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Hypergeometric Functions and Basic Hypergeometric Series

Definition ((Generalized) Hypergeometric Series)
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Remark
(a1; q)k(a2; q)k · · · (an; q)k = (a1, a2, . . . , an; q)k
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Hypergeometric Functions and Basic Hypergeometric Series
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The q-analog of the 1st Dilcher-Vignat Identity
Theorem (S. Chern, K. Dilcher, and L.J.)

For z ∈ C\{−1 ± 2πik/ log q,−3 ± 2πik/ log q, . . .}, where k is a
nonnegative integer,

∞∑
k=0

[2k
k

]
q2[ 2k+1+z

2

]
q2

· qk

(−q; q)2k
=

Γq2
(
z+1
2

)
Γq2
(
z+2
2

)Γq2

(
1
2

)
.

1. The q-integer [n]q := 1 + q + · · ·+ qn−1 = 1−qn

1−q .

2. The q-factorial [n]q! = [n]q[n − 1]q · · · [1]q.
3. The q-binomial[

n

k

]
q

=
[n]q!

[k]q![n − k]q!
=

(q; q)n
(q; q)k(q; q)n−k

4. The q-gamma function

Γq(x) :=
(q; q)∞
(qx ; q)∞

(1 − q)1−x
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(2) follows directly from the lemma.
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The 2nd Dilcher-Vignat Identity

Theorem (K. Dilcher and C. Vignat)

For all m ≥ 0

∞∑
k=0
k ̸=m

(2k
k

)
4k(2k − 2m)

=

(
2m
m

)
· log 2 − H2m + Hm

4m
,

where Hn = 1 + 1
2 + · · ·+ 1

n is the nth Harmonic number.

Theorem (S. Chern, K. Dilcher, and L.J.)

For any m ∈ N,

∞∑
k=0
k ̸=m

[2k
k

]
q2

[k −m]q2
· qk

(−q; q)2k
=

[2m
m

]
q2q

m
(
1 − q2

)
(−q; q)2m
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k=2m+1

(−1)k−1qk

1 − qk
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What’s Next?

▶ I: Any ideas?
▶ Shane: Finite version?
▶ I: What do you mean? Something like this?

Theorem (G. Andrews and M. Merca, The truncated
pentagonal number theorem)

1
(q; q)∞

k−1∑
j=0

(−1)jqj(3j+1)/2
(
1 − q2j+1

)
= 1 + (−1)k−1

∞∑
n=1

q

(
k
2

)
+(k+1)n

(q; q)n

[n − 1
k − 1

]
q
.

Theorem (Euler’s pentagonal number theorem)

∏
j≥1

(
1 − qj

)
=

∞∑
n=−∞

(−1)nq
n(3n+1)
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What’s Next?

▶ Shane: Or, something like this. “Finite Rogers-Ramanujan Type
Identities, by Andrew V. Sills” (130 polynomial generalizations of
Roger-Ramanujan type)

▶ I: So, from

∞∑
k=0

[2k
k

]
q2[ 2k+1+z

2

]
q2

· qk

(−q; q)2k
=

Γq2
(
z+1
2

)
Γq2
(
z+2
2

)Γq2

(
1
2

)
,

we should ask whether there is a closed form of

n∑
k=0

[2k
k

]
q2[ 2k+1+z

2

]
q2

· qk

(−q; q)2k
.

Fact
By far, we failed to find the closed form of the finite sum above.
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Karl’s Idea

Study a family of the finite sums: for ν ∈ N

Sν(m) :=
m−1∑
k=0

(2k
k

)
4k

· (k +m + 1) · · · (k +m + ν − 1)
(k −m)(k −m − 1) · · · (k −m − ν + 1)

.

Remark
WZ-method gives a recurrence for any ν, so that one can finish the proof
by induction if one can guess a formula.

Proposition (S. Chern, K. Dilcher, and L.J.)

Sν(m) =

(2m
m

)
4m

ν−1∑
j=0

(−1)ν−1−j
(2m + ν − 1 + j

ν − 1

)(ν − 1
j

)
 (2m + 1)(2m + 3) · · · (2m + 2j − 1)

(2m + 2)(2m + 4) · · · (2m + 2j)

m+j−1∑
s=0

2
2s + 1

−
j−1∑
ℓ=0

(2m + 1)(2m + 3) · · · (2m + 2ℓ − 1)
(2m + 2)(2m + 4) · · · (2m + 2ℓ)(ℓ − j)

 .
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Examples

S2(m) =

(2m
m

)
4m

· 2m,

S4(m) =

(2m
m

)
4m

· 2m
32

(
2m2 + 3m + 4

)
,

S6(m) =

(2m
m

)
4m

· 2m
2 · 32 · 52

(
12m4 + 60m3 + 125m2 + 125m + 128

)
,

S8(m) =

(2m
m

)
4m

· 2m
2 · 32 · 52 · 72

(
40m6 + 420m5 + 1834m4 + 4263m3

+5887m2 + 4998m + 4608
)
.

S2ℓ+1(m) = −
(2m+2ℓ

m+ℓ

)
22m+ℓ

(2ℓ
ℓ

) m∑
j=1

(
j + ℓ− 1

ℓ

)2( 1
2j − 1

+
1

2j + 2ℓ− 1

)
.
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q-analog

Definition

Sν,q(m) :=
m−1∑
k=0

[2k
k

]
q2

(−q; q)2k
·

qk [k +m + 1]q2 · · · [k +m + ν − 1]q2

[k −m]q2 [k −m − 1]q2 · · · [k −m − ν + 1]q2
.

Proposition (S. Chern, K. Dilcher, and L.J.)

For all m ∈ N,

S1,q(m) :=
m−1∑
k=0

[2k
k

]
q2

(−q; q)2k

qk

[k −m]q2
= −

[2m
m

]
q2q

m(1 − q2)

(−q; q)2m

m−1∑
j=0

q2j+1

1 − q2j+1 .

Remark

S1(m) =
m−1∑
k=0

(2k
k

)
4k(k −m)

= −
m−1∑
j=0

1
2j + 1
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q-PFD
Lemma (S. Chern, K. Dilcher, and L.J.)
For ν ≥ 1 and k ̸= m,m + 1, . . . ,m + ν − 1,

ν−1∑
j=0

(−1)ν−1−jq(ν−1−j)(ν−j)

1 − q2k−2m−2j

[2m + ν − 1 + j

ν − 1

]
q2

[ν − 1
j

]
q2

=
(q2(k+m+1); q2)ν−1

(q2(k−m−ν+1); q2)ν
.

Corollary (S. Chern, K. Dilcher, and L.J.)

[k + m + 1]q2 · · · [k + m + ν − 1]q2
[k − m]q2 [k − m − 1]q2 · · · [k − m − ν + 1]q2

=

ν−1∑
j=0

(−1)ν−1−jq(ν−1−j)(ν−j)

[k − m − j]q2

[2m + ν − 1 + j

ν − 1

]
q2

[ν − 1
j

]
q2

.

Theorem (S. Chern, K. Dilcher, and L.J.)

Sν,q(m) = −

[2m
m

]
q2q

m

(−q; q)2m

ν−1∑
j=0

(−1)ν−1−jq(ν−1−j)(ν−j)
[2m + ν − 1 + j

ν − 1

]
q2

[ν − 1
j

]
q2

×

(
q2m+1; q2)

j
qj (1 − q2)

(q2m+2; q2)j

m+j−1∑
s=0

q2s+1

1 − q2s+1 +

j−1∑
ℓ=0

(
q2m+1; q2)

ℓ
qℓ

(q2m+2; q2)ℓ [ℓ − j]q2

 .
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Lemma (S. Chern, K. Dilcher, and L.J.)
For ν ≥ 1 and k ̸= m,m + 1, . . . ,m + ν − 1,

ν−1∑
j=0

(−1)ν−1−jq(ν−1−j)(ν−j)

1 − q2k−2m−2j

[2m + ν − 1 + j

ν − 1

]
q2

[ν − 1
j

]
q2

=
(q2(k+m+1); q2)ν−1

(q2(k−m−ν+1); q2)ν
.

Corollary (S. Chern, K. Dilcher, and L.J.)

[k + m + 1]q2 · · · [k + m + ν − 1]q2
[k − m]q2 [k − m − 1]q2 · · · [k − m − ν + 1]q2

=

ν−1∑
j=0

(−1)ν−1−jq(ν−1−j)(ν−j)

[k − m − j]q2

[2m + ν − 1 + j

ν − 1

]
q2

[ν − 1
j

]
q2

.

Theorem (S. Chern, K. Dilcher, and L.J.)
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[2m
m

]
q2q

m

(−q; q)2m
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Example: n = 2

S2,q(m) =
m−1∑
k=0

[
2k
k

]
q2

[k −m]q2
· qk

(−q; q)2k
·
[k +m + 1]q2

[k −m − 1]q2

=

[
2m
m

]
q2

qm+1

(−q; q)2m

(
q(1 − q2m)(1 + q2m+2)

1 − q2

−(1 − q)(1 − q2m+1)
m−1∑
j=0

q2j+1

1 − q2j+1

 .



“Squared”
Proposition (S. Chern, K. Dilcher, and L.J.)

m−1∑
k=0

(2k
k

)2
42k · 1

k + 1
= 4m ·

(2m
m

)2
42m ,

m−1∑
k=0

(2k
k

)2
42k · (2k + 1)(4k + 3)

k + 1
= 4m(2m + 1) ·

(2m
m

)2
42m ,

m−1∑
k=0

(2k
k

)2
42k · (2k + 1)(2k + 3)2(4k + 5)

k + 2

=
4m(2m + 1)(2m + 3)

(
2m2 + 3m + 4

)
3(m + 1)

·
(2m
m

)2
42m .

with two q-analogues
m−1∑
k=0

[2k
k

]2
q2

(−q; q)22k

q2k

[2k + 2]q
=

[2m
m

]2
q2

(−q; q)22m
[2m]q.

m−1∑
k=0

[2k
k

]2
q2

(−q; q)22k

q−k−1[2k + 1]q[4k + 3]q
[2k + 2]q

=

[2m
m

]2
q2

(−q; q)22m
q−m[2m]q[2m + 1]q.



What’s Next?

▶ The q-analog of the third one is still missing.

2m2 + 3m + 4 7→ [2m2 + 3m + 4]q or [2m2 + 3m + 4]q2

▶ Further Simplification & Better Expressions
▶ There is a family of infinitely many “squared” identities.
▶ This is still open:

n∑
k=0

[2k
k

]
q2[ 2k+1+z

2

]
q2

· qk

(−q; q)2k
=?
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The End

Thank you


