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Purpose of this talk:

1. To remind Karl of what we have done.
2. And to “push” Karl to continue working on it.

Just kidding- The REAL Purpose of this talk:

» To summarize the ideas and practice on my SIAM meeting in July.
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For any z € C\{-1,-3,-5,...},

i G)  _vm T3

4k(2k+1+z) 2 T(#2)

k=0

Proof.

Integral Representation. O

Thanks to the weekly discussion with John Campbell and Karl, | could
recognize

1 z+1
1 27 2
LHS = F, ' 1
S=1z2h | T4
2

and apply the Gauss summation formula: for
R(c—a—b) >0,
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Definition ((Generalized) Hypergeometric Series)

a1, a,...,dp = la,a,.. .8, ZK
F, 1z | = —.
Pq(bl,bz,...,bq ) Z[bl,bz,...,bq]kk!

k=0
Remark

For the g-analogue, we first need the g-Pochhammer.

Definition (g-Pochhammer Symbol)

1, k=0;
(k=TI (1—ag 1), keN;
15, (- 20 . k.

Remark
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Definition (Basic Hypergeometric Function)

ar, ..., ar B s Cna2) Hs—r (a1,...,anqQ)n _,
r¢s<b1,...,b5'q7z>_z<( e ) (b1, “

s cbs, i)

In particular, if r=s+1,

ar,...,ds+1 - (al,...,85+1;q)n n
1q,z | = £
s+1¢s< by,..., b ) ) Z(bl,...,bs,q;q)n

Theorem (The g-Gauss Summation)
For |c/(ab)| < 1,

c ab

201 <a, b; q,i> = M
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Theorem

For z € C\{—1 + 27ik/log q, —3 £+ 27ik/logq, ...}, where k is a
nonnegative integer,
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2. The g-factorial [n]4! = [n]g[n — 1]q - - - [1]q-
3. The g-binomial
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4. The g-gamma function
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Theorem (K. Dilcher and C. Vignat)
For all m > 0
- ()
— 4k(2k — 2m)
kyzm

~ (2m\ log2 — Hopm + Hm
\m 4m ’

where H, = 1 + % + -+ % is the nth Harmonic number.

Theorem
For any m € N,
2m
Z ¢ [alpa" (-4 i (—1)k-1gk
[k m]q —3; )2« (=9 9)2m 1—g*
k;ém

k=2m+1




What's Next?



What's Next?

» |: Any ideas?



What's Next?

» |: Any ideas?
» Shane: Finite version?



What's Next?

» |: Any ideas?
» Shane: Finite version?
» |: What do you mean?



What's Next?

> |: Any ideas?
» Shane: Finite version?
» |: What do you mean? Something like this?

Theorem (G. Andrews and M. Merca, The truncated
pentagonal number theorem)

1 kz_‘j(_l)jqj(sjﬂ)/z (1 _ q2j+1) =14 (—1)<1 i q(§)+(k+1)n n— 1]
(4 @)oo =5 (g:q)n Lk—11g

n=1



What's Next?

> |: Any ideas?
» Shane: Finite version?
» |: What do you mean? Something like this?

Theorem (G. Andrews and M. Merca, The truncated
pentagonal number theorem)

1 kz_‘j(_l)jqj(sjﬂ)/z (1 _ q2j+1) =14 (—1)<1 i q(§)+(k+1)n n— 1]
(9: 9)o = (giq)n k=114

n=1

Theorem (Euler's pentagonal number theorem)
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» Shane: Or, something like this. “Finite Rogers-Ramanujan Type
Identities, by Andrew V. Sills” (130 polynomial generalizations of
Roger-Ramanujan type)

» |: So, from

i _d _Te(3) (1)
2k+1+z . 12\ ' g J
I =0]

Jo (Ca@2c Te (55

we should ask whether there is a closed form of

[
k q? q
Z [2k+1+z ’

k=0 2 ]qz (7q; Q)Zk

k

Fact

By far, we failed to find the closed form of the finite sum above.
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Karl's Idea
Study a family of the finite sums: for v € N

m—1 (2k
k 1)---(k -1
S(m =3 (kk) L (ktmt1)(ktmtv-1)
— 4 (k—m)(k—m—-1)---(k—m—v+1)
Proposition
o)
Sa(m) = am 2m,
(2m) om
Sa(m) = 47”1.?(2m2+3m+4),
(2nT) 2m 4 3 2
(2,:7) 2m 6 5 4 3
Ss(m) = am 3. 3.5 72 (40m° + 420m> + 1834m* + 4263m

+5887m” + 4998m + 4608) .

Remark
WZ-method can finish the proof.
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5'/(”’) :: kzo 4kk " (k=m)(k—=m—1)--(k—m—v+1)

Lemma

If we define

mk) = (%) kem (Ktm+1)(k+m+2)--(k+m+v-1)
B(,M:—Gm4 k—m)(k—m—1)--(k—m—v+1)
then

2(m+1)2m+v)F.(m, k) — (2m+1)(2m+ 1+ v)F,(m + 1, k)
= G,(m, k+1) — G,(m, k),
for
ak(m+1)(k — m)
(k—m—v)

Gy(m, k) = F,(m, k) -

Fact

The recurrence obtained by WZ-method can finish the proof by induction
if one can guess a formula.
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m—1 k [2177] q (1 _ q2) m—1
q 2
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For all m € N,
m 2m m—
Sl Zl g [mled” (1—672)21 N
l —~ (~a; q 2k [k — mg2 (=giq)em 5 1-g¥T
Remark

Shane gave the proof in the train from D.C. to New York, after the Joint
Meeting.

Definition

m—1

Z g Tk +m+1],- [k+m+y—1]qz
0 qqzk [k mlalk —m—1)g@---[k—m—-v+1],z




Proposition

For all m € N,
m—1 k , k k 1 5
527q(m) _ — q q : [k + m+4 1]q
e lk—mla (—q @ [k—m—1]
[2m‘| qm+1
_ L7 <q(1 — @M1+ ¢*"2)
(=49 9)2m 1-¢?

™) - g7

m+-

~(1-a)0 Dok
Jj=0



Proposition

For all m € N,
rk]
m-l |k k k+m+1
S2.q(m) = N b
A= 2 el Ca e - m— 1l
[2m‘| qm+1
_ L7 <q(1 — @M1+ ¢*"2)
(—9: 9)2m 1-¢q?
g2t = gt
_(1 _ q m+ Z - 2J+1 :
Jj=0
Problem

How?
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Partial Fraction Decomposition (PFD)

> For the notes | showed to Karl, | basically “suffered”: to show S;(m),
| need to know Sy(m).

> PFD is to derive Sy(m) from Sy(m).

"’*@_ 2m+2  2m+1
k—(m+1) k—m

2m
(2m+2)<51(m+1)(’")- ! )

4m  m—(m+1)

—(2m +1)Sy(m).



g-PFD

Lemma
Forv>landk#mm+1,... m+v—1,

— l)l’ 1 Jq(u 1—j)(v—j) 2m4v—1+] T | _ (q2(k+m+1 2)1/ 1
5! | Jo['7 1 = g,

1 — g2k—2m—=2j v—1 . j . - (q2(k—m u+1)’q2)u



g-PFD

Lemma
Forv>landk#mm+1,... m+v—1,

1— qzk—zm—zj - (q2(k—m—u+1); qz)u .

v—1 : ; : ,
(_1)u7171q(u7171)(ufj) 2m+v—1+] v— 1 _ (q2(k+m+1);q2)y_1
5 e Row

q

Corollary
Forv>1landk#mm+1,... m+v—1,

[k+m+1],z-- - [k+m+v—1]z
[k—m]qz[k—m—l]qz--~[k—m—l/+1]qz

_1)r 1 1)

:Sf( dm+v—1+j
= [k —m—j],

v—1

1/—1:|
J 2



General Formulas

Theorem
3] 2q" =2 , S 2m v — 14 —il
Sy o(m) = ——md )i g1 —) o
alm) = =22 ;( )t q [ ]qz[ ; ]qz

2m+1, 2 i 2 i i m
9 (@*™%q%), (1 — ¢°) Mt grsit +121 (@™ q?), o
(q2m+2; qZ)J = 1— q25+1 = (q2m+2; qZ)e [e _j]qz



General Formulas

Theorem
Su,q(m) = Gl E(*l)"_l_jq(”—l—f)(v—j) [2"' tv—1 +j] [ 1]
v.q (=9 @2m =5 V1 sl gl
5 (g®2; qz),- ¢ — q?) mH=1 gt +j—21 (¢>™2; qz)é of .
(2™ g2); o 1— gt e (@2 q2), [ — ]2

By taking g — 1, we have the following.



General Formulas

Theorem
50 m) [Zm] 2 q” “221( pyid O () [Zm +v—1 +1] [V — 1]
v,q (—9;9)2m —o v—1 a2 J 2
(q2m+1; qz)j q’(l _ qz) m+j—1 qzs+1 j=1 (q2m+1 2)2
% (g2m+2; qz)j e Z (427+2; q2), [¢ —J]qz .

By taking g — 1, we have the following.

Corollary

S, (m) =

(2m) VZI( s j(2m+l/_1+_/)(y—'1)

= v—1 J
(2m+1)2m+3)---(2m+2j —1) "EI* 2
(@m+2)2m+4)- - (2m+2j) g 2s+1

j—1

@2m+1)(2m+3)--
; 2m+2)(2m + 4) - -

S2m 420 —1)
@m+20—J) |
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What's Next?

» Further Simplification & Better Expressions

Coie) NS (i+e-1\*( 1 1
522+1(m):_22m+e(245)2( ! ) <2j—1+2j+2€—1>'

j=1

> Any formula/recurrence for Syo(m)?
» Squared

-1 (2k\2 2m)\ 2

=E 1, )

42k k41 A2l

T (k4 1)k +3) (2m?
Tl P =4m(2m+1)-

m1 (292 (2K 4 1)(2k + 3)%(4k + 5)

42k k+2

am(2m +1)(2m +3) (2m? +3m +4) (3™’

. m

3(m+1) 22m




g-analogues of the first two identities

m—1 21(] 2k [2m]2

Zo B Bk, a2

._.

m—

2m12
Z g2k + 14k +3)y _ [mle
— (—q; q S [2k +2]q (—9:9)3,,

q~"[2m]q[2m + 1],.
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g-analogues of the first two identities

m—1 Zk] 2k [2m]2
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» The g-analog of the third one is still missing.
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» Karl claimed to me and Shane, that he has a family of infinitely
many such identities.



g-analogues of the first two identities

m—1 2k] 2k [2m]2

ZO —q;q) k[2k+2]q_( q:9 )Zm[2 mla-

m—1 —k—l 2m 2

2k + 1], [4k + 3 i

[ ]q[ ]q — - q2 q—m[2m]q[2m+1]q.
ZO —q q S [2k +2]q (—9:9)3,,

» The g-analog of the third one is still missing.

2m? +3m+ 4 — [2m* 4+ 3m + 4], or [2m® + 3m + 4] 2

» Karl claimed to me and Shane, that he has a family of infinitely
many such identities.

g 2k
> Be o
[(Z5#E] . (Cgq)xk

k=0 2




The End

-

-

Thank you



