j + 1, k − 1);

3. associate each type of the
paths to different weights as
αk 7→ 1, βk 7→ σk , and
γk 7→ τk , i.e., the weight
triple (1, σk , τk).

M3,0

M6,0 for σk = 0, τk = −k2

M5,0 = (−1)3
(
322212 + 222212

+122212 + 221212 + 121212)
= −61 = E6. (6th Euler number)

Remark
Those 5 Dyck paths are counted by the
Catalan number C3 = 5.The general
connection between Cn and E2n exists.



Motzkin Paths
Mn,k counts the number of
(1, σk , τk)-weighted Motzkin
paths from (0, 0) to (n, k).

1. All paths lie within the first
quadrant;

2. only allow three types of
paths:
2.1 diagonally up path αk

from (j , k) to
(j + 1, k + 1);

2.2 horizontal path βk from
(j , k) to (j + 1, k);

2.3 and diagonally down
path γk from (j , k) to
(j + 1, k − 1);

3. associate each type of the
paths to different weights as
αk 7→ 1, βk 7→ σk , and
γk 7→ τk , i.e., the weight
triple (1, σk , τk).

M3,0

M6,0 for σk = 0, τk = −k2

M5,0 = (−1)3
(
322212 + 222212

+122212 + 221212 + 121212)

= −61 = E6. (6th Euler number)

Remark
Those 5 Dyck paths are counted by the
Catalan number C3 = 5.The general
connection between Cn and E2n exists.



Motzkin Paths
Mn,k counts the number of
(1, σk , τk)-weighted Motzkin
paths from (0, 0) to (n, k).

1. All paths lie within the first
quadrant;

2. only allow three types of
paths:
2.1 diagonally up path αk

from (j , k) to
(j + 1, k + 1);

2.2 horizontal path βk from
(j , k) to (j + 1, k);

2.3 and diagonally down
path γk from (j , k) to
(j + 1, k − 1);

3. associate each type of the
paths to different weights as
αk 7→ 1, βk 7→ σk , and
γk 7→ τk , i.e., the weight
triple (1, σk , τk).

M3,0

M6,0 for σk = 0, τk = −k2

M5,0 = (−1)3
(
322212 + 222212

+122212 + 221212 + 121212)
= −61

= E6. (6th Euler number)

Remark
Those 5 Dyck paths are counted by the
Catalan number C3 = 5.The general
connection between Cn and E2n exists.



Motzkin Paths
Mn,k counts the number of
(1, σk , τk)-weighted Motzkin
paths from (0, 0) to (n, k).

1. All paths lie within the first
quadrant;

2. only allow three types of
paths:
2.1 diagonally up path αk

from (j , k) to
(j + 1, k + 1);

2.2 horizontal path βk from
(j , k) to (j + 1, k);

2.3 and diagonally down
path γk from (j , k) to
(j + 1, k − 1);

3. associate each type of the
paths to different weights as
αk 7→ 1, βk 7→ σk , and
γk 7→ τk , i.e., the weight
triple (1, σk , τk).

M3,0

M6,0 for σk = 0, τk = −k2

M5,0 = (−1)3
(
322212 + 222212

+122212 + 221212 + 121212)
= −61 = E6. (6th Euler number)

Remark
Those 5 Dyck paths are counted by the
Catalan number C3 = 5.The general
connection between Cn and E2n exists.



Motzkin Paths
Mn,k counts the number of
(1, σk , τk)-weighted Motzkin
paths from (0, 0) to (n, k).

1. All paths lie within the first
quadrant;

2. only allow three types of
paths:
2.1 diagonally up path αk

from (j , k) to
(j + 1, k + 1);

2.2 horizontal path βk from
(j , k) to (j + 1, k);

2.3 and diagonally down
path γk from (j , k) to
(j + 1, k − 1);

3. associate each type of the
paths to different weights as
αk 7→ 1, βk 7→ σk , and
γk 7→ τk , i.e., the weight
triple (1, σk , τk).

M3,0

M6,0 for σk = 0, τk = −k2

M5,0 = (−1)3
(
322212 + 222212

+122212 + 221212 + 121212)
= −61 = E6. (6th Euler number)

Remark
Those 5 Dyck paths are counted by the
Catalan number C3 = 5.

The general
connection between Cn and E2n exists.



Motzkin Paths
Mn,k counts the number of
(1, σk , τk)-weighted Motzkin
paths from (0, 0) to (n, k).

1. All paths lie within the first
quadrant;

2. only allow three types of
paths:
2.1 diagonally up path αk

from (j , k) to
(j + 1, k + 1);

2.2 horizontal path βk from
(j , k) to (j + 1, k);

2.3 and diagonally down
path γk from (j , k) to
(j + 1, k − 1);

3. associate each type of the
paths to different weights as
αk 7→ 1, βk 7→ σk , and
γk 7→ τk , i.e., the weight
triple (1, σk , τk).

M3,0

M6,0 for σk = 0, τk = −k2

M5,0 = (−1)3
(
322212 + 222212

+122212 + 221212 + 121212)
= −61 = E6. (6th Euler number)

Remark
Those 5 Dyck paths are counted by the
Catalan number C3 = 5.The general
connection between Cn and E2n exists.



How to compute/prove it?

1. Generating function —Continued Fractions

Theorem (K. Dilcher and L. J.)

∞∑
k=0

B2k+1

(
x + 1

2

)
z2k =

1
2z2

(
ψ′
(

1
z
+

1 − x

2

)
− ψ′

(
1
z
+

1 + x

2

))

=
x
2

1 + (1−x2)
4 z2 −

(12−x2)14
4·1·3 z4

1+ (5−x2)
4 z2−

(22−x2)24
4·3·5 z4

1+ (13−x2)
4 z2−

. . .

Hence,

Hn

(
B2k+1

(
x + 1

2

))
= (−1)

(
n+1
2

) ( x
2

)n+1 n∏
ℓ=1

(
ℓ4
(
x2 − ℓ2

)
4(2ℓ+ 1)(2ℓ− 1)

)n+1−ℓ

.

Remark
We also have the orthogonal polynomials w.r.t. E2k+ν

(
x+1
2

)
, ν = 0, 1, 2.
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Linear Operator?

GOAL:
∞∑
n=0

anz
n ?
=

a0

1 + s0z − t1z2

1+s1z− t2z2

...

▶ Identify the corresponding orthogonal polynomial P0 = 1,
P1 = y + s0, and

Pn+1 = (y + sn)Pn(y)− tnPn−1(y).

▶ (HARD STEP) Define a proper linear operator L such that

L(yn) = an and L(Pn) = 0 for n ≥ 1.
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q-Euler
Definition
The q-Euler numbers were introduced by Carlitz as

ϵn :=
1

(1 − q)n

n∑
k=0

(−1)k
(
n

k
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1 + q

1 + qk+1 .

lim
q→1

ϵn = En(0)
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Remarks
▶

(A; q)n :=
n∏

k=1

(1 − Aqk−1), (A1,A2, . . . ,An, q) :=
n∏

j=1

(Aj ; q)n

▶

lim
q→1

det
0≤i,j≤n

(ϵi+j) =

(
− 1

16

)(n+1
2 ) n∏

k=1

((2k)!!)2 =

(
−1

4

)(n+1
2 ) n∏

k=1

(k!)2.

▶ We also use the big q-Jacobi polynomials

Jℓ,n(z) := 3ϕ2

 q−n,−qn+ℓ+1, z

qℓ+1, 0
; q, q

 =
∑
n≥0

(
q−n,−qn+ℓ+1, z ; q

)
n

(q, qℓ+1, 0; q)n
qn

▶ The linear operator is defined by

Φ

(
1

[n]q!

n∏
k=1

(
[k]q + qkz

))
=

1
(−q2; q)n

, where [n]q =
1 − qn

1 − q
.
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2. From Known Sequence(s)

2.1 Binomial Transform Recall that

Hn(Bk(x)) = (−1)(
n+1
2 )

n∏
k=1

(k!)6

(2k)!(2k + 1)!
= Hn(Bk).

Proposition

ck(x) :=
k∑

ℓ=0

(
k

ℓ

)
cℓx

k−ℓ ⇒ Hn(ck) = Hn(ck(x)).

Proposition (L. J. and D. Shi)

Let z be a constant.

Ran. Vari. Moments Orthogonal Polynomials

IF X E[X n] = cn Pn+1 = (y + sn)Pn(y)− tnPn−1(y)

THEN X + z
k∑

ℓ=0

(k
ℓ

)
cℓz

k−ℓ P̄n+1(y) = (y + sn − z) P̄n(y)− tnP̄n−1(y)
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q-Binomial
Problem
What if (

k

ℓ

)
7→

[
k

ℓ

]
q

:=
(1 − qk)(1 − qk−1) · · · (1 − qk−ℓ+1)

(1 − q)(1 − q2) · · · (1 − qℓ)
?

Theorem (The q-binomial theorem)

n−1∏
k=0

(
1 + qkt

)
=

n∑
k=0

qk(k−1)/2

[
n

k

]
q

tk .

Remark
The binomial transform is symmetric between cℓ and xk−ℓ.

ck(x) :=
k∑

ℓ=0

(
k

ℓ

)
cℓx

k−ℓ =
k∑

ℓ=0

(
k

ℓ

)
ck−ℓx

ℓ
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Two problems
Problem
What are Hn(αk (x)) and Hn(α̃k (x)), where

αk (x) :=
k∑

ℓ=0

q

(
ℓ
2

)  k

ℓ


q

αk−ℓx
ℓ and α̃k (x) :=

k∑
ℓ=0

q

(
ℓ
2

)  k

ℓ


q

αℓx
k−ℓ?

Remark
For α̃k (x), we can define βℓ = q

(
ℓ
2

)
αℓ.

Theorem (S. Chern, L. J., S. Li, and L. Wang)

1. For every n ≥ 0, Hn(αk (x)) is a polynomial in x of degree n(n + 1) with leading
coefficient[

xn(n+1)
]
Hn (αk (x)) = αn+1

0 (−1)
(
n+1
2

)
q

3
(
n+1
3

) n∏
j=1

(
1 − qj

)n+1−j
.

2. For every n ≥ 0, Hn(α̃k (x)) is a polynomial in x of degree n(n + 1)/2 with
leading coefficient[

x
n(n+1)

2

]
Hn (α̃k (x)) = α0α1 · · ·αn(−1)

(
n+1
2

)
q2( n+1

3 )
n∏

j=1

(
1 − qj

)n+1−j
.
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2. From Known Sequence(s)

2.2 Shifts

Proposition (L. Mu, Y. Wang, Y. Yeh (2017))
Let Pn be the monic orthogonal polynomial w.r.t. sequence ck , with recurrence
Pn+1 = (y + sn)Pn − tnPn−1. Define

J :=


−s0 1 0 0 · · ·

t1 −s1 1 0 · · ·

0 t2 −s2 1 · · ·
...

...
. . .

. . .
. . .


and let Jn be the (n + 1)th leading principal submatrix if J, with dn := det Jn. Then,

Hn(ck+1) = Hn(ck )dn,

Hn(ck+2) = Hn (ck ) ·
(

n+1∏
ℓ=1

tℓ

)
·

n∑
ℓ=−1

d2
ℓ∏ℓ+1

j=1 tj
.

Remark
Shift to the left: (c0, c1, c2, . . .) → (c1, c2, . . . , ) → (c2, c3, . . .)
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Shift to the right
Lemma (K. Dilcher and L. J.)
Let Pn be the monic orthogonal polynomial w.r.t. sequence ck , with recurrence
Pn+1 = (y + sn)Pn − tnPn−1. Define, for some constant α,

bk =

{
α, k = 0;
ck−1, k ≥ 1.

((c0, c1, . . .) → (α, c0, c1, . . .))

Then for n ≥ 2,
Hn+1 (bk )

Hn (ck )
= −sn

Hn (bk )

Hn−1 (ck )
− tn

Hn−1 (bk )

Hn−2 (ck )
.

Proposition (K. Dilcher and L. J.)

Define

bk(x) :=

{
0, k = 0;
E2k−2, k ≥ 1,

then for n ≥ 1,

Hn(bk(x)) =
(−1)n

4n(n!)2

n−1∑
j=0

16j

(2j + 1)2
(2j
j

)2
Hn (E2k) .
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Remarks
1. In general, the following Hankel determinants are “independent”

Hn(ck),Hn(c2k),Hn(c2k+1),Hn(kck),Hn((k+1)ck),Hn

(
ck+1

k + 1

)
, . . .

Theorem (L. J., Y. Li, and C. Krattenthaler)

Hn

(
B2k+5

(
x+1
2

)
2k + 5

)

=

∏n
i=1

(2i+3)!2(2i+2)!2

(4i+5)!(4i+4)!

∏n
ℓ=0(x − 2n − 1 + 2ℓ)4n−4ℓ+3

5 · 2n+2

×
n+2∑
i=1

(2i − 1)
(
n + 5

2

)
i−1

(
x+1
2

)
n+2

(
x−2n−3

2

)
n+2(

n − i + 5
2

)
i
(n + 2 − i)!(n + 1 + i)! (x2 − (2i − 1)2)

.

2. It is almost impossible to find the recurrences of Hn(ck) (unless the
sequence ck is easy to handle).

3. There is an interesting paper: Alan Sokal, A simple algorithm for
expanding a power series as a continued fraction, Expositiones
Mathematica, 41 (2023), 245–287.
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Remarks
4. It seems that the following Hankel matrix is of interests: define

Ik :=
∑r

c=1 c
k , and consider

Vn :=


I0 I2 · · · I2n

I2 I4 · · · I2n+2
...

...
. . .

...

I2n I2n+2 · · · I4n

 .

Theorem (L. J. and Y. Li)

Vn is invertible iff n < r .
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What have we computed

B2n+1
(
x+1
2

)
E2k

(
x+1
2

)
E2k+1

(
x+1
2

)
E2k+2

(
x+1
2

)
Bk

(
x+r
q

)
± Bk

(
x+s
q

)
Bk,χ3 Bk,χ4 Bk,χ6

Ek

(
x+r
q

)
± Ek

(
x+s
q

)
(2k + 2)E2k+1(1) kEk−1(x) (2k + 1)E2k

Bk,χ6,1
k+1

Bk,χ6,2
k+1

Bk,χ8,1
k+1

Bk,χ8,2
k+1

(2k + 1)B2k(
1
2 ) (2k + 3)B2k

B2k+1( x+1
2 )

2k+1
B2k+3( x+1

2 )
2k+3

B2k+5( x+1
2 )

2k+5 ϵk ϵk+1 ϵk+2

where

ϵn :=
1

(1 − q)n

n∑
k=0

(−1)k
(
n

k

)
1 + q

1 + qk+1

α̃u,v
k (x) :=

k∑
ℓ=0

 k

ℓ


q

(u; q)ℓv
ℓxk−ℓ =

k∑
ℓ=0

 k

ℓ


q

(u; q)k−ℓv
k−ℓxℓ.
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What have we computed

Degrees and the leading coefficients of Hn(ck) for ck being

B2k
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2
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ℓ
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Next?

1. Other sequences. (e.g. q-series) Or, unsolved ones

H1
(
B2k

( 1+x
2

))
− 1

12x
2 + 1

45

H2
(
B2k

( 1+x
2

))
− 1

540x
6 + 97

18900x
4 − 11

4725x
2 + 16

55125

H3
(
B2k

( 1+x
2

)) 1
42000x

12 − 121
441000x

10 + 153
154000x

8 − 17441
12262250x

6

+ 8369
11036025x

4 − 1632
9634625x

2 + 256
18883865

Coefficients in H2 (α̃k(x)):

x3 −q2(1 − q)3(1 + q)α0α1α2

x2 q2(1 − q)2(1 + q)
[(
q + q2

)
α0α1α3 − α0α

2
2 − α2

1α2
]

x1 −q2(1 − q) [something]

x0 q3
[
q4α0α2α4 − q3α0α

2
3 + 2qα1α2α3 − q3α2

1α4 − α3
2
]

2. More general results
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Next?
▶ Continued fractions

▶ Generalized Motzkin numbers and lattice paths
▶ Orthogonal polynomials

Conjecture (K. Dilcher (2018))

b
(p)
1 =

p

12
,

b
(p)
2 =

5p + 3
10

,

b
(p)
3 =

175p2 + 315p + 158
140(2p + 3)

,

b
(p)
4 =

6125p4 + 25725p3 + 41965p2 + 29547p + 7230
21(5p + 3) (175p2 + 315p + 158)

, as well as b
(p)
5 .
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Next?
▶ Continued fractions
▶ Generalized Motzkin numbers and lattice paths
▶ Orthogonal polynomials

Proposition (K. Dilcher and L. J.(Feb. 10th, 2026))

b
(p)
1 =

p

12
,

b
(p)
2 =

5p + 3
30

,

b
(p)
3 =

175p2 + 315p + 158
140(3p + 5)

,

b
(p)
4 =

6125p4 + 25725p3 + 41965p2 + 29547p + 7230
21(5p + 3) (175p2 + 315p + 158)

, as well as b
(p)
5 .



Bernoulli polynomials of higher-orders
Definition
The Bernoulli polynomials of order p, denoted by B

(p)
n (x), are defined by(

z

ez − 1

)p

ezx =
∞∑
n=0

B(p)
n (x)

zn

n!
.

We let ϱ(p)n be the monic orthogonal polynomial w.r.t. B
(p)
n (x), and

assume the three-term recurrence is

ϱ
(p)
n+1(y) =

(
y − a(p)n

)
ϱ(p)n (y) + b(p)n ϱ

(p)
n−1(y).

Remark
For p = 1, it is the case of Bernoulli polynomials Bn(x) and the
corresponding orthogonal polynomial are proportional to the continuous
Hahn polynomial pn(y ; a, b, c , d), as

ϱ(1)n (y) =
n!

(n + 1)n
pn

(
y ;

1
2
,
1
2
,
1
2
,
1
2

)
.
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The End

Thank you!


