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Motivation (Why)

1. Interesting results :

Hn(Ck) = 1 for Catalan numbers.

“Unclear” results , e.g., unknown cancelations.
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(Bﬂ)n:0_<1> 3157 0; 30’074270 3009560 0; )
1 1
1 =3 )
26
Hs(Bx) = det : : == .
6(54) 3.5.77 11313
1
» O
Ba((1 4 x)/2)
14x 1.2, 1
Hy (Bak (15%)) X s
14x 1 97 4 _ 11
Ha (Bai (5*)) —5i5%° + Too00X" — Xt 55125
1 12 121 .10 | 153 .8 17441 .6
Hs ( Ba ( 1ix ) 42000 741000% 154000 X 12262250
2 483604 1632 2, _ 256
11036025 9634625 18883865




Bo (*7) )
B(*) | %3

4 2
Bs (1) | 5 - % + 70










Theorem (S. Chern, L. J., S. Li, and L. Wang)

Forn>0, H, (sz (izx)) is a polynomial in x of degree
leading coefficient

( 1

= det| , .
xZ _ 1 x
Lix 4 2 1
Bo (5*) 1 1,

B(E) | 53 O
Bi(*5) | 55— % T om0

with

[X”(”“’] H, (sz (1 ;L X)) —(—1)(3) ﬁ (2J)I(J')6

j=1

(2j+ 1)
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Definition
Given seqeunces oy and 7, the genarlized Motzkin numbers M, , are
defined by My o =1 and for n > 0

Mot1.6 = Mnk—1 + ok Mp k + Tkg1 Mn k41,

where also by convention M, x =0 if k > nor k < 0.

Theorem
(o)
1
n__
Z M"7OZ - 1— 00z — T122 5 .
n=0 l1—01z— l_gii_“_
Remark

If ox = 7« = 1, then M, o are the Motzkin numbers.
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1. Generating function —Continued Fractions

Theorem (K. Dilcher and L. J.)

= x+1\ o 1 (1 1—x (1 14x
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2

Hence,

x+1 e ,, n 04 (x2 — 12 n+1—2¢
(o (5)) =0 6 [ (i)

Remark

We also have the orthogonal polynomials w.r.t. Epxy, (i) v=20,1,2.



Linear Operator?



Linear Operator?

GOAL:
o0
e
=0 n 1+502_L

2
t.
1+s3z— 2%



Linear Operator?

GOAL:

> a
? 0
E n __
s = 1+ s9z e
n=0 0 lisz_ 22

» Identify the corresponding orthogonal polynomial Py = 1,
P1 =y + sg, and

Poi1 = (¥ + 50)Pa(y) — taPn-1(y).



Linear Operator?

GOAL:

= a
? (0]
n __
Z anZ" = ty 22
n=0 B 2

1+ spz
0 14sz— 2%

» Identify the corresponding orthogonal polynomial Py = 1,
P1 =y + sg, and

Poi1 = (¥ + 50)Pa(y) — taPn-1(y).

» (HARD STEP) Define a proper linear operator L



Linear Operator?

GOAL:

= a
? (0]
n __
Z anZ" = ty 22
n=0 B 2

1+ spz
0 14sz— 2%

» Identify the corresponding orthogonal polynomial Py = 1,
P1 =y + sg, and

Poi1 = (¥ + 50)Pa(y) — taPn-1(y).

» (HARD STEP) Define a proper linear operator L such that

L(y")=a, and L(P,)=0 for n>1.



g-Euler
Definition
The g-Euler numbers were introduced by Carlitz as

. 1 a [N\ 14+gqg
g (e

k=0



g-Euler
Definition
The g-Euler numbers were introduced by Carlitz as

: -—;z":(_l)k M1t i — E(0)
B ) L k)1+4gktl’ g1 " 7"



g-Euler
Definition

The g-Euler numbers were introduced by Carlitz as

. 1 - k(M 144 . _
&= g g 2D (k) T gt dmen = Ei(0)

k=0

Theorem (S. Chern and L. J.)

e oy = DDA (@i,
0<ij<n (1—q)+D) L (—q,—¢2,—q%, -3 ¢2),
det (erapen) = (= 1)(n+2) ) : H (4%, 9% ),
0<i,j<n (1—q)"+D) (14 ¢2)" - (4%, =63 =43, —q% 4?),

1 (2n+
(o) (—1)+2g5 (% >(1+q)"( — (~1)rg(n+27)
et () =
0<ii<n TR ( _q)n("+1 (1+q2)2(n+1 (1+q3)n+1

By —=@fs =aPs P

l:[ (qqq)k



Remarks



Remarks
| 2

n n

(A’ q)n = H(l - Aqk71)7 (A17 A27 voo 7Ana q) = H(Aj1 q)n
k=1 j=1

n+1 n

s o= () Foone = () o

k=1



Remarks
| 2

n n

(A’ q)n = H(l - Aqk71)7 (A17A27 e 7Ana q) = H(Aj1 q)n
k=1 j=1

lim  det(c127) = (—fﬁ)m TT(@0my2 = (—j)m [T

k=1
» We also use the big g-Jacobi polynomials

qfn _qn+€+1 z
Fi.0(2) =3¢ ( 7 " ia,q

q€+17 0



Remarks
| 2

n n

(A’ q)n = H(l - Aqk71)7 (A17A27 e 7Ana q) = H(Aj1 q)n
k=1 j=1

lim  det(c127) = (—fﬁ)m TT(@0my2 = (—j)m [T

k=1
» We also use the big g-Jacobi polynomials
qfn _qn+é+1 n n+4+1

) Y

Fi.0(2) =3¢ ‘ 1q,q :Z C .2:9),

qt+1,0 ~  (9,91,0:q),




Remarks
| 2

n n

(A’ q)n = H(l _ Aqk71)7 (A17A27 e 7Ana q) = H(Aj1 q)n
k=1 j=1

lim  det(c127) = (—fﬁ)m TT(@0my2 = (—j)m [T

k=1 k=1
» We also use the big g-Jacobi polynomials
qfn7 _qn+€+1’ z (qfn’ _qnjLZJrl7 z: Q)
0,n(2) == 302 14,9 | = 7q"
e g*+1,0 ;, (9,91,0;9),

» The linear operator is defined by

o} <[n]1| H ([Klq + qkz)> = %, where [n], = 11_%
9" k=1
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2. From Known Sequence(s)
2.1 Binomial Transform Recall that
iy (K1)
Ha(Bi(x)) = (-1)(%) I1 2Rk + 1)1

k=1

= Ho(By).



2. From Known Sequence(s)
2.1 Binomial Transform Recall that
iy (K1)
Ha(Bi(x)) = (-1)(%) I1 2Rk + 1)1

k=1

= H,(Bx).

Proposition

k

Ck(X) = Z (;) Csz_K = H,,(Ck) = Hn(Ck(X)).

£=0



2. From Known Sequence(s)

2.1 Binomial Transform Recall that

n

_ nia (ke
Ha(Bi(x)) = (=1 >kH_1 BT = (B

Proposition

3
Ck(X) = Z </2> szk—ﬁ = H,,(Ck) = Hn(Ck(X)).

£=0

Proposition (L. J. and D. Shi)

Let z be a constant.

Ran. Vari. Moments Orthogonal Polynomials

IF X E[X"] = cn Pri1 = (v + sn)Pn(y) — tnPn—1(y)

k _ - —
THEN | X+z | X (5az" | Poraly) = (v + 50— 2) Pa(y) — taPr-1(y)
£=0




g-Binomial
Problem
What if

k k| (1-gM1—g<1) - (1— gkttt
<)Hl€]q'_ 1-9)(1-q?)---(1— g ?



g-Binomial
Problem
What if

k k| (1-gM1—g<1) - (1— gkttt
(f)'_) lflq'_ 1-9)(1-q?)---(1— g ?

Theorem (The g-binomial theorem)

n—1
I] @+ ) qu(k 1)/2 H s
k=0 q



g-Binomial
Problem
What if

L[ _a-aa-gh- g,
<)HHq" -al-@) 14

Theorem (The g-binomial theorem)
n—1 o
I] @+ ) Zq"(k 1)/2[] th.
k=0 q

Remark

The binomial transform is symmetric between ¢, and x¥—*¢

k k

ck(x) == Z (Z) cox*—t = Z (Z) Crpx®

/=0 /=0



Two problems

Problem
What are Hp(ak(x)) and Hp(dak(x)), where
k(e k(e
ak(x) = Z q(z) k ax_ext and ak(x) = Z q(z) k apxk—t?
=0 ¢ = ¢ .

£=0
q



Two problems

Problem
What are Hp(ak(x)) and Hp(dak(x)), where
k(e k(e
ak(x) ::Zq(z) |: k :| ax_ext and ak(x) ::Zq(z) |: k :| apxk—t?
=0 G =0 el

Remark
(2)
For é(x), we can define 8y = q\?/ ay.



Two problems

Problem
What are Hp(ak(x)) and Hp(dak(x)), where

k(e k(e
ak(x) ::Zq(z) |: k :| ax_ext and ak(x) ::Zq(z) |: k :| apxk—t?
£=0 ¢ q ¢ q

£=0

Remark

¢
For é(x), we can define 8y = q(z) ay

Theorem (S. Chern, L. J., S. Li, and L. Wang)

1. For every n > 0, Hn(ak(x)) is a polynomial in x of degree n(n + 1) with leading
coefficient

(4] Ha () = g 2-1) () 2D T (1- )™

j=1

2. For every n > 0, Hy(éx(x)) is a polynomial in x of degree n(n + 1)/2 with
leading coefficient

|:Xn(n+l):| Ho (G (x)) = 0001 - - - con(— 1) 2( ni1) 1—[ (1 5 )n+1 =/ '
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From Known Sequence(s)
2.2 Shifts
Proposition (L. Mu, Y. Wang, Y. Yeh (2017))

Let P, be the monic orthogonal polynomial w.r.t. sequence ci, with recurrence
Pnt1 = (y + sn)Pn — taPn—1. Define

and let J, be the (n+ 1)th leading principal submatrix if J, with d, := det J,
Hn(ck+1) = Hn(ck)dn,

n+1 n d2
Hn(ckt2) = Hn (ck) - <H tl) : Z
=1

2+1 :
Pl | VRS

. Then,



From Known Sequence(s)
2.2 Shifts

Proposition (L. Mu, Y. Wang, Y. Yeh (2017))

Let P, be the monic orthogonal polynomial w.r.t. sequence ci, with recurrence

Pnt1 = (y + sn)Pn — taPn—1. Define

and let J, be the (n+ 1)th leading principal submatrix if J, with d, := det J,

Hn(ck+1) = Hn(ck)dh,

n+1 n d2
Hn(ckt2) = Hn (ck) - <H tl) : Z
=1

2+1 :
Pl | VRS

Remark
Shift to the left: (co, c1, c2,

..)—)(Cl,C2,...,)—>(C27C3,...

. Then,



Shift to the right
Lemma (K. Dilcher and L. J.)

Let P, be the monic orthogonal polynomial w.r.t. sequence ci, with recurrence
Pnt1 = (y + sn)Pn — taPn—1. Define, for some constant c,

a, k =0;
bk— {Ck_]_, k> 1. ((Co,Cl,...)—)(Ot,Co,Cl,...))

Then for n > 2,
Hpia (bk) = —q Hp (bk) t Hp—1 (bk)

Ho(ck) " Hoi(ak) " Hn—2(ck)




Shift to the right
Lemma (K. Dilcher and L. J.)

Let P, be the monic orthogonal polynomial w.r.t. sequence ci, with recurrence
Pn+1 = (y + sn)Pn — tnPn—1. Define, for some constant «,

k=0;
0= {120 (e e

Then forn > 2,
Hpya (be) s Hp (by) : Hn—1 (bx)

Ho(ck) " Hoi(ak) " Hn—2(ck)

Proposition (K. Dilcher and L. J.)

Define
0, k =0;
bi(x) :==
E2k727 k > 17

then for n > 1,

H,(bk(x)) = H, (Eak) -



Remarks
1. In general, the following Hankel determinants are “independent”

C
(60 (e, Hn(casn)s e, (k- D). H (2525 )




Remarks
1. In general, the following Hankel determinants are “independent”

C
(6. (e Hn(caesn)s e, Mo (k- D). (2521 ).

Theorem (L. J., Y. Li, and C. Krattenthaler)

o [ Baess 5
i 2k +5
T %712;:1‘2“ [Ti—o(x —2n — 1+ 20)an-ac+3

5. 2n+2

e (2i — 1)( 2 )iy (XTH)n+2 (X_z2n_3)n+2
XZ ); (n+2 = (n+1+i)(x>— (2 —1)?)




Remarks
1. In general, the following Hankel determinants are “independent”

C
(60 (e, Hn(casn)s e, (k- D). H (2525 )

Theorem (L. J., Y. Li, and C. Krattenthaler)

o [ Baess 5
! 2k +5
n i '2 i
T (%4:?)5)7:21;:21' [Ti—o(x —2n — 1+ 20)an-ac+3

5.2n+2

o2 21_1)( 2)1 1 (XTH)n 2(X_22n_3)n 2
XZ (n+2fl)(n+14—:l)( (2,'11)2)'

2. It is almost impossible to find the recurrences of H,(ck) (unless the
sequence ¢ is easy to handle).



Remarks
1. In general, the following Hankel determinants are “independent”

C
(60 (e, Hn(casn)s e, (k- D). H (2525 )

Theorem (L. J., Y. Li, and C. Krattenthaler)

Boiys (X5L)
Hn ( 2k +5

n (2i+3)1*(2i+2)
T ((;’;)5)74’14' [Ti—o(x —2n — 1+ 20)an-ac+3
_ 5. on+2

AR (2i = 1) (n+3),_, (F) 0 5372), 0

XZ ) (nt2—)l(n+1+i) (- (2 —1)2)

2. It is almost impossible to find the recurrences of H,(ck) (unless the
sequence ¢ is easy to handle).

3. There is an interesting paper: Alan Sokal, A simple algorithm for
expanding a power series as a continued fraction, Expositiones
Mathematica, 41 (2023), 245-287.
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4. It seems that the following Hankel matrix is of interests: define
I :=>°L_; c*, and consider

lo L - b,

Ly - by

I2n /2n+2 o I4n



Remarks

4. It seems that the following Hankel matrix is of interests: define
I :=>°L_; c*, and consider

lo L - b,
v, b la - bpyo
I2n /2n+2 o I4n

Theorem (L. J. and Y. Li)

V, is invertible iff n < r.



Remarks

4. It seems that the following Hankel matrix is of interests: define
I :=>°L_; c*, and consider

Ly - by

Theorem (L. J. and Y. Li)

V., is invertible iff n < r.

Dear colleague,

I am a researcher who mainly studies questions from numerical analysis. | have run into

the following problem :

- consider the Hankel matrix whose $k$-th element is $B_k(x)/k$ (in my case $x$ is a positive
integer).

I'would like to show that the above Hankel matrix is positive definite whatever the size.

I have gone through some of your work, in particular the one where you collect many formulas
on Hankel determinants that are related to Bernoulli and Euler polynomials. | have not seen the
above one but your work is so extensive and | have so little experience in that field that | thought
it might be easier to ask you directly if the formula for this Hankel determinant is known.

Iwould be most grateful if you could help me by pointing towards a reference in case the
resultis alkready known.




What have we computed

Bani1 (*5) B (*F)  Eurn () Eoni2 (*F)
Bk (X+r) :t Bk (%) Bk,Xs Bk,XA Bk,X&
£, (W) +E, (i) (2k +2)Exs1(1)  kExor(x)  (2k + 1)Ex
By, 1X6,1 Bkwxe,z Bk:XS,l Bk:xs,z
k+1 k+1 k+1 k+1
BZ 1 x+1 BZ 3 x+1
@k+1Bu(})  (k+3By  2plE) Ee(d)
Baiis(%£)
T 2k+5 €k €k+1 €k+2
where

1 u n\ 1l4+gq
=—— _ N ()¢ | ——
o= ey V(7)o



What have we computed

Bani1 (*5) B (*F)  Eurn () Eoni2 (*F)
Be (=£) + B (=22) Bixs Bixe Bixe
Ex <x+r) + E, ( ) (2k I 2)E2k+1(1) kEk_l(X) (2/( aF 1)E2k
Bi,x6,1 Bkwxs,z BkaS,l Bk:xs,z
pasy k+1 k+1 k+1
BZ 1 xi BZ 3 xf1
@k+1Bu(})  (k+3By  2plE) Ee(d)
Baiis(%£)
T 2k+5 €k €k+1 €k+2
where
1 Z [N\ 1+g
€n = n Z( ) ( > k+1
(1-9q) — k/1+q
|k ok
ayt(x) = Z (u; q)evix "t = Z (u; q)k—_evF“x*
£=0 ? £=0 2



mlm
Ery3(1)
Eox1(1)

(2k +1)Byy, | ( . Eory5(1)

(228 — 1)Bgy, | ( . Er(1)/k!
(2k + 1) B 5 || Ew-1(1)/(2k — 1)!
Eog . Eo_a(%fY)

E,_1(1)
TABLE 2. Summary of results.




mlm
Ery3(1)
Eox1(1)

(2k +1)Byy, | ( . Eory5(1)

(228 — 1)Bgy, | ( . Er(1)/k!

(2k + 1) B 5 || Ew-1(1)/(2k — 1)!
Eog . Eo_a(%fY)
E,_1(1)

) _

x+1 ) k
sz< > >,Oék(X) :Zq(z) Qu—gX

=0 L

I
Koo | k]

Oék(X) e Zq(z) azxkfe

=0 14
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Next?

1. Other sequences. (e.g. g-series) Or, unsolved ones

14x 1.2, 1
Hy (B2k( 2 )) X 15

1+4x 1.6 4 11 2 16
Ho (B2’< ( )) —540X T 18900 — 275X T 55128

1 12 121 10, 153 8 17441 6
Ha (Boy (12 72000 441000 154000 12262250
5 (Bai (%))
1632 256

8369 4
+ 11

2
036025 ~ 9634625 + 18883865




Next?

1. Other sequences. (e.g. g-series) Or, unsolved ones

14x 1,2, 1
Hy (82 ( )) X 15
1+4x 1.6 4 11 2 16
Ho (B2 ( )) —540X T 18900X 775X 1 5125
1 12 121 10, 153 8 17441 6
Hs ( Boy (1+x)) 72000 441000 154000 12262250
2 48360 4 1632 .2, _ 256
11036025 9634625 18883865

Coefficients in H> (cik(x)):

x3 —q%(1 - q)3(1 + q)apaiaz

x? q2(1 - q)2(1 ) [(q + q2) Qo1 (i3 — 040043 - a%az}

x1 —q%(1 — q) [something]

4 2 2
X% | ¢® [q*apazas — GPapad + 2qaiazas — gPadas — o3




Next?

1. Other sequences. (e.g. g-series) Or, unsolved ones

14x 1,2, 1
Hy (B2k( 2 )) X 15
1+4x 1.6 4 11 2 16
Ho (B2’< ( )) —540X T 18900X 775X 1 5125
1 12 121 10, 153 8 17441 6
Hs ( Boy (1+x)) 72000 441000 154000 12262250
2 48360 4 1632 .2, _ 256
11036025 9634625 18883865

Coefficients in H> (cik(x)):

X —q*(1—q)*(1 + q)apon o

X *(1 - q)*(1+ q) [(g + ¢°) aooraz — a3 — A2 a]

X —q%(1 — q) [something]

4 2 2
X% | ¢® [q*apazas — GPapad + 2qaiazas — gPadas — o3

2. More general results
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Next?

» Continued fractions

> Generalized Motzkin numbers and lattice paths
» Orthogonal polynomials



Continued fractions

Generalized Motzkin numbers and lattice paths

Orthogonal polynomials
Table 2
bi{’) for1<mn, p<5.

= e ok wim [ S

36385
115449140



Continued fractions
Generalized Motzkin numbers and lattice paths

Orthogonal polynomials

Table 2
b for 1< n, p<5.

I L1

3638564965
1154491404

Conjecture (K. Dilcher (2018))

b(P)
12
5p+3
b(P) —
10
b(p) . 175p? + 315p + 158
140(2p+3)

BP) _ 6125p* + 25725p3 + 41965p2 + 29547p + 7230
4 21(5p + 3) (175p% + 315p + 158) '

as well as bP).



Continued fractions
Generalized Motzkin numbers and lattice paths

Orthogonal polynomials

Table 2
b for 1< n, p <5.

3638564965
1154491404

Proposition (K. Dilcher and L. J.(Feb. 10th, 2026))

b(P) — ﬁ
X
5p+3
pP) = 2P T2
p() _ 175p° +315p + 158
140 ’
6125p* + 25725p° + 41965p2 + 29547p + 7230
b = Pt Pt Pt il . as well as b

21(5p + 3) (175p2 + 315p + 158)



Bernoulli polynomials of higher-orders
Definition
The Bernoulli polynomials of order p, denoted by B,(,p)(x), are defined by

z o = z
o _ (P) (x) 2=
<ez_1) e> =Y B ()




Bernoulli polynomials of higher-orders
Definition
The Bernoulli polynomials of order p, denoted by B,(,p)(x), are defined by

() = -2

n=0

n

We let g(p) be the monic orthogonal polynomial w.r.t. B,(,p)(x), and
assume the three-term recurrence is

oP(y) = (y— alP ) oP(y) + 6P P ().



Bernoulli polynomials of higher-orders
Definition
The Bernoulli polynomials of order p, denoted by B,(,p)(x), are defined by

() = -2

n=0

We let Q(p) be the monic orthogonal polynomial w.r.t. B,(,p)(x), and
assume the three-term recurrence is

oP(y) = (y —alf ) oP(y) + 6P P ().

Remark

For p =1, it is the case of Bernoulli polynomials B,(x) and the
corresponding orthogonal polynomial are proportional to the continuous
Hahn polynomial p,(y; a, b, ¢, d), as



The End

Thank you!




